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Abstract—This letter presents two kernel-based methods for
semisupervised regression. The methods rely on building a graph
or hypergraph Laplacian with both the available labeled and
unlabeled data, which is further used to deform the training kernel
matrix. The deformed kernel is then used for support vector
regression (SVR). Given the high computational burden involved,
we present two alternative formulations based on the Nyström
method and the incomplete Cholesky factorization to achieve
operational processing times. The semisupervised SVR algorithms
are successfully tested in multiplatform leaf area index estimation
and oceanic chlorophyll concentration prediction. Experiments
are carried out with both multispectral and hyperspectral data,
demonstrating good generalization capabilities when a low num-
ber of labeled samples are available, which is usually the case in
biophysical parameter retrieval.

Index Terms—Biophysical parameter, estimation, graph, kernel
method, regression, retrieval, semisupervised learning (SSL),
support vector machine.

I. INTRODUCTION

IN REMOTE sensing data analysis, estimating biophysical
parameters is of special relevance to better understand the

environmental dynamics at local and global scales. In the next
years, services to users will include production of biophysical
parameters at global scales to support the implementation and
monitoring of international conventions. This component will
be mainly based on low (> 1 km) or medium spatial resolu-
tion images (1 km–250 m) with a high time resolution from
nearly real time monitoring systems to five yearly products. In
this way, Earth observation images will be massively used to
estimate either land [crop yield, defoliation, biomass, and leaf
area index (LAI)] or water (yellow substance, suspended matter,
or chlorophyll concentration) products.

In this context, there is an urgent need for robust and accurate
regression methods. The inversion of analytical models intro-
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duces a higher level of complexity and induces an important
computational burden. In addition, with such an approach,
ill-posed problems are usually encountered and sensitivity to
noise becomes an important issue [1]. Consequently, the use
of empirical models adjusted to learn the relationship between
the acquired spectra and actual ground measurements has be-
come very attractive. The original attempts introduced general
linear models, but they produced poor results since biophysi-
cal parameters are commonly characterized by more complex
(nonlinear) relationships with the measured reflectances [1].
More sophisticated models were also developed, including
exponential or polynomial terms, but these models are often
too simple to capture the relationships between remote sensing
reflectance and the investigated biophysical parameters. Param-
etric models have some important drawbacks, which could
lead to poor prediction results on unseen (“out-of-sample”)
data. For instance, they assume explicit relationships among
variables, and an explicit noise model is adopted. As a con-
sequence, nonparametric and potentially nonlinear regression
techniques have been effectively introduced for the estimation
of biophysical parameters from remotely sensed images [1].
Nonparametric models do not assume a rigid functional form;
they rely on the available data, and no a priori assumptions on
variable relations are made. Different models and architectures
of neural networks have been considered for the estimation
of biophysical parameters [2], [3]. However, neural networks
offer poor performance when working with low-sized labeled
data sets. A promising alternative to neural networks is the
support vector regression (SVR), a kernel method for regression
and function approximation [4]. The SVR is a nonparam-
etric, regularized, and nonlinear regression tool, which has
yielded good results in modeling some biophysical parameters,
[5]–[7].

Unfortunately, in biophysical parameter estimation, few
ground measurements are typically available (in contrast to
the wealth of unlabeled samples in the image), and also very
high levels of noise and uncertainty are present in the data.
This letter exploits the regularization framework proposed in
[8] to develop a semisupervised version of the SVR method.
Two methods with increasing sophistication are proposed: the
information coming from the unlabeled samples is included in
the standard SVR by means of either the graph or hypergraph
Laplacian. The two methods are tested successfully in complex
biophysical parameter estimation problems, such as LAI and
ocean chlorophyll concentration estimation.

The rest of this letter is organized as follows. Section II
presents the proposed formulations for semisupervised SVR.
The obtained results are shown in Section III, and Section IV
concludes this letter.
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II. SEMISUPERVISED SVR

This section reviews the fundamentals for performing regres-
sion and function approximation with support vector machines
and how unlabeled samples can be included in the model to
improve the performance of the method.

A. SVR Method

In regression and function approximation problems, we are
given a set of l training samples with measured parameter,
{xi, yi}l

i=1, and a set of u unlabeled (test) samples {xi}l+u
i=l+1,

where xi ∈ R
N is the measured spectra and yi ∈ R represents

the variable to be estimated. Supervised algorithms are based on
selecting model weights using only labeled data in order to ob-
tain good performance in the out-of-sample (test) data set. The
SVR method is a supervised tool that has demonstrated good
performance in remote sensing applications [7]. Notationally,
given a nonlinear mapping ϕ to a higher dimensional feature
space, the SVR computes the weights w to obtain the esti-
mation, ŷi = ϕ(xi)�w + b, by minimizing ‖w‖2 + C

∑l
i=1 ξi

subject to |yi − ϕ(xi)�w − b| ≤ ε + ξi, ∀i = 1, . . . , l [4].
Essentially, those errors ξi greater than the permitted error ε
are penalized with constant C linearly.

The SVR is a kernel-based method whose approximating
function f(·) is expressed as a linear expansion over the
most relevant training samples, f(x∗) =

∑l
i=1 αiK(xi,x∗) +

b, where K represents the kernel function. The Gram matrix
formed with all kernel evaluations must be a positive semidefi-
nite matrix (i.e., fulfill Mercer’s theorem) for the formulation to
be valid and is expressed as the dot product of mapped instances
K(xi,xj) = ϕ(xi)�ϕ(xj). It should be stressed here that
the method’s performance strongly depends on the adequate
definition of the kernel structural form, which can be cast as a
similarity (or distance) measure among samples. Traditionally,
the kernel form has been chosen to be either linear, polynomial,
or radial basis function (RBF) to fulfill Mercer’s conditions.

B. Learning the Kernel From Unlabeled Samples

Despite the good performance of these types of kernels, it
is obvious that both the unlabeled information (data structure)
and the geometrical relationship between labeled and unlabeled
samples are obviated. Including the unlabeled information in
the regression method may improve the results, which is the
focus of SSL. A simple yet effective way to estimate the
marginal data distribution and then include this information
into any kernel method consists of “deforming” the structure
of the kernel matrix according to the unlabeled data structure.
The deformation can be designed either with cluster kernels
computed from the solution offered by clustering algorithms
[9] or by deforming a valid kernel with graph-based methods
that account for the geometrical relations between labeled and
unlabeled [8]. In this letter, we focus on the second strategy.

Let us define the evaluation map of the function S(f) =
[f(x1), . . . , f(xl+u)]� and its seminorm ‖S(f)‖2 = f�Mf
given by a symmetric semidefinite matrix M. The explicit
form of the corresponding reproducing kernel K̃(xi,xj) can
be defined as [8]

K̃(xi,xj) = K(xi,xj) − K�
i (I + MK)−1MKj (1)

Fig. 1. (Left) Toy graph. The thickness of the edges represents the similarity
between samples. Graph methods group the unlabeled samples according to
the weighted distance. The two clusters are intuitively correct, even being con-
nected by a thin weak edge. (Right) Toy hypergraph. The same ten vertices vi

and three sets ei containing different subgraphs are potentially interconnected.

where i, j ∈ {1, . . . , l + u}, K is the (complete) kernel
matrix, I is the identity matrix, and Ki = [K(x1,xi),
. . . ,K(xl+u,xi)]�. The geometry of the data is included
through M, which is usually defined in terms of a graph. In this
letter, we propose a further improvement by using hypergraphs.

1) Graph Laplacian: A graph G(V,E) is defined with a set
of nodes V connected by a set of edges E. The edge connecting
nodes i and j has an associated weight Wij [10]. The nodes
are the samples, and the edges represent the similarity among
samples in the data set [see Fig. 1 (left)]. A proper definition of
the graph is the key to accurately introduce data structure in the
regression machine. For computing Wij , the k nearest neighbor
algorithm is used in this letter.

The common choice takes M = γL, where γ ∈ [0,∞) is a
free parameter that controls the deformation of the kernel and L
is the graph Laplacian, which measures the (smooth) variation
of the function f along the graph [10]. The graph Laplacian
is given by L = D − W, where D is the diagonal degree
matrix of W, i.e., Dii =

∑l+u
j=1 Wij . A graph-based method

for remote sensing image classification was proposed in [11].
2) Hypergraph Laplacian: A hypergraph is a generalization

of a graph, where edges can connect any number of vertices
[12]. While graph edges are pairs of nodes, hyperedges are
arbitrary sets of nodes and can therefore contain an arbitrary
number of nodes [see Fig. 1 (right)]. A hypergraph is also called
a set system or a family of sets drawn from the universal set. Hy-
pergraphs can be viewed as incidence structures and vice versa.

Notationally, a hypergraph can be represented by a matrix
H(V,E) with entries h(v, e) = 1 if v ∈ e and 0 otherwise,
called the incidence matrix. The hypergraph Laplacian is given
by L = (1/2)(I − D−1/2

v HWD−1
e H�D−1/2

v ), where Dv and
De denote the diagonal matrices containing the vertex and
hyperedge degrees, respectively. In this letter, we built the hy-
pergraph by first performing k-means clustering and then taking
the centroids as hyperedges. The weights for all hyperedges
were simply set to 1.

C. Algorithms for Efficient Implementation

Solving the new semisupervised problem is computationally
equivalent to the original supervised SVR. Therefore, the ε
insensitivity zone, the regularization parameter C, and the
width of the RBF kernel σ must be tuned. However, two more
parameters need to be adjusted: the number of neighbors in the
graph Laplacian k and the amount of introduced deformation γ.
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Therefore, selecting the best model requires trying five param-
eters (k, γ, C, ε, σ), which involves high computational burden.
Moreover, the new kernel (1) has to be computed, which
implies a matrix inversion of size (l + u) × (l + u). Note that
this inversion scales exponentially with the number of used
samples, so one pays the cost of including more unlabeled sam-
ples to better model the data marginal distribution. However,
with an adequate selection of (informative) labeled samples,
the need of many unlabeled is limited. There are techniques
that make an approximate calculation of the inverse matrix
at a lower cost. In this letter, we present two alternative
formulations to speed up the matrix inversion and make fea-
sible both training and free parameter tuning for large-scale
data sets.

1) Nyström Method: Rather than a direct matrix inversion
[see (1)], we propose to retain only the first largest p eigenvalues
of the eigendecomposition of matrix P = LK = ΛV�, where
V represents the unitary matrix of eigenvectors and Λ is a
diagonal matrix containing their associated eigenvalues. There
are methods to find the first eigenvalues without explicitly
solving the whole eigenproblem [13]. However, computational
time is drastically reduced only when p 	 n, being n = l + u.

In order to reduce the computational cost involved, we intro-
duce here the Nyström method [14], which is commonly used
to produce an approximate matrix P̃ by randomly choosing m
rows/columns of the original matrix P and then making P̃n,n =
Pn,mP−1

m,mPm,n, m ≤ n, where Pn,m represents the n × m
block of P. As a result, the method simplifies the solution of the
problem to computing an approximated eigendecomposition of
the low-rank kernel matrix P̃ = ṼΛ̃Ṽ�, involving O(mn2)
computational cost.

Therefore, if we approximate the normalized matrix P with
the Nyström method by expanding a small p × p matrix, P̃ =
ṼΛ̃Ṽ�, and substitute it into (1), we obtain

K̃ij = Kij − K�
i (I + γṼΛ̃Ṽ�)−1MKj . (2)

Now, by using the Sherman–Morrison–Woodbury formula1

from linear algebra in our problem statement, it is straightfor-
ward to demonstrate

K̃ij =Kij−K�
i

(
I−Ṽ(γ−1I+Λ̃Ṽ�Ṽ)−1Λ̃Ṽ�

)
MKj (3)

which involves inverting a matrix of size p × p (with p ≤
m ≤ n) with a computational cost O(p2n), i.e., linear with the
number of (l + u) samples.

2) ICF: A positive semidefinite matrix K can be factorized
as GG�, where G is an n × n matrix. This factorization
can be found via direct Cholesky decomposition, which can
be cast as a kind of Gaussian elimination. The objective of
the proposed method is, nevertheless, to find an approximate
matrix G̃ of size n × m for a small m such that the difference
‖K − GG�‖ < η, where η is the tolerance or permitted error.
Basically, the incomplete Cholesky factorization (ICF) differs
from the standard Cholesky decomposition in that all pivots
below a certain threshold are skipped. If m is the number of

1The Sherman–Morrison–Woodbury formula states that (C + AB)−1 =
C−1 − C−1A(I + BC−1A)−1BC−1, where C is an invertible n × n
matrix, A ∈ R

n×m, and B ∈ R
m×n.

nonskipped pivots, the lower triangular matrix G̃ with only m
nonzero columns is obtained.

The proposed iterative method involves picking one column
of K at a time. This is done by maximizing a lower bound on
the error reduction of the approximation. After t iterations, a
good approximation Kt =G̃tG̃�

t is obtained, where G̃t is n×t.
The ranking of the n − t vectors that might be added in the
next step is done by comparing the diagonal elements of the
remainder matrix K − G̃tG̃�

t . Each of these elements requires
O(t) operations, and the update of G̃t has O(tn) cost, so the
overall complexity is O(m2n).

Once the factorization is obtained, the new formulation of the
algorithm is obtained by first substituting LK = G̃G̃� in (1)
and then applying the Sherman–Morrison–Woodbury formula

K̃ij = Kij − K�
i

(
I − γG̃(I + γG̃�G̃)−1G̃�

)
MKj . (4)

This method has several nice properties: 1) the time complexity
is roughly the same as the Nyström method, but only one free
parameter is needed; 2) the only elements of K to be stored in
memory are the diagonal elements of the kernel that are equal to
one for the RBF, and the rest of the elements can be computed
on demand; and 3) the number of m can be chosen to fit the
approximation as tight as desired.

III. EXPERIMENTAL RESULTS

In this section, we illustrate the performance of the novel
methods proposed in several biophysical parameter estimation
problems: LAI estimation and chlorophyll concentration pre-
diction from different sensors. Methods are evaluated in terms
of the accuracy as a function of the number of training sam-
ples. Finally, the computational efficiency of the two proposed
algorithmical alternatives is evaluated.

A. Model Development and Experimental Setup

We used the RBF kernel K(xi,xj) = exp(−‖xi −
xj‖2/2σ2), where σ ∈ R

+ is the kernel width. The RBF is
particularly interesting since it has less numerical difficulties
and only the Gaussian width has to be tuned. In addition,
the RBF kernel is a universal kernel and includes other valid
kernels as particular cases. For both the graph and hypergraph
Laplacian, we tuned the k nearest neighbors in the range
{2, . . . , 50} and computed the edge weights Wij using the
Euclidean distance among samples.

The available data were split into labeled l and unlabeled
data u. We randomly selected different rates of training sam-
ples l, selected the free parameters (k, γ, C, ε, σ) through a
threefold cross-validation in the training set, and show the
averaged root mean square error (rmse) over 100 realizations
for the unlabeled test set. Complementary material is available
at http://www.uv.es/gcamps/semisvr/.

B. Experiment 1: LAI Estimation From Hyperspectral Data

This first experiment shows results in the complex problem
of estimating the LAI from hyperspectral satellite images,
which is characterized by high uncertainty and ill-conditioned
data. We used data from the ESA Spectra Barrax Campaigns
(SPARC) (http://gpds.uv.es/sparc/). During the campaign,
17 multiangular hyperspectral CHRIS/PROBA images were
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Fig. 2. RMSE in the test set as a function of the rate of training samples
for LAI estimation from (a) CHRIS/PROBA (SPARC) and (b) from different
sensors: Landsat-5 TM, SPOT5, IKONOS, and Sentinel-2 (PLEIADeS).

acquired. Field nondestructive measurements of LAI were
made by means of the digital analyzer LI-COR LAI-2000. The
LAI parameter corresponds to the effective plant area index
(PAIeff), since neither corrections of leaf clumping were done
and the influence of additional plant components was removed.
The final database consists of 139 LAI measurements and
their associated surface reflectance spectra from the 62 CHRIS
reflectance bands [15].

Fig. 2(a) compares the standard SVR and the proposed
graph and hypergraph SVR methods. The proposed graph-
based methods clearly improve the results of the supervised
SVR (between a 10% and 50% improvement in rmse) when a
sufficient number of labeled training samples are used (> 12%,
i.e., 16 samples). In this application, the use of hypergraphs
shows only a slight improvement over the graph. This could
be due to the fact that data may be governed by simple one-
to-one cluster relations. Nevertheless, we advocate that the
low number of available data and the high uncertainty derived
from the acquisition could bias the results, and thus, these
conclusions should be taken carefully.

C. Experiment 2: LAI Estimation From Multispectral Data

In this letter, we evaluate the performance of the algorithms
on data acquired during a field campaign in the framework
of the PLEIADeS project (http://www.pleiades.es) in the Cuga
river basin of Sardinia (Italy). Multitemporal hyperspectral
measurements on chicory, maize, alfalfa, and vineyard were
collected in July and August 2007 using an ASD Field-
Spec field spectroradiometer operating in the spectral range
from 350 to 1050 nm. Along with the spectral acquisitions,
l = 45 ground measurements of LAI were collected (alfalfa: 20,
maize: 22, vineyard: 2, and chicory: 1) by means of the
LAI-2000 (LiCOR) instrument at the same plots as the acquired
spectral signatures. The same measurement conditions as in the
first experiment hold here. Configurations of three commonly
used sensors (Landsat-5 TM, SPOT5, and IKONOS), as well
as the future ESA Sentinel-2 satellite, were simulated from
the hyperspectral data. In this way, the data set presents only
differences due to the spectral characteristics of the sensors, but
not due to varying atmospheric conditions or different spatial
resolutions [16].

Fig. 2(b) shows test rmse obtained with the standard SVR
and the proposed graph-based methods for all four types of
sensors. In this experiment, hypergraph results are not shown as
very similar results to graphs were obtained. The graph methods
show a higher estimation quality than the supervised SVR in all
cases (up to 50% improvement of rmse) when more than 20%

Fig. 3. RMSE in the test set as a function of the rate of training samples for
chlorophyll concentration estimation from (a) the MERIS and (b) the SeaWiFS
sensor.

of labeled training samples are used (i.e., l > 9 samples). Even
though the curves follow the same trends, there are some small
differences between the satellite data. For a number of training
samples lower than 30%, Sentinel-2 achieves the lowest rmse.
With an increasing number of used training samples, Landsat-5
TM and, particularly, SPOT5 channels demonstrate a higher
performance for LAI estimation. However, for agricultural
applications, the availability of training samples is usually
small and limited, which makes Sentinel-2 a good option in
these cases.

D. Experiment 3: Oceanic Chlorophyll Concentration
Prediction From MERIS Data

In this experiment, we used simulated data of the Medium
Resolution Imaging Spectrometer (MERIS) to predict chloro-
phyll concentration CC in subsurface waters. We selected the
eight channels in the visible range (412–681 nm), as in [17].
The range of variation of the chlorophyll concentration is from
0.02 to 25 mg/m3. The data were generated according to a fixed
(noise-free) model, and thus, uncertainty is not encountered.
The total number of samples (pairs of in situ concentrations and
received radiances) available for our experiments was equal to
5000. We randomly divided the set into a training (l = 500) and
a test (u = 4500) set.

Results in terms of rmse versus rate of training data are
shown in Fig. 3(a). In both cases, we transformed the concen-
tration data logarithmically, YCC = log(CC), according to the
study in [17]. Hereafter, units are referred to YCC[log(mg/m3)]
instead of CC[mg/m3]. Unlike in the previous problem of LAI
estimation, here, we observe an excellent performance of the
semisupervised SVR methods. A clear gain in rmse is observed,
especially in the synthetic MERIS data. These good results
suggest that the improvement may come from considering a
higher number of unlabeled data in the model (between three
and four times more than that for LAI estimation).

E. Experiment 4: Oceanic Chlorophyll Concentration
Prediction From SeaWiFS Data

For the last experiment, we used the SeaBAM data set
[18], which gathers 919 in situ measurements of chlorophyll
concentration around the U. S. and Europe related to 5 different
multispectral remote sensing reflectance bands that correspond
to some of the SeaWiFS wavelengths (412, 443, 490, 510, and
555 nm). The chlorophyll concentration values span an interval
between 0.019 and 32.787 mg/m3. The available data were
randomly split into l = 460 and u = 459, as in [5].
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Fig. 4. Analysis of matrix inversion methods to accelerate the semisupervised
SVR method. (a) RMSE and (b) CPU time (in seconds).

In this experiment, only a slight improvement of the results
is observed [around 7% in rmse, see Fig. 3(b)]. We should note
that hypergraphs perform better than simple graphs, thus sug-
gesting that data structure is supradyadic, i.e., it involves more
than two “types” of spectra to model chlorophyll concentration,
or they can even involve numerous (complex) aspects in the
relationship.

F. Analysis of Algorithm Efficacy

In this letter, we have introduced two novel formulations
based on the Nyström method and the ICF in order to make it
feasible the inversion of a big matrix. For the Nyström method,
two free parameters need to be tuned: m is the number of
samples used to compute the approximate decomposition of
the kernel matrix, and p is the number of demanded largest
eigenvalues (and corresponding eigenvectors). For the ICF
method, only an error tolerance value η has to be fixed. In this
section, we analyze the tradeoff between the accuracy of the
approximation and the computational cost. We focus on the ex-
periment in Section III-D for illustration purposes. We used the
optimal values of σ = 0.85, γ = 0.1, and k = 6, computed the
corresponding kernel matrix, the graph Laplacian, and run five
different inversion methods: 1) direct inversion of the 5000 ×
5000 matrix; 2) solving the linear system instead through
standard Cholesky factorization; 3) using a fast implementation
with the ARPACK method [13], in which only the largest p
eigenvalues and corresponding eigenvectors are returned; and
the proposed 4) Nyström and 5) ICF algorithms.

Fig. 4 shows the Frobenius norm of the committed error
in the matrix inversion (zero error is considered for the direct
inversion and the linear system solution) and the computational
cost involved in calculating the inverse matrix (in seconds).
Results show that the best tradeoff between the accuracy and
the computational cost is given by the ICF that is 48 times
faster than the direct matrix inversion and 4 times faster than
the Nyström method while reduced inverse errors are obtained
(∼10−9). The computational cost and the approximation error
can be easily trimmed with a single intuitive parameter η.

IV. CONCLUSION

Two novel semisupervised SVR methods for model inver-
sion have been proposed in this letter. The information from
unlabeled samples is included in the standard SVR by means of
the graph or hypergraph Laplacian. Two alternative fast formu-
lations were proposed to achieve operational processing times.
Results on ocean chlorophyll concentration prediction and LAI

estimation have demonstrated the good performance of the
method. Note that there is still room for further improvement
since the σ parameter and the hypergraph were not optimized
for the semisupervised methods.
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