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We consider the joint optimization of sensor placement and transmission structure for data
gathering, where a given number of nodes need to be placed in a field such that the sensed data
can be reconstructed at a sink within specified distortion bounds while minimizing the energy
consumed for communication. We assume that the nodes use either joint entropy coding based
on explicit communication between sensor nodes, where coding is done when side information is
available, or Slepian-Wolf coding where nodes have knowledge of network correlation statistics.
We consider both maximum and average distortion bounds. We prove that this optimization is
NP-complete since it involves an interplay between the spaces of possible transmission structures
given radio reachability limitations, and feasible placements satisfying distortion bounds.

We address this problem by first looking at the simplified problem of optimal placement in
the one-dimensional case. An analytical solution is derived for the case when there is a simple
aggregation scheme, and numerical results are provided for the cases when joint entropy encod-
ing is used. We use the insight from our 1-D analysis to extend our results to the 2-D case
and compare it to typical uniform random placement and shortest-path tree. Our algorithm for
two-dimensional placement and transmission structure provides two to three fold reduction in
total power consumption and between one to two orders of magnitude reduction in bottleneck
power consumption. We perform an exhaustive performance analysis of our scheme under varying
correlation models and model parameters and demonstrate that the performance improvement
is typical over a range of data correlation models and parameters. We also study the impact of
performing computationally-efficient data conditioning over a local scope rather than the entire
network. Finally, we extend our explicit placement results to a randomized placement scheme and
show that such a scheme can be effective when deployment does not permit exact node placement.

Categories and Subject Descriptors: H.IMJDEL S AND PRINCIPLES]: Systems and Information Theory
— Information theory; C.2.4GOMPUTER-COMMUNICATION NETWORKS]: Distrib-
uted Systems — Distributed applications
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1. INTRODUCTION

Wireless sensor networks are often envisaged to compess#amnds of nodes accomplish-
ing a sensing task. Yet, the realities of economies of scatednufacturing and the high
cost of many sensors themselves mean that these nodes sgetlyusignificantly more
expensive than predicted. Therefore, typical deployedowds (e.g. habitat monitoring
[Hamilton ]) comprise a few hundred of nodes, each with cést few hundreds of dol-
lars. While we await a future with ubiquitous cheap sensatespa problem that is both
immediate and necessary is to accomplish the required tagksa limited number of
resource-constrained sensor nodes.

We consider the problem of deploying a finite number of sensdles in a geographic
area, and choosing a communication structure among thesrafdiee corresponding net-
work. A single sink is responsible for gathering the sensatadfor storage or control
purposes. Since sensor nodes have limited battery poweém@artant goal is to mini-
mize the total power consumption of data gathering, whilepkeg the sensing distortion
within specified bounds. An important characteristic ofit@bsensor networks, that can
be exploited for reducing the power consumption, is thatdét measured at nodes is
correlated.

Several algorithms have been proposed for energy efficaatghthering [Lindsey et al.
2001; Heinzelman et al. 2000; Intanagonwiwat et al. 200@weler, these works do not
take into consideration the correlation in the data. Restrdies on the joint rate allo-
cation and transmission structure optimization for semsgworks with correlated data
can be found in [Goel and Estrin 2003; Cristescu et al. 200%particular, the result of
[Cristescu et al. 2004] is similar in that it considers ogirtree structures for data gath-
ering that exploit correlation in the measured data. Ouikvealds new constraints to this
problem by allowing node placement to be varied, thus intoirg tough distortion con-
straints. This results in a more complex problem that bagfuires a different approach to
solve and produces novel results. Node placement for optioverage is a well-studied
(and difficult) problem (e.g. [Eidenbenz 2002]). The worBhsgupta et al. 2003] con-
siders the problem of energy-efficient topology aware ptee@. That work does not
exploit the correlation present in the data measured; #tgoplacement constraints con-
sidered in that work are rather event driven than relateti¢alistortion of measurement.
Recently, [Cheng et al. 2004] studied the problem of en@tymized node placement in
two-dimensions with the goal of network lifetime. Our worlakes a significantly more
comprehensive study of the placement problem, both undfereit coding schemes as
well as under different correlation models. This work is ateaded version of prior re-
sults that were published in [Ganesan et al. 2004].

A commonly used method for deploying sensor networks is tliotm random place-
ment, since such a deploymentis often the easiest and citedjmsvever, we believe that
there are compelling reasons for understanding the irtterecbetween the node place-
ment and the data and transmission structures, and the efféese interactions on the
efficiency of utilization. First, studying the impact of plments lets us understand if
other easy-to-deploy configurations of sensor nodes camigiportant gains in power
consumption. As we show in this paper, this is likely to be ¢hee. Second, controlled
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Fig. 1. The Voronoi cells (solid lines) represent the distortiorach cell. The tree structure (dotted
lines) represents a possible transmission structure.

placement will be necessary for applications which havesfada limited numbers of ex-
pensive nodes (such as seismic nodes which need high précesid hence the location
of sensors has to be optimized.

In this work, we are particularly interested in the relati@iween the data reconstruction
distortion that results from the node placement, and theepoequirements of data gath-
ering from the sensors. An instance of the problem is showfign1 where the Voronoi
cells represent the distortion, and the dotted lines desaipossible tree structure to be
used for data gathering.

More specifically/N nodes need to be deployed over a finite geographic regjovhose

two-dimensional area id. Each of these nodes takes samples from a three dimensional

random fieldX (u, v, t), where(u, v) is the spatial location andis the time-axis. Each
sensor transmits periodically its sensed data, throughi+mop routing, to a sink located
at the center of4. The sink can reconstruct the sensor field in the region wisieci-
fied maximum and average distortion boundls,(,, and D, respectively). We assume
that sampling in the time domain is sufficiently high (abowaghist frequency) for the
sink to fully reconstruct the time-axis. Thus, we only needonsider the distortion in
reconstructing snapshots along the spatial aXés, v).

To enable data gathering, the sensor nodes build a routegtioted at the sink, and
transmit data along this tree. Note that there are situatigimere tree structures are not
optimal, but for the sake of simplicity we will limit our stydo data gathering trees. The
data gathering procedure is periodic and originates aeidnek, proceeding iteratively to-
wards the sink through multihop forwarding. We consider kivals of coding schemes to
exploit correlations in sensor data. The first is joint epyrooding with explicit communi-
cation, where at each iteration, a junction node receivesfdam its children, decodes the
received data, jointly codes the decoded data with its ova, dad forwards the encoded
data to its parent on the tree. The second coding schemepgaSi&/olf [Slepian and
Wolf 1973], where the correlated data generated at nodebeawoded with a total rate
not exceeding the joint entropy, even without nodes explicommunicating with each
other (under some constraints on the rates, given by thaltedSlepian-Wolf region). Ex-
plicit communication and Slepian-Wolf coding offer difé@t computation-communication
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Fig. 2. Two possible placement and structure configurations of :#@ddand B that satisfy specified
sampling distortion bounds are showrA; and B; transmit their data over shorter cumulative dis-
tances thaml, and B, respectively, buB, can code its data with that of, to exploit their high data
correlation as a result of their proximity. Thus, determinthe more power-efficient configuration
among many possible ones that satisfy distortion boundffisult due to the interplay of placement
and transmission structure.

tradeoffs. While coding is simpler in the case of joint eptr@oding model with explicit
communication, Slepian-Wolf typically offers larger comnication gains [Cristescu et al.
2003].

We use a simple but relevant energy related cost functiotuttyghe interplay between
placement (which determines locations of nodes) and tressgon structure (which deter-
mines how sources on the tree are connected). Namely, Hietst of data gathering over
the tree structure described above can be written as

N
Z Rate(i) x CommunicationCost(i) 1)
i=1

where Rate(i) is the total amount of data transmitted by node i, &vdhmunication-
Cost(i) is the per-bit transmission cost from nodi® its parent on the tree. Since the data
at nodes is correlated, the rate at nedBate(i) depends on the particular set of sources
that are in the sub-tree rootediatind on their locations. Similarly, the transmission cost
per-bit, CommunicationCost(i), depends on the identity of the particular node used as
next hop to sink, and on its position. Thus, the total powersconption depends on both
the placement and the transmission structure.

An illustration of this interplay is seen in Fig. 2, where evua a simple example with
two nodes, it is not easy to determine the most power-efficienfiguration. In terms
of transmission distance, configuration 1 is better sidgeand B; transmit each over
smaller distance thaA, andBs, respectively. However, in configuration2; andB; are
closer to each other than nodés and B;, hence they are likely to be stronger correlated.
This correlation can be exploited by properly choosing thegmission structuredp —

By — sink). This can significantly reduce the amount of data that nBdeneeds to
generate, by using side information from nadlén coding its data, thus reducing the total
power consumption. On the other hand, nodesand B, cannot be placed arbitrarily
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close to each other as this might violate the distortion trairgs. In general, if the data is
correlated, the shortest path tree (SPT) is not necessgtilynal as transmission structure
[Cristescu et al. 2004].

The optimal solution involves searching through the spadesd| possible configura-
tions that satisfy distortion bounds, and all possiblegraission structures that are fea-
sible given radio reachability limitations. While this cbmed optimization has not been
considered in prior work, it is known that even a subset ofgroblem is NP-hard [Goel
and Estrin 2003; Cristescu et al. 2004] (namely, the trassion structure optimization for
a given placement). We extend these results to prove thardidem we consider in this
work is NP-hard as well.

The rest of this paper is structured as follows. In Sectiomeformulate precisely our
problem, and describe the sensing, communication, agtpegand data reconstruction
models. In Section 3, we consider the one-dimensional maghthe problem, provide
analytical solutions for a simplified aggregation model andlyze the joint encoding case
numerically in detail. In Section 4, we perform a detaileddst of the impact of data
correlation model, model parameters and localized datditoning. In Section 5, we
extend the solutions from the one-dimensional case to tledimensional case and in
Section 6, we show that it out-performs typical random piaeet approaches both in total
and bottleneck power consumption. Finally, in Section 7 cameclude with a description
of various applications of our work, and some interestingesions.

To the best of our knowledge, this is the first study of theraxt@on between node place-
ment under distortion constraints, transmission strgctyatimization, and rate allocation
in the context of sensor networks that measure correlatied da

2. PROBLEM FORMULATION

We assume that we are givéhnodes, that need to be placed in a two dimensional region
A, of areaA. For simplicity, we assume that the region is circular, aasl &iradiud.. The
placement of nodes? = {(z;,y;) € A,1 < ¢ < N} is constrained by two distortion
metrics, the maximum distortioP,,, .., defined as the maximum acceptable distortion at
any point inA, and the average distortidn,,,,, defined as the distortion per unit area over
A.

2.1 Sensing Model

A frequently used sensing model is the Gaussian random fddddo et al. 2003; Cristescu

et al. 2004]. This model is suitable for analysis and can iplothe essential intuition to
solve the problem in practice. We assume that the field is giragyus-space two di-
mensional stationary random fieki(u, v), whereu andwv represent the geographic co-
ordinates of points in the regioA. Without loss of generality, we assume that the random
field has zero mean, thatigx = E[X (u,v)] =0 Y u,v. We make simple assumptions
about the nature of the random field, and make no assumptiomgether this field is
band-limited or not. LeR x (75, 7,) denote the covariance function associated to the ran-
dom field X (u, v). The correlation between two poinfs;, v;) (position of node), and
(uj,v;) (position of node)) is given byrx (i,7) = Rx (uj — ui, v; — ;).

We use two spatial data correlation models that are tygiadserved in spatial sen-
sor datasets and used widely in spatial statistics [Crd€®d]. The first model is one
where correlation decreases exponentially with the digtdretween nodes, and the sec-
ond model is one where the correlation decreases expolhentith the square of the
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distance between nodes.

Markov Model. The correlation functions aB® x (7, 7,) = e~ *V 72+75 orin terms of
Euclidean distanc® x (d) = e~ Thus,rx (i,7) = e~%%is, whered;; is the Euclidean
distance between nodéand;.

Square Decay Model. The correlation function for the square decay modRjs(7,, 7,) =
e=a(2+7)) or in terms of Euclidean distancB,x (d) = e=9%". Thus,rx (i, 5) = e %,
whered;; is the Euclidean distance between noflesd.

Having described the sensing model, we proceed to formthat@ower consumption
of a sensor node. The power consumption incurred dependsmfattors: the distance
from a transmitting node to its parent, and the aggregateuatraf data transmitted over

that distance.

2.2 Communication Model

For the transmission power, we use a standard transmissicielrthat assumes that the
power per bit for transmission over a wireless link is a fimtof the distance between the
transmitter and receiver. We assume that there is an umogtiyansmission scheduling
protocol (such as SMAC [Ye et al. 2002]) that schedules trassions over a tree to avoids
collisions. For the scope of this paper, we will ignore thetpcol overhead resulting from

creating the schedules, assuming that this overhead i$ Bnt@mparison with the data

size.

If the distance between a transmittgrand receiverj, is d;;, then the power i€ o« d*
wherex is called the path-loss exponent (typically< « < 4 [Rappaport 1996] In
addition, each node has a maximum power at which it can tranaich places a limit
on the maximum transmission rangl(-;j < Eaz- Thus

dij S Cmaz (2)

whereC,,00 = (Ewm)% is the maximum communication radius of a sensor node.

Besides the power required for communication between adjsensor nodes, a second
communication metric of importance is the quality of a wasa link, which is typically
characterized by the packet throughput or alternatelykgtdoss over a link. Packet-
loss is typically dependent on the distance between nodiés,lesses being higher for
nodes with larger separation. This behavior is similar ® tfansmission power model
described above, hence it can be easily integrated intogtimization. Therefore, we do
not consider it explicitly in the rest of this paper.

The radio communication constraint overlaps with the maxmdistortion constraint
that we will discuss shortly. Both these constraints lithé maximum separation between
nodes in the network.

Our model is simplistic to keep the optimization manageédni¢his paper. In practice,
two additional factors need to be considered: (a) radiosnolfiave non-isotropic propa-
gation, and, (b) radios adjust power levels in discretesstather than at arbitrarily fine
granularity.

2In this work, we do not consider reception overhead, whichldincrease the cost of communication per-hop,
and can only improve our results.
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The above mentioned communication model determines theneoncation cost-per-
bit. We now discuss how the total number of bits transmittesbah node is determined.

2.3 Aggregation Model

For our aggregation model, we assume that each node peréittnes joint entropy coding
of the data coming from its corresponding sub-tree or Stepalf coding. We assume
that each node quantizes its samples with an independentizgraand all quantizers use
the same quantization interval. In order to express the atafulata in bits resulting from
first quantizing independently at each node and then peifigrijpint entropy at a given
node of all that data in its corresponding sub-tree, we vsk the differential entropy
as described in [Cover and Thomas 1991]. The differentitiopy of a k-dimensional
multivariate normal distributioVy, (px, Rx) is:

h(Ni(ux,Rx)) = % log(27e)* det(R) (3)

We approximate the joint discrete entropy associated tajtlamtized samples by as-
suming a high-resolution uniform scalar quantization gitp-sizeA for all the nodes:

H(Ni(px,Rx)) = M(Ni(px,Rx)) — klog A (4)

Thus, asA — 0, the distortion at each node A?2/12 ([Cover and Thomas 1991]).
Also, due to the fine quantization, we assume that the noisecigrrelated with the signal.

2.3.1 Joint Entropy Coding with Explicit Communication. For any node let T; rep-
resent the set of nodes in the sub-tree rooted at nodeodei receives encoded data
from its children, first decodes it, and then jointly compessit together with its own data
(quantized samples). The total data rate sent from naglapproximately:

Rate(i) = H(Ni(0, RIT) = 3 loa(2re) ™ det(RIT]) ~ ITi[log A (5)

whereR|[T;] denotes the covariance matrix associated with the noddmisub-tred’;,
and|T;| represents the number of nodes of the sub-tree.

2.3.2 SYepian-Wolf Coding. To formulate the aggregation model for the Slepian-Wolf
case, we use a result from [Cristescu et al. 2003]. Thistrsholvs that each node condi-
tionally codes its data based on nodes “closer” than iteglfé base. This is the counterpart
of the joint entropy coding using explicit communicatiorpapach mentioned previously
where each node conditions its data on nodes that are fdrtmeithe base than itself. For
any nodei, let V; denote the set of nodes closer to the base than hotlee incremental
rate from a node is then:

Incremental Rate(i) = H (i, N;) — H(N;) (6)

The total data that a nodetransmits is the cumulative sum of all data that is relayed
through the node and the incremental data that ngdmerates. This total rate is:

Rate(i) = Y H(j,N;) — H(N;)
JET;
Submitted to ACM Transactions on Sensor Networks, Vol. V, NoOctober 2004.



= S log(2me) ¥+ det (R, Ny]) — (IN;] + 1) log A
- %mg(zwe)\Nﬂ det(RIN,]) + |N;|log A )

2.3.3 Localized K-Hop Conditioning. Equations (5) and (7) assumed that conditioning
was performed over all nodes in the network. Thus, in theiekglommunication case,
an intermediate node performs joint entropy coding of allesthat transmit data to it.
Such coding, while efficient, is also very computation isiga. In localized conditioning,
we exploit the fact that the correlation model is spatiafigdlized and conditioning over
nodes far away does not provide significant energy gainss,Tdanode conditions its data
over data from other nearby nodes, but not over far away nodes

The metric that we use for localized conditioning is the nemiif hops. Thus, a node
conditions its data over all nodes that are within k-hopss#lf, where k varies from 0 (no
conditioning) to infinity (full conditioning).

Let T; 1, represent the set of nodes in the subtree rooted at ndlus are at mosk
hops fromi. Then, the total data rate froinfor the joint entropy coding using explicit
communication case is:

H(NG(O0,RIT;4])) = 3 log(2ne) "+ det(RIT:)) — [Tisllog A (@)

Similarly, if N, ; represents the set of nodes that are closer thanitodke base station
and withink hops of nodé, then the total data rate when Slepian-Wolf coding is used is

Rate(i) = »  H(j,Njx) — H(N;x)
JET;

1
=3 1og(27re)|va’“|+1 det(R[j, Njx]) — (| Njrl +1)log A

1
3 log(2me) Mokl det(R[N; &]) — | Nj x| log A

2.4 Data Reconstruction Model

We now describe the procedure used by the sink to recongtreientire continuous-space
sensor field given the encoded data from a discrete set oflegromts at the positions of
the N nodes. The sink periodically receives quantized vaKiés, , v; ), X (u2, v2) . .. X (un, vn)
from the N sensing nodes placed at poilits , v1), (u2, v2) . . .,(un, vy ) respectively. In
general, given thes® quantized values, an interpolation procedure will regult recon-
struction,X(u, v), that gives the samples at any locatign v) in the regionA. In this
work, we use a nearest-neighbor reconstruction procednieh, although very simple,
helps us understand the complex interactions in our prohlerfocus on the power min-
imization issue. In future work, we plan to improve our résuwising better interpolation
models.

Let V; be the Voronoi cell corresponding to the sensor nddeated at positiofu;, v;)
(which is the centroid of;). Then:

3Note that optimal reconstruction is difficult, because efdifferent issues of aliasing, non-uniform quantization,
etc.
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X(u,v) = X(quz) iff [[(u, v) — (i, vi)]
<, 0) = (ug, v5)], (V)j # i

Given that the sink uses a nearest neighbor reconstruatimegure, we formulate the
coverage and distortion constraints. The first constrairgt coverage constraint, which
ensures that the set of Voronoi cells covers the region

U vi=4 ©)
i=1,..,N

To evaluate the maximum distortion, we use the fact that foisatropic radially de-
creasing correlation model, the maximum distortion poarts located along the bound-
aries of the Voronoi cells. By definition, all Voronoi celleeaconvex because of the prop-
erty of minimum distance decoding, therefore, the furtipestts in each Voronoi cell are
the corners of the cell. The maximum distortion constraimitmols the distance from these
furthest points in each cell to the centroid of the correslogVoronoi cell. Thus, for any
point(u,v) in region.A, the distortion of reconstruction when it is assigned theesaalue
as the nearest sampled pofat, v;) is:

Distortion(u,v) = MSE(u,v)
= E[(X(uivvi) - X(u, 'U))2] < Dinas

with ¢ sensor being closest fa, v). Note that the error is computed between the quan-
tized version of the closest sample givenXyu, v) which is received at the sink, and the
actual unquantized random variab¥(u, v).

For instance, using the Markovian correlation model in Bac2.1, we obtain the dis-
tortion between the unquantized random variables at theptvirds:

MSE(u,v) = E[(X(
(uuvz) ( ))2]
(ui
(

—2F[(X (ui,v;) + nQ(uZ,vZ )X (u, v)]
— BX (s, 00)?] + B(X (0, 0)?] — 2B[X (g, 0) X (u,0)]
—ad;;

= o2 4+ 0% —25%

= 20%(1 — e ) < Dypas (10)

whereng, is the quantization noise between the quantized randorablarand the original
random variable, which is assumed to be small due to fine quadian. As expected, the
above equation shows that the mean square error (MSE) iscGw®@and monotonically
increasing function of the distance between the location) and the closest sample point.
Therefore, the maximum distortion bounds the distance é@tvany point in the regiaA,
and the nearest sample point. Thus, for the particular ntbdeWwe consider, the maximum
allowed distance®, .., iS:
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Dmaz
) (1)

The average distortion constraint, defined as the meanequar in data reconstruction
over the entire regiod/ SE(.A), can be computed by integratidd.S FE (u, v) over A.

1
Riaz = ——log (1 —
a

AvgDistortion(A) = MSE(A)
l/ MSE(u,v)dudv < Dgyg (12)
AJa

whereM SE(u,v) is calculated as shown in (10). Then, frsensors, each with cor-
responding Voronoi celV;,

N
MSE(A) = %ZMSE(V;)
=1

1 N
= — SE(u,v)dudv
72 /V MSE(u,v)
1 X
= ZZ g B[(X (u,v) — X (u,v))]dudv < Deyg (13)

2.5 Objective Function

We state now formally our objective to minimize the total gowost, given the constraints
described so far. Namely, our problem is to find a placenfeat nodes|P| = N, and a
tree ST rooted in the sink, that spans the node#®irsuch that to

Minimize (1) under constraints (2), (9), (10), (12) (24)
We study (14) for both coding strategies (5) and (7).

3. OPTIMAL PLACEMENT AND STRUCTURE IN THE ONE-DIMENSIONAL CASE

Although our final goal is to solve the problem in the two-dimi®nal case, the one-
dimensional case is significantly more tractable since, @svill show shortly, the trans-
mission structure optimization is trivial, and it is podsitbo understand the placement
problem in isolation.

We adapt the problem statement in Section 2 for the one-diioral instance. In this
case, letX (s), 0 < s < L, represent the measured random field along a one-dimehsiona
line of lengthL, as shown in Fig. 3. Since all transmission terminates aditile instances
of the problem where the sink is between nodes (hot at theecafna line) can be split
into two independent optimizations, one each for nodes threeside of the sink with the
sink at the corner. Further, due to symmetry, it does notanathich end of the line the
sink is placed. Therefore, th€ nodesdl, 2, .., N are placed in sequence along the line with
the sink at the left corner such that nodis closest to the sink and nodéis the furthest.
We denote the distance between nodad node — 1 by r;; {ri}f\’zl represents the set of
unknowns in the one-dimensional optimization.
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data flow

Fig. 3. One-dimensional node placement.

Voronoi cell boundaries
-

i N e
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Fig. 4. Voronoi cells and maximum distortion distances for linelacpment.

3.1 One-Dimensional Constraints

For the one-dimensional setting, the coverage, transomssid distortion constraints can
be readily formulated similar to (9), (10) and (12). The Mooocells for the one-dimensional
problem are the mid-points between adjacent pairs of sapgitgs (nodes) as shown in
Fig. 4. Without loss of generality, we use a boundary extemef the Voronoi cell for the
last noder . Thus, the coverage constraint can be rewritten as:

N
Coverage ConstraintZ ri+rn/2=L. (15)
i=1
The communication constraint limits the separation betweedes as shown in (2).
Thus,

T S Cmam (16)
As described in (10), the maximum distortion constrainrietstthe maximum distance

from any node to the edge of the nearest neighbor cell. Hence,
1 S Rmaw % S Rma;ﬂ 3 (v) 2 S 1 S N (17)

As can be seen, the maximum distortion constraint is verjlaito the communication
constraint.

Similar to (12), the average distortion (defined as the disto per unit length) is given
by:

MSE(L) = % /L MSE(u)du

% ilvj/ B[(X () ~ X(w)] du
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N
1 /T1 2 —ad /2 2 —ad
- 20°(1—e )+ 2 20°(1 — e %)

Tn

+ /02 20%(1 — e“d)l

N
2
_ _ —ari _ —ar;/2 _ _—arn/2
2 La<2Ne 1 256 e N) (18)

2

We analyze the joint placement-structure optimizatiomia steps. First, we show that
the optimal structure is simple shortest path routing. Vthroceed to optimizing the
placement for different choices of aggregation functions.

3.2 Optimal Structure is Shortest Path

Proposition 1: In a one-dimensional sensor network where there is a sintteasd joint
entropy coding is used at each hop, shortest path commioridatoptimal in terms of
minimizing total energy.

This proposition can be easily proven since power incresigasr-linearly with distance
and joint entropy increases with the number of nodes agtgdgdf node: transmits its
data to a nodg wherej > i (i.e. j is further from the sink tha), the data frormy must be
eventually routed throughto minimize power consumption. This results from the faatth
power per-bit increases super-linearly with distancecgsinis between 2 and 4), hence it
is always better to multi-hop through as many intermediaigshas available [Pottie and
Kaiser 2000]. Thus, to minimize power consumption, the aggte data from must be
routed throughi. On the other hand, joint entropy coding is a monotonicallyréasing
function of the number of sources, hence, if nadeansmits its data to a nodewhere
Jj > 1, the jointly coded data gtis larger than the amount of data whiedid not transmit
to 7, and this consumes more power to transmit to the sink.

3.3 Optimizing Placement for 1-D Transmission

Given that the transmission structure is shortest pathdoding from nodes towards the
sink, we now reformulate the placement problem for the twglieit communication and
Slepian-Wolf coding strategies.

3.3.1 Explicit Communication.

{ri}i,

N
argminz H(X3, Xiy1, ., Xn)rf

=1

= argman[ log(2me) V=Y det(R[X;.. X n])

—(N —i+1)log Al rf (19)
under coverage (15) and distortion constraints (17),(18).

3.3.2 depian-Wolf Coding. For the Slepian-Wolf coding in the 1D case, we first derive
the total rate from a nodealong the line based on Equation 7.

Submitted to ACM Transactions on Sensor Networks, Vol. V, NoOctober 2004.



13

N
Rate(i) = Z (X1, Xj) — H(Xq, ., Xjo1)))
= ( ()(17 ) H(Xl,...,Xifl))

— [Elog(%e)m det(R[Xl,...,XN])] — NlogA

- B log(2me) V) det(R[ X1, ..., X“])] + (i —1)log A (20)

The placement problem can then be formulated as:

arg min,, vazl Rate(i).rf
= argmin,, ([3 log(2me) ™) det(R[ X7, ..., Xn])| — NlogA
— [3log(2me) =Y det(R[X1, ..., X;—1])] + (i — 1) log A)rff (21)

Itis hard to solve (19) and (21) analytically for an arbijraorrelation structure since the
correlation structure depends implicitely on the inted@distances. We thus first obtain a
closed-form solution for a simplified scenario, where weuass zero correlation between
data sampled at different nodes. In this ca8g;] is diagonalV): € {1...N}.

3.3.3 Analytical Solution for Independent Data at Nodes. In this case, the optimiza-
tion in (19) and (21) reduces to minimizing ™, [(N — i + 1)(2 log(2me) — log A)] 5
sincedet(R[T;]) is unity when nodes are uncorrelated and the variance oftidom pro-
cess is one. Dropping the constant scaling factor that doesnpact the minimization,
we get:

{ra¥, = arg mlnz —i+ Dr (22)

As an example, suppose in Fig. 3 the samples at nodes 1, 2 aredheorrelated,
and each of the nodes has one unit of data to transmit to tke #inthis case, node 3
transmits one unit of data, no@dransmits two units (its own unit + one forwarded unit),
and nodd transmits three units. Let us now see the impact of eachi@insin the above
optimization.

First, we consider the optimization in (22) when only the @mage constraint (15) is
active. Using a Lagrangian multiplier, we obtain

N
{raV, = argmlnz — i+ 1)rf—A l(Zn) +7°N/21 (23)

=1
By solving this Lagrangian optimization using partial datives, we obtain:

1

A =T
R AN <i< N -1
T [K(N—Z'+1):| , (V)1<i<N-1;
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Fig. 5. Placement for different values of pathloss exponeit As « increases, placements become
more uniform, since communication power dominates difiees in aggregated data size.

_[3A]F
o= 2K
k—1

L
where A = T

N-1 i= 1 1
1 (m)“” + 5 (5) 7T

Fig. 5 shows the optimdlr; } Y, in a placement witlV = 15 nodes over a line of length
L = 200, for the case of quadratic and cubic path-loss exponents,2 and3. As ex-
pected, nodes further from the sink transmit smaller ansohtlata over longer distance
than closer ones, which need to transmit larger amountsgfggted data. However, the
impact of increasing data load for nodes closer to the sirfkalanced by the effect of
the path-loss exponent since communication power increases super-linearly digh
tance. Thus, the optimal choice reflects a balance betwese tiwo opposing factors. As
the path-loss exponent is increased frem= 2 to x = 3, the communication overhead
dominates, hence the spacing between nodes becomes niareruni

The maximum and average distortion bounds impact on plaseimeignificantly dif-
ferent ways as shown in Fig. 6. The maximum distortion camstplaces a ceiling on the
maximum separation between nodes, whereas the averageidistonstraint reduces the
mean error by making cells more equally sized.

4. PERFORMANCE OF 1D PLACEMENT

We evaluate the performance of our optimal one-dimensjgaakment for the two coding
models by comparing its power consumption to that of a contynoonsidered uniform
placement. Two performance metrics are considered:

—Total Power Gain: This metric measures the ratio of total power consumptanaf

regularly spaced placement to our optimal 1D placement.

—Bottleneck Power Gain: This metric measures the ratio in power consumption for the
bottleneck node between the regular and optimized placer®em problem formulation
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Fig. 6. Impact of distortion constraints. Th&,,.. constraint places a ceiling on the maximum
whereas thé,,.,4 constraint equalizes;s to reduce the average distortion.

Pathloss Romax N L Davg
Exp(x)
Small(10) | Large(20) Small(10)| Large(20) Small(100)| Large(300) | Small(0.05)] Large(0.15)
k=2 1.3 1.8 1.3 1.8 1.9 1.3 15 1.6
k=3 1.3 1.5 1.2 1.6 15 1.3 1.4 15

Table I. Gain of optimal placement over uniform placement for difarsettings.

optimizes for theotal power consumption in data-gathering, but in a practicatade,
metrics such as network lifetime are likely to be as impdrtArcommonly used metric
for network lifetime is the time at which the first node diespither words, what is the
power consumption of the bottleneck node. For instance,typigal sensor network,
the bottleneck node is the one that is closest to the sin&esirfiorwards a large amount
of traffic.

We study the relative performance for two values (a reltismall one and a relatively
large one, given our model) for each variable. The MATLABIoization toolbox is used
for numerically finding the optimal solution of (19) and (219ing the sensing model in
Section 2.1 with parametar= 0.001 (high correlation).

4.1 Performance of Joint Coding Case with Explicit Communication

The placement of nodes for the joint coding case with expticmmunication has essen-
tially the same behavior as that for the zero correlatior cdhis behavior results from
the continuous and slowly decaying nature of our correfatimdel.

For a reasonable choice of distortion and network paramseter see that even for low
number of nodes we get a factor of 1.2 to 2 benefit over the tmipacing case. For a
larger network, these gains increase. Among other parasyatereasing?, ... increases
the flexibility in placement, hence it makes possible totfartminimize power consump-
tion. IncreasingL for fixed R,,... has the opposite effect, since the feasible placement
region reduces. Increasing the number of notfefor fixed R,,....), increases both the
correlation between nodes (hence the aggregation berafd)reduces the average per-
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Fig. 7. The optimal placement for explicit communication and SdepiWolf coding are very similar.
Slepian-Wolf coding results in slightly greater spacing fiodes farther from the base station and
correspondingly closer for nearer ones. This is becausieefanodes send less data in the Slepian-
Wolf case than in the explicit communication case

hop distance for multihop transmission, thus, power comdion reduces.

4.2 Performance of Slepian-Wolf Coding

The performance in the Slepian-Wolf coding case is everbttan that for explicit com-
munication case as expected. Fig. 8 shows the percentagéhgaithe Slepian-Wolf 1D
placement solution provides over joint entropy coding véiplicit communication. As
can be seen, Slepian-wolf coding is better by about 10-15%bgéins reducing with more
nodes being placed along a line. In more highly correlatétthgs, gains can be expected
to be larger.

Fig. 7 shows a comparison of one instance of optimal placéfoeerthe Slepian-Wolf
coding case with explicit communication. While the genémehd is very similar, Slepian
Wolf results in more irregular placements where the spabgtgveen nodes farther from
the base-station is larger than in the explicit communicatiase and the spacing between
nodes closer to the base-station is less than in explicinmonication. The intuition for
this solution is that in the Slepian-Wolf Coding, the farthedes transmit less data than
their counterpart in the explicit coding case. The optinafison thus spaces them farther
apart.

4.3 Performance of K-Hop Conditioning

In the previous performance studies, we assumed that comidiy was performed over
all nodes in the network. Thus, in the explicit communicatase, an intermediate node
performs joint entropy coding of all nodes that transmitad@t it. Such coding, while
efficient, is also very computation intensive. One techaitpureduce the computational
complexity is to condition over a limited scope rather thiam éntire network. The impact
of localized conditioning is shown in Fig. 9. As can be sedéw® power reduces with
increased conditioning, but the marginal benefit reduc#s @ach farther hop. Since data
correlation decay over distance, the marginal power réoludte to condition over farther
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Fig. 8. Percentage gain offered by Slepian-Wolf coding over Joimtdpy coding with explicit com-
munication.
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Fig. 9. As the number of hops over which the signal is conditionedeases, the marginal decrease

in power consumption reduces.

nodes may not outweigh the significant additional compotetéquired.

5. TWO-DIMENSIONAL PLACEMENT AND STRUCTURE

While the one-dimensional problem instance can be welkewstdod since node placement
optimization separates from transmission structure dpétion, the two-dimensional case
is significantly more complex. In this section, we prove ttiag joint optimization of
placement and structure in the two-dimensional case is dffptete, and describe an ap-
proximation algorithms based on intuition from the solatio the 1D case.
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Fig. 10. The Voronoi cells (solid) and transmission structure (e@a$Hor a wheel placement, for
data-gathering at a sink located at the center of the circataon.A.

5.1 Complexity

The proof of NP-completeness for the two-dimensional mobfollows directly as a re-
duction from the problem of correlated data gathering wigblieit communication, which
is known to be NP-complete [Cristescu et al. 2004]. Namehgmthe location of nodes
is fixed, the problem of optimizing the transmission struetior power efficient data gath-
ering is NP-complete. We show that the joint optimizationlgem of placement and
transmission structure is NP-hard by proving that the dmtigersion is NP-complete:

Proposition 2: For an arbitrary network and a given integéf, it is NP-complete to
decide if there is any placement and transmission strud¢turevhich the cost in (1) is
smaller thanV/, under constraints in (14).

Proof: If the aggregation function at nodes is concave and depé¢indehe number of
nodes that relay via that node, then the optimization proliteludes the Steiner tree prob-
lem; moreover, the problem is NP-complete also when theeaggion function is known
[5, 16]. If the aggregation function at a node depends alsthertransmission structure
among the nodes that relay via that node, then, even for wenyle settings, the prob-
lem remains NP-complete [6]. Thus, for every instance ofdbeelated data gathering
problem with explicit communication, our reduction cotsis assigning strong distortion
constraints at each node, such that the position of the maddlfills the distortion con-
straints becomes fixed. For such distortion constrainespfftimization problem is thus
reduced to finding the optimal transmission structure, whscNP-complete [Cristescu
et al. 2004].

5.2 Placement Strategy

Our two-dimensional placement strategy replicates thealirpplacement along a wheel
structure as shown in Fig. 10. The wheel comprisgs. spokes where each spoke has
nradial NOAES placed along it. Each node transmits data using shqa¢h forwarding
along the spoke on which it is placed. Note that the shortagt pight not be always
optimal for explicit communication coding [Cristescu et 2004], however we restrict to
such simple gathering trees, which can be constructeduigtdly in polynomial time. We
study in more detail the placement problem; the study ofadtive transmission structures
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Fig. 11. Deriving the R.,,... constraint in two-dimensional placement. For any of theovioi cells,
the furthest points are the corners of the cell.

is subject of further work.

Fig. 10 shows both the transmission structure and the Voratis for such a placement.
Besides being analytically tractable, the wheel struatagpgures the essential behavior that
we would want from an efficient two-dimensional placemerd &mansmission structure.
The network is dense closer to the sink where the data loaijlieeh and sparse further
away from the sink.

While the two-dimensional placement is simple once we haegded that the placement
and transmission structure is along a wheel, many quest@main to be solved. How do
we place then,..4;,; Nodes along each spoke such that the distortion boundstrmtaied
over the entire two-dimensional ared? GivenN nodes, how many nodes,.,4;q:, dO
we place along each spoke and how many spakgsi., do we place angularly over the
wheel? Alookahead into the results in Fig. 12 suggests #rébpnance gains are not only
sensitive to the choices of;,o1e andn,qqiq, but there is a non-obvious choice of these
parameters that provides maximum power benefit.

Note that, even if we propose a deterministic placementegfyaour approach provides
meaningful insight into the design of random radial disttibns for nodes placement in
an arbitrary area in practical scenarios.

5.2.1 Maximumdistortion bound. We will translate the maximum distortion constraint
for the two-dimensional case, to a one-dimensional bouatiile can solve using the
technique described in Section 3. Consider the Voronas €éetla single spoke as shown in
Fig. 11. As discussed in Section 2.4, the maximum distommnesponds to the distortion
atthe point thatis furthest from its nearest sampled p&wytdefinition, such a point should
lie on the Delaunay triangulation of the sample points. Sisach Voronoi cell is convex,
this point lies on one of the corners of the cell. Due to rasjmhmetry, the Voronoi cells
for nodes on each spoke are identical, hence, it sufficesisider the maximum distortion
bound on cells corresponding to any one of the spokes.

Consider the triangle with sidesb andc that is formed between any sampling point
and one of the corners of its Voronoi cell (see Fig. 11). Thgimam distortion constraint
is satisfied ifc < R,,... (11). Since the radius of the regiohis L, the angle between any
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Fig. 12. As the number of nodes per-spoke.{aia.) is increased, gains initially improve but eventu-
ally R,... is too constrained, hence gains reduce.

two spokes i9) = (n?” ) andb < Lsin (%), then it follows that a sufficient condition

poke
— L2sin” (£).
Thus, in order to have the two-dimensional maximum distortlistance of?,,,., sat-
isfied, it suffices to place nodes along each spoke such thatte-dimensional distortion

distance along each line is bounded by:

Runas = \/ R2, — L2sin? < T > (24)
Nspoke

5.3 Choosing the Number of Spokes and Nodes per Spoke

The tradeoff involved in finding the optimal choiceraf, ke andn, 4. can be understood
from (24). From the one-dimensional analysis, we know tkagsately increasing either
Nradial OF Rmaz,» and keeping the other constant, can reduce power consamptiow-
ever, in this case, the two parameters have opposite efiaatach other. For instance, if
Nradial 1S INCreasedy pore decreases and, therefore, so dfgs,. (24). This interaction
is illustrated in Fig. 12.

How do we obtain a good choice @f.q4;,; andng,or.? While an exact solution for
determining the optimal choice of wheel placement pararaétehard to find, an intuitive
and effective approximation is to find the placement thatim@esn pore x Ronax. OUr
approximation algorithm performs within 10% of the optinfemputed through exhaus-
tive search) for configurations that we have tested.

forc < Rz isa < \/R2

max

5.4 Randomized Approximations of Explicit Placement

In this section we study the effects due to imperfect nodegoteent on our optimized
location strategies.

In Fig. 13, the placement of nodes is generated such thatistende from the nodes
to the sink follows a probability distribution derived fromur optimal placement, namely
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Fig. 13. The ratio of costs between randomized and optimal placerf@ntarious network sizea/.

cdf (d) = N(d)/N, whered is the distance from the node to the sifk(d) is the number
of nodes at a distance smaller thafrom the sink in the optimal placement aadf (d) is
the cumulative distribution function that we consider. Wt phe ratio of costs between
the probabilistic placement wiikif (d) and the true optimal placement.

In Fig. 14, we model the jitter: the nodes are not in the optipositions, but rather
perturbed onesd; = d; + (di+1 — di—1)/F * w, whered; is the distance from nodeto
the sink, andwv is normal distributed jitter nois&/(0, 1) andF' a parameter modelling the
variance of the perturbation. We plot the ratio of costs leetmuniform placement and the
optimal placement, both perturbed with the sameNote that the distortion constraints
are not guaranteed any longer, however given the valugstbéy are exceeded to a small
extent.

6. PERFORMANCE EVALUATION OF TWO-DIMENSIONAL PLACEMENT AND
STRUCTURE

We use two metrics to evaluate the performance of our schierad power gain and bot-
tleneck power gain.

6.1 Total Power Gain

Our first evaluation metric is the gain that the optimized-thvmensional placement pro-
vides over a commonly employed uniformly random node plargmFig. 15 plots the
improvement of an efficient wheel placement (as determiyetidabove metric) over the
uniformly random placement in the circular ardawhere the transmission structure is a
shortest path tree. When the number of nodes in the netwoik, low, the performance
gains are low for both coding schemes, since the distortoamts provide less flexibility
to optimize placement. A%/ increases, these gains increase up to a factor of 5.

The power gains observed using Slepian-Wolf coding folloevdame trend as Explicit
Communication but are better by a factor of 50%. The impreaetrdepends on the choice
of correlation parameters; in a highly correlated envirentmwith many sensors, more
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Fig. 15. As the number of nodes placed in the network is increasedjaims increase.

gains can be expected.

Thus, not only does our wheel placement consistently otfopa a random placement
with shortest path trees, it can potentially provide an pafenagnitude improvement if
sufficient flexibility is allowed in terms of number of nodesdadistortion bounds.

6.2 Bottleneck Power Gain

A commonly used metric for network lifetime is the time at winithe first node dies, in
other words, what is the power consumption of the bottlerretke. For instance, in a
typical sensor network, the bottleneck node is the one thalbisest to the sink, since it
forwards a large amount of traffic.
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Fig. 16. The power gains at the bottleneck node are very large, witlint®s improvement for large
N.
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Fig. 17. The power gains for the Slepian-Wolf coding case are sintdldnose for explicit communi-
cation.

Fig. 16 shows that the power consumption of the bottleneclerio the optimal place-
ment is two orders of magnitude lower than in the uniform manglacement. The gains
are roughly similar in magnitude irrespective of the codsaheme being used. The bot-
tleneck power consumption when Slepian-Wolf coding is useslightly lower than the
explicit communication case for low total number of nod®9 énd high for greater num-
ber of nodes.

The gains in bottleneck power consumption are due to thelfatbur optimized scheme
places nodes progressively closer to each other as theggagrmore data. This results
in nodes that transmit more data being compensated by havitmgnsmit over a shorter
distance. Thus, huge gains in network lifetime can be exggeftom our optimized place-
ment.

A unique feature of our optimized placement is that the bottk node is théarthest
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node from the base-station rather than the closest one hs sate with typical random
or uniform placement schemes. This observation is int@gstnce in our placement, the
failure of the bottleneck node still results in a stable reatwtopology, whereas if the node
nearest to the base-station fails, it is significantly maffécdlt to recover from.

7. CONCLUSIONS

To summarize, we have formulated an optimization probleat tionsiders jointly node
placement, transmission structure and data structure &eagathering sensor network, in
terms of an energy-related cost function. We have studiddtiail the 1-D case, namely we
provided a closed-form solution for the node placement whemlata is independent, and
outlined the methodology to solve numerically the case wdggregation at nodes results
in either joint entropy coding or Slepian-Wolf coding, fabdrary correlation structures.
We used our insights from the 1-D setting to propose an apmtion algorithm that
places nodes in a radial “wheel” structure in the 2-D casesNdsv that significant power
gains can be obtained with such a node placement schemeaweranly used uniformly
random placements both in terms of total and bottleneck poamsumption.
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