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Abstract—The problem of time series interpolation has been in-
tensively studied in the Information Theory literature, in condi-
tions such as bandlimited signals, nonuniform sampling, and pres-
ence of noise. During the last decade, Support Vector Machines
(SVM) have been widely used for approximation problems, includ-
ing function and time series interpolation. However, the time se-
ries structure has not always been taken into account in SVM in-
terpolation. We propose the statement of two SVM algorithms for
time series interpolation, specifically, primal and dual signal model
based algorithms. Shift-invariant Mercer’s kernels are used as
building blocks, according to the requirement of bandlimited sig-
nal. The sinc kernel, which has received little attention in the SVM
literature, is used for bandlimited reconstruction. Well-known
properties of general SVM algorithms (sparseness of the solution,
robustness, and regularization) are explored with simulation ex-
amples, with improved results with respect standard algorithms,
and revealing good characteristics in nonuniform interpolation of
noisy signals.

Index Terms— Nonuniform sampling, support vector machine,
sinc kernel, Mercer’s kernel, primal signal model, dual signal
model, time series, interpolation, bandlimited.

I. I NTRODUCTION

The interpolation of time series is a widely studied research
area [1–4]. The interpolation in the information and commu-
nication era has its roots on Sampling Theory, and specifically,
on the Whittaker-Shannon-Kotel’nikov (WSK) equation, also
known as Shannon’s sampling theorem [5,6], which states that a
bandlimited, noise free signal can be reconstructed from anuni-
formly sampled sequence of its values, assumed that the sam-
pling period is properly chosen according to the signal band-
width. The nonuniform sampling of a bandlimited signal can
also be addressed whenever the average sampling period still
fulfills Shannon’s sampling theorem, and it is used in a number
of applications, such as approximation of geophysical potential
fields, tomography, and synthetic aperture radar [7–9]. Given
that noise can often be present, the reconstruction of a bandlim-
ited and noise corrupted signal from its nonuniformly sampled
observations becomes a hard problem. According to [10], two
strategies have been mainly followed: (1) consideration ofshift-
invariant spaces, similar to the case of uniform sampling; and
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(2) definition of new basis functions (or new spaces) that are
better suited to the nonuniform structure of the problem. The
first one has been studied the most, following the work devel-
oped in the late fifties by Yen [11] using the sinc function as
an interpolation kernel. Although, in the theory, Yen’s interpo-
lator is optimal in the least squares (LS) sense, ill-posingap-
pears when computing the interpolated values numerically [8].
To overcome this limitation, numerical regularization hasbeen
widely used [12]. Alternatively, a number of iterative meth-
ods have been proposed, including alternating mapping, pro-
jections onto convex sets, and conjugate gradient [7, 13–15].
Other authors have used non-iterative methods, such as filter
banks, either to reconstruct the continuous time signal, orto in-
terpolate to uniformly spaced samples [3, 16, 17], but none of
these methods is optimal in a LS sense, and many approximate
forms of the Yen’s interpolator have been developed [18, 19].
The previously mentioned methods have addressed the recon-
struction of bandlimited signals, but the question of whether
a not bandlimited signal can be recovered from its samples has
emerged. Specifically, a finite set of samples from a continuous-
time function can be seen as a duration-limited discrete-time
signal in practice, and then it cannot be bandlimited. In this
case, the reconstruction of a signal from its samples depends
on thea priori information that we have, and the classical sinc
kernel has been replaced by more general kernels that are not
necessarily bandlimited [2,3]. This issue has been mostly stud-
ied in problems of uniformly sampled time series.

As a summary, the following main elements are (either im-
plicitly or explicitly) considered by time series interpolation al-
gorithms: the kind of sampling (uniform or nonuniform), the
noise (present or not), the spectral content (bandlimited or not),
and the use (or not) of numerical regularization. But, in spite of
the great amount of work developed to the date, the search for
new efficient interpolation procedures is still an active research
area.

In this paper, we propose the use of Support Vector Machines
(SVM) as a time series interpolator in the presence of noise.
SVM were originally stated for classification and regression
problems, but its formulation has been extended to a number
of digital signal processing problems [20–22]. SVM jointlyuse
the Stuctural Risk Minimization (SRM) Principle and the rather
old kernel trick [23]. The SRM Principle states that a betterso-
lution (in terms of generalization capabilities) can be found by
minimizing an upper bound of the generalization error. This
minimization constitutes a Tikhonov regularization [24] that, in
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turn, yields the least possible complexity to the resultingma-
chine. As a result, SVM exhibit less overfitting than machines
that are optimized with classical procedures. Also, SVM arero-
bust against outliers and impulse noise, due to its cost function
of the residuals [21]. Interestingly, such a procedure produces
sparse solutions, which can dramatically reduce the computa-
tional burden of the solution in its application stage.

On the one hand, SVM have been previously used for in-
terpolation applications, but key and basic concepts from In-
formation Theory, such as the bandwidth or the kind of sam-
pling, have not been taken into account, so that little connection
has been established with the wide existing work in time se-
ries interpolation. On the other hand, sparseness and robustness
would be extremely useful in the hard problem of interpolation
of noisy, possibly nonuniformly sampled, time series. Addi-
tionally, the bandlimited nature of the SVM interpolation can
be readily controlled by the Mercer kernel that is being used.
The Gaussian (or Radial Basis Function, RBF) Mercer’s kernel
is not a bandlimited function, and hence, it is appropriate for in-
terpolation of not bandlimited time series. Alternatively, it has
been proven that the sinc kernel, when adequately expressed,
lies in a RKHS, and therefore, it can be used as a Mercer’s ker-
nel in SVM interpolation of bandlimited time series [25, 26].
The RBF kernel has been widely studied in the SVM literature,
but this is not the case of the sinc kernel, which has received
little attention in this setting. As a result, the study and intro-
duction of SVM methods in this context is well motivated and
founded.

In particular, we present here two different kinds of SVM
interpolation algorithms. The first kind uses aprimal signal
modelformulation of the problem, according to the SVM linear
framework for digital signal processing presented in [20,22], in
which a robust estimation of the model coefficients is indirectly
obtained from the SVM Lagrange multipliers. The second kind,
or dual signal modelformulation, uses a nonlinear regression
in a RKHS of the time instant corresponding to each observed
sample, in such a way that when the solution is expressed in
terms of dot products in the RKHS, it can readily be expressed
by means of a Mercer’s kernel. For the purpose of compari-
son with precedent Information Theory based formulations,we
develop the SVM algorithms in terms of the sinc kernel, the
extension of the notation to RBF kernel being straightforward.

The scheme of the paper is as follows. In the next section,
a brief introduction to Yen’s algorithm, along with some pro-
posed versions, and Munson minimax optimal interpolators,is
made. In Section III, the two SVM kinds of algorithms for time
series interpolation are presented. Section IV presents simula-
tion results. Finally, in Section V, discussion and conclusions
are given.

II. N ONUNIFORM INTERPOLATION

As mentioned in the introduction, a wide variety of meth-
ods have been proposed for time series interpolation. Among
all the available algorithms for reconstruction of nonuniformly
sampled time series, the sinc kernel has received special atten-
tion, and accordingly, this implies that a bandlimited nature of
the time series is assumed. We limit ourselves to briefly present

here the basic’s of Yen’s algorithm and some improved versions
[11,27].

Let x(t) be a bandlimited, Gaussian noise corrupted signal,
and let{xn = x(tn), n = 1, . . . , N} be a set ofN nonuni-
formly sampled observations. Given{tn, xn;n = 1, . . . , N},
the interpolation problem consists of finding an approximating
functionxN (t) that fits the data as follows:

x(t) = xN (t) + e(t) =

N
∑

i=1

aisinc(σ0(t − ti)) + e(t) (1)

where sinc(t) = sin(t)
t

, σ0 = π
T0

is the bandwidth of the in-
terpolating sinc units, ande(t) represents the noise. The previ-
ous continuous time model, after nonuniform sampling, is ex-
pressed as the following discrete time model:

xn = xN
n + en =

N
∑

i=1

aisinc(σ0(tn − ti)) + en (2)

An optimal bandlimited interpolation algorithm, in the least
squares (LS) sense, was first proposed by Yen [11]. The prob-
lem can be expressed as the minimization of the quadratic loss
function, given by

1

2

N
∑

n=1

(

xn −

N
∑

i=1

aisinc(σ0(tn − ti))

)2

(3)

which, in matrix notation, consists of minimizing

1

2
‖x − Sa‖2 (4)

wherea = [a1, . . . , aN ]T is the vector of model coefficients,
x = [x1, . . . , xN ]T , andS is a squared matrix whose elements
are

S(n,m) = sinc(σ0(tn − tm)) (5)

It is straightforward to see that the solution vector is:

a = S−1x (6)

Note that we have as many free parameters as observations,
which induces an ill-posed problem [12]. In fact, in the pres-
ence of even a low level of noise, small perturbations on the
coefficient estimations lead to large interpolation errorsoutside
the observed samples. To overcome this limitation, the regular-
ization of the quadratic loss has been proposed, thus leading to
a different problem that consists of minimizing

1

2
‖x − Sa‖2 +

δ

2
‖a‖2 (7)

where δ is a regularization parameter, which represents the
trade-off between losses and smoothness of the solution. The
regularized solution is:

a =
(

S2 + δI
)−1

Sx (8)

whereI is theN × N identity matrix. Note that bandwidth
(in both approaches), as well as the trade-off parameter (inthe
second approach), must be previously fixed.
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Many other non-optimal algorithms have been proposed. For
instance, the Jacobian weighting [27] uses the following direct
interpolation equation:

x(t) = xJ(t) + e(t) =

N
∑

i=1

bixisinc(σ0(t − ti)) + e(t) (9)

where coefficientsbi are chosen to be the sample spacings, i.e.,
bi = ti+1 − ti , which corresponds to a Riemann sum approxi-
mation to the following integral identity:

x(t) =

∫ +∞

−∞

x(τ)sinc(σ0(t − τ))dτ (10)

if we assume thatσ0 is the true bandwidth ofx(t). This algo-
rithm has the drawback of poor performance interpolation, and
the advantage of an extremely reduced computational burden.

Another suboptimal (but rather improved) approach was pro-
posed in [8], where a generalization of the sinc kernel interpo-
lator is presented. The model relies on a minimax optimality
criterion as an approximate design strategy, and it yields the
following expression for the coefficients:

ai =
π

σ0

(

N
∑

n=1

sinc2(σ0(ti − tn))

)−1

(11)

Both the performance and the computational burden of this ap-
proach are intermediate between Yen’s and Jacobian sinc kernel
interpolators. However, all these approaches exhibit somelimi-
tations, such as poor performance in low signal-to-noise scenar-
ios, or in the presence of non Gaussian noise, as a direct conse-
quence of the use of quadratic loss function. In addition, these
methods result in non sparse solutions. These limitations can be
alleviated by accommodating the SVM formulation to the non-
uniform sampling problem. In the next section, two versatile
SVM-based algorithms for nonuniformly sampled, noisy time
series interpolation, are introduced.

Finally, note that instead of using the sinc function as the
interpolation kernel for bandlimited interpolation, thisformula-
tion can be extended to other non bandlimited basis functions,
such as the Gaussian kernel, given by

g(tk − tn) = exp
(

−|tk − tn|
2/(2σ2)

)

(12)

whereσ is the kernel free parameter. Also, polynomial func-
tions can be readily used, (see e.g., [28, 29]), which have been
subsequently analysed in terms of Information Theory princi-
ples. An excellent review can be found in [4].

III. SVM FOR NONUNIFORM INTERPOLATION

In this section, we propose to use several SVM approaches
for estimating efficiently coefficients{ai} in signal model (2).
In the SVM framework for digital signal processing [21], the
optimality criterion is a regularized and constrained version of
the regularized LS criterion. Residuals{en} account for the
effect of both noise and model approximation errors. In gen-
eral, SVM algorithms minimize a regularized cost function of
the residuals, usually the Vapnik’sε-insensitivity cost function

[23]. Alternatively, we introduce in the formulation theε-Huber
robust cost function [21], which is given by

L(en) =







0, |en| ≤ ε
1
2γ

(|en| − ε)2, ε ≤ |en| ≤ eC

C(|en| − ε) − 1
2γC2, |en| ≥ eC

(13)

Here, parameterε is a nonnegative scalar that represents the in-
sensitivity to a low noise level, but more relevant for us, itcan
provide with a sparse solution, which can be a highly desirable
property in the model. Parametersγ andC represent the rele-
vance of the residuals that are in the quadratic and in the linear
cost zone, respectively. It can be easily seen thateC = γC
for a residual cost function with continuous first derivative. By
an adequate choice of free parametersε, γ, C, theε-Huber cost
function can be adapted to different kinds of noise while allow-
ing sparse solutions. The function to be minimized by SVM
regression consists of a residual cost term plus a regularization
term, given by theL2 norm of the model parameters [23].

For the signal model in (2), there are two possible SVM for-
mulations, which are described next. The first one consists of
using signal model (2) as the primal problem in the SVM for-
mulation. The second one consists of considering a generic
nonlinear SVM regression, obtaining the SVM dual and solu-
tion equations for a generic Mercer’s kernel, and finally intro-
ducing the sinc kernel as a Mercer’s kernel for obtaining signal
model (2) in the dual solution.

A. Primal signal model formulation

The nonuniform signal model in (2) can be used within the
SVM linear framework [21]. In this case, the signal model to
be considered is given in (2). But instead of following the LS
criterion, we consider the minimization ofε-Huber robust cost
in (13), together with the quadratic norm of model coefficients
{ai}, which can be seen as a regularization term. As usual in
SVM linear framework, the optimization of this regularizedro-
bust cost can be achieved [21] by minimizing

1

2

N
∑

k=1

a2
k +

1

2γ

∑

n∈I1

(ξ2
n + ξ∗2n ) + C

∑

n∈I2

(ξn + ξ∗n)−
∑

n∈I2

γC2

2

(14)
constrained to

xn −

N
∑

i=1

aisinc(σ0(tn − ti)) ≤ ε + ξn (15)

−xn +

N
∑

i=1

aisinc(σ0(tn − ti)) ≤ ε + ξ∗n (16)

ξn, ξ∗n ≥ 0 (17)

for n = 1, . . . , N , and whereξn,ξ∗n, are slack variables or
losses, andI1 (I2) are the indices of residuals that are in the
quadratic (linear) cost zone. The solution to this optimiza-
tion problem is given by the saddle point of the following La-
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grangian function

1

2

N
∑

k=1

a2
k +

1

2γ

∑

n∈I1

(ξ2
n + ξ∗2n ) + C

∑

n∈I2

(ξn + ξ∗n)

−

N
∑

n=1

αn

(

−xn +

N
∑

i=1

aisinc(σ0(tn − ti)) + ε + ξn

)

−

−

N
∑

n=1

α∗

n

(

xn −

N
∑

i=1

aisinc(σ0(tn − ti)) + ε + ξ∗n

)

−

−

N
∑

n=1

(βnξn + β∗

nξ∗n) −
∑

n∈I2

γC2

2

(18)

Lagrangian duality enables the primal problem to be trans-
formed into its dual one, by taking the derivative of (18) with
respect to the primal variables. It is easy to show that if we
denote

T (k,m) =

N
∑

n=1

sinc(σ0(tn − tk))sinc(σ0(tn − tm)) (19)

then the dual problem consists of maximizing

−
1

2
(α − α∗)T T (α − α∗) + (α − α∗)T x−

− ε1T (α + α∗) −
γ

2

(

αT Iα + α∗Iα∗
)

(20)

constrained to0 ≤ α
(∗)
n ≤ C, and whereα(∗) =

[α
(∗)
1 , . . . , α

(∗)
N ]. This minimization problem can be solved with

quadratic programming techniques [30]. Once dual coefficients
{α

(∗)
i } are obtained, primal coefficients{aj} are given by

aj =
N

∑

i=1

(αi − α∗

i )sinc(σ0(tj − ti)) (21)

Note that coefficients are proportional to the empirical cross
correlation of the Lagrange multipliers and a set of sinc basis
functions, each centered in time instanttn (see [21] for a related
discussion on generic primal signal models).

B. Dual signal model formulation

A second SVM-based version of the interpolation function
can be obtained by starting with a conventional SVM nonlin-
ear regression [23]. In this setting, given observations{xn}
at time instants{tn}, we map these time instants to a higher
dimensional (H, possibly infinity) feature spaceH by using a
nonlinear transformationφ, this is, we considerφ : R → H
that mapst ∈ R → φ(t) ∈ H, where a linear approximation to
the data can properly fit the observations as follows

xn = xN
n + en = 〈w,φ(tn)〉 + en (22)

for n = 1, . . . , N . The primal problem consists now of mini-
mizing

1

2

H
∑

k=1

w2
k +

1

2γ

∑

n∈I1

(ξ2
n + ξ∗2n ) + C

∑

n∈I2

(ξn + ξ∗n)−
∑

n∈I2

γC2

2

(23)

constrained to

xn − 〈w,φ(tn)〉 ≤ ε + ξn (24)

−xn + 〈w,φ(tn)〉 ≤ ε + ξ∗n (25)

ξn, ξ∗n ≥ 0 (26)

Again, Lagrange functional can be stated by following a simi-
lar procedure to the precedent section. In brief, by taking the
gradient, we now obtain:

w =

N
∑

n=1

(αn − α∗

n)φ(tn) (27)

After substitution ofw into the Lagrangian and some simple
manipulations, the following Gramm matrix can be identified:

G(k,m) = 〈φ(tk),φ(tm)〉 = K(tk, tm) (28)

whereK(tk, tm) is a Mercer’s kernel, which allows to obviate
the explicit knowledge of nonlinear mappingφ(·) [23]. The
dual problem consists now of maximizing

−
1

2
(α − α∗)T G(α − α∗) + (α − α∗)T x−

− ε1T (α + α∗) −
γ

2

(

αT Iα + α∗Iα∗
)

(29)

constrained to0 ≤ α(∗) ≤ C. Note the similarity with the
dual problem of the primal signal model formulation in (??),
in which T is replaced with the kernel matrixG. The final
solution is expressed as

xN
n =

N
∑

i=1

(αi − α∗

i )K(ti, tn) (30)

As usual in the SVM framework, by settingε > 0, we obtain
that only a subset of the Lagrange multipliers will be nonzero,
thus providing with a sparse solution. Moreover, we can define
at this point

K(tk, tn) = sinc(σ0(tk − tn)) (31)

as it is possible to show thatK is a Mercer’s kernel [31]. We
will call this choice thesinc Mercer’s kernel. Therefore, when
using the sinc Mercer’s kernel, (30) is the nonuniform interpo-
lation model given in (2) withaj = αj − α∗

j .
Note that other Mercer’s kernels could be easily used with

this approach. Kernel (12) is a valid Mercer one, so we can
define

K(tk, tn) = exp
(

−|tk − tn|
2/(2σ2)

)

(32)

thus giving a non bandlimited Gaussian interpolator.

C. Comparison between primal and dual signal models

In order to qualitatively compare the sinc kernel SVM primal
and dual signal models for nonuniform interpolation, note the
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Gaussian Noise Impulse Noise
Method No noise 40dB 30dB 20dB 10dB 15dB 10dB 5dB 0dB -5dB
Y1 47.5±4.1 38.7±1.7 29.6±1.3 19.9±1.2 9.9±1.1 18.9±1.6 17.4±2.3 14.9±3.2 11.4±4.1 7.5±4.8
Y2 53.4±1.9 39.5±1.4 29.8±1.3 20.1±1.2 10.6±1.2 19.2±1.6 17.8±2.2 15.3±3.1 12.1±3.9 8.5±4.3
S1 -0.5±0.7 -0.5±0.7 -0.5±0.7 -0.6±0.8 -1.3±1.0 -0.6±0.8 -0.7±0.8 -0.8±0.9 -1.2±1.2 -2.1±1.8
S2 15.9±3.0 15.9±3.0 15.7±2.9 14.5±2.2 9.8±1.3 14.5±2.2 13.9±2.0 12.6±2.2 10.5±2.8 7.6±3.6
S3 16.9±2.9 16.9±2.9 16.7±2.8 15.4±2.2 10.2±1.3 15.3±2.0 14.7±2.0 13.3±2.3 11.0±3.0 7.9±3.7
SVM-P 49.1±4.3 39.1±1.3 29.9±1.2 20.5±1.1 12.3±1.6 19.8±1.5 18.4±2.0 16.1±2.9 13.3±3.6 11.0±3.9
SVM-D 50.2±3.2 39.5±1.3 29.9±1.2 20.4±1.1 12.4±1.6 19.7±1.5 18.4±2.0 16.0±2.9 13.0±3.5 10.8±3.9
SVM-R 49.8±1.4 39.6±1.1 30.0±1.2 21.4±1.3 13.5±2.0 20.7±1.8 19.2±2.4 16.7±3.2 13.9±3.7 11.8±3.9

TABLE I
S/E RATIOS (MEAN ± STD) FOR GAUSSIAN AND IMPULSE NOISE.

following expansion of the solution for the primal signal model
approach

xn =

N
∑

i=1

aisinc(σ0(tn − ti)) =

=

N
∑

i=1

(

N
∑

r=1

(αr − α∗

r)sinc(σ0(ti − tr)

)

sinc(σ0(tn − ti))

(33)

Comparison between (33) and (30) reveals that these are dif-
ferent approaches using SVM for solving a similar signal pro-
cessing problem. For the primal signal model formulation, and
but according to (21), limiting the value ofC will prevent these
coefficients from an uncontrolled growing (regularizationef-
fect). For the dual signal model formulation, the SRM princi-
ple implicit in the SVM formalism [23] will lead to a reduced
number of nonzero coefficients, thus providing with a desirable
sparse solution. Also, in this case, it is easy to see that coeffi-
cients are bounded.

IV. SIMULATIONS AND RESULTS

In this section, we evaluate the performance of the three pro-
posed SVM-based signal interpolators, and they are compared
with four standard interpolation techniques. Specifically, the
following signal interpolators are considered:

1) Yen’s interpolator without regularization (Y1).
2) Yen’s interpolator with regularization (Y2).
3) Sinc interpolator with uniform weighting (S1).
4) Sinc interpolator with Jacobian weighting (S2).
5) Sinc interpolator with minimax weighting (S3).
6) Primal signal model SVM with sinc kernel (SVM-P).
7) Dual signal model SVM with sinc kernel (SVM-D).
8) Dual signal model SVM with RBF kernel (SVM-R).
Training and test signals.In order to compare the meth-

ods, simulations with known solution were conducted. Our
experimental setup is adapted from [8], where a set of signals
with stochastic bandlimited spectra were generated, but here we
used a signal with deterministic bandlimited spectra instead. In
particular, the recovery of a bandlimited signal with relatively
lower energy on its high frequency components of the spec-
trum was chosen, aiming to explore the effect that regulariza-
tion could have on the high-frequency components. The set of
signals consisted of the sum of two squared sinc functions, one

of them being a lower level, amplitude modulated version of the
baseband component, i.e.,

x(t) = sinc2 (πt)

(

1 +
1

2
sin (2πft)

)

+ e(t) (34)

wheref = 0.4 Hz ande(t) is additive noise.
A set ofL samples was used with averaged sampling interval

T s. The sampling instants were obtained by adding uniform
noise, in the range[−0.1T, 0.1T ], to equally spaced time points
{tk = kT, k = 1, 2, . . . , L}. Different values ofL were taken,
changing accordingly averaged sampling intervalT , i.e, when
L = m × 32 samples were considered, the averaged sampling
interval were changed toT = 0.5/m s, with m = 1, 2, 3, 4.
Different signal to noise ratios (SNR) were explored (no noise,
40dB, 30dB, 20dB, and 10dB). Sampling intervals falling out-
side [0, LT ] were wrapped inside. A total of 100 realizations
were generated for each set of experiments.

The performance of the interpolators was measured by build-
ing a test set consisting of a noise-free, uniformly sampledver-
sion of the output signal with sampling intervalT/16, as an
approximation to the continuous time signal, and then compar-
ing it with the predicted interpolator estimations at the same
time instants. The signal to error (S/E) ratio was computed in
decibels as

(

S

E

)

dB

= 10log10

(

E{(xN
n )2}

E{e2
n}

)

(35)

in the train set. Means and standard deviations of S/E were
averaged over 100 realizations.

Tuning the free parameters.Four free parameters have to be
tuned in SVM algorithms, which are cost function parameters
(ε, C, γ), and kernel parameterσ0 (or equivalently, time dura-
tion T0). These free parameters need to bea priori fixed, either
by theoretical considerations or by cross-validation search with
an additional validation data set. In this paper, and for each de-
veloped interpolator, the optimal free parameters were searched
according to the reconstruction on the test set. For SVM inter-
polators, cost function parameters and kernel parameter were
optimally adjusted. For the other algorithms, the best kernel
width was obtained, and for Y2, the best regularization param-
eter was determined by using the available test set.

Gaussian noise and SNR.Left part of Table I shows the per-
formance of the algorithms, in the presence of additive, Gaus-
sian noise, as a function of SNR. The poorest performance
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Fig. 1. Examples of interpolation in the time (a,c) and frequency (b,d) domains, for Gaussian noise (SNR = 20dB,L = 32 samples) (a,b) and BG noise (SNR=
20 dB, SIR = 0dB,L = 32 samples) (c,d).

is noticeably exhibited by S1, and some improvement is ob-
served with S2 and S3. Y1 yields a good performance only for
low noise levels, whereas Y2 shows a good performance for
all noise levels, according to its theoretical optimality (from a
Maximum Likelihood point of view) for Gaussian noise. All
the SVM approaches remain close to this optimum for high and
medium SNR, and even improve around 2dB for very low SNR.

Top panels in Figure 1 show a representative example of a
modulated sinc signal with SNR=20 dB, a moderated yet more
realistic noise level. The interpolation in the time domainis
shown to provide a better approximation to the test signal for
Y2 (theoretical optimum) and for the SVM-based methods.
Hence, SVM interpolators can yield close-to-optimum perfor-
mance in the presence of Gaussian noise.

Number of support vectors.Sparseness in SVM-based in-
terpolators was studied as a function of both SNR and signal
length, as shown in Tables II and III. All the SVM methods
clearly tend to yield more sparse solutions (in average) with de-
creasing SNR and with increasing signal lengths. For almostall
the situations, the most and the least sparse solutions are pro-
vided by SVM-R (up to 40% of SV) and SVM-P, respectively.
This is an interesting property, which in general is not yielded

by conventional Information Theory interpolators or by other
previous kernel interpolators.

Figure 2 shows the sparseness (number of support vectors,
NSV, in %) and the S/E obtained as a function ofε (SNR =
20dB). With low number of samples (L = 32), there is a range
of values ofε for which the sparseness can be reduced with-
out significantly modifying the S/E. With increased number of
samples (L = 128), there is a clear optimum value ofε for SVM-
D and SVM-R (dual formulations), for which a notably sparse
solution is obtained. Figure 3 shows two examples (forL =
32 andL = 128) of the obtained coefficients for the optimum
ε. Interestingly, for SVM-P dual coefficients the sparsenessis
lower, but coefficientsai, which are obtained by means of dual

Method No noise 40dB 30dB 20dB 10dB
SVM-P 96.5±10.8 96.0±14.3 99.3±5.0 92.8±18.8 64.1±18.6
SVM-D 93.9±17.8 95.3±14.4 95.9±14.2 89.1±22.2 59.3±17.3
SVM-R 100.0±0.3 99.9±0.7 99.3±2.5 71.8±16.8 49.5±14.9

TABLE II
RATE (%) OF SV (MEAN ± STD) WITH SNR.
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Fig. 2. Sparseness (upper pannels) and S/E (lower pannels) as a function ofε,
for signals with (a) 32 samples, and (b) 128 samples.

coefficients, trend to be more sparse than dual coefficientsper
se. The number of SV forL = 128 samples is dramatically re-
duced for SVM-R when compared to SVM-D. The high values
of standard deviations was due to the presence of bimodalityin
the distribution of the number of SV across experiments, spe-
cially present in SVM-P and SVM-D (not shown).

Analysis ofγ andC for SVM models.A relevant stage when
using SVM algorithms is the selection of the free parameters
of the cost function. We studied the effect of changingγ and
C for L = 32 samples, and the results are shown in Fig. 4.
In average, values ofC in (10, 1000) yield good performance,
but higher values produce high variance in the SE, andγ in

Method 16 32 64 128
SVM-P 97.2±7.8 90.2±21.2 88.6±26.0 76.6±38.8
SVM-D 93.9±12.9 85.1±25.5 81.7±33.0 72.3±40.9
SVM-R 88.7±13.8 69.7±17.5 48.6±12.0 29.6±11.8

TABLE III
RATE (%) OF SV (MEAN ± STD) WITH NUMBER OF SAMPLES.
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Fig. 3. (a) Example of sparseness in SVM coefficients for a signal with L =
32 samples. From top to bottom:ai of SVM-P, αi − α∗

i
of SVM-P, SVM-D

and SVM-R. (b) The same for an example withL = 128 samples.

(10−5, 10−2) are appropriate, while lower values may produce
numerical problems due to the lack of regularization.

Impulse noise. In order to test the robustness against im-
pulse noise, similar experiments were conducted. Impulse
noise was generated with the Bernouilli-Gaussian (BG) func-
tion, nBG

n = vnλn, wherevn is a random process with Gaus-
sian distribution and powerσ2

BG, and whereλn is a random
process with probability

Pr (λn) =

{

p, λ = 1

1 − p, λ = 0
(36)

Accordingly, BG noise withp = 0.1 was added to the train
signals, with different rates of Signal to Impulse Ratio (SIR),
defined as

SIRdB = 10 log10

(

E{|xn − nG
n − nBG

n |2}

σ2
BG

)

(37)

wherenG
n is the added Gaussian noise.
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Fig. 4. Sparseness (up) and S/E (down), forL = 32 samples, as a function of
C andγ.

Right part of Table I shows the comparison for all the meth-
ods in impulse noise. As expected, the SVM algorithms outper-
form the Y2 algorithm for significantly low SIR values, given
that Y2 is no longer the optimum with this noise. Though a
fair comparison should take into account M-estimates versions
of Y2 algorithm, this was not addressed because these can be
considered a particular case of SVM estimates withε-Huber
cost function [21]. Tables IV and V show the sparseness as a
function of SIR and of the number of samples. The behavior of
SVM algorithms in terms of sparseness in the presence of BG
noise was similar than in Gaussian noise, but a slightly reduc-
tion in sparseness could be observed in terms of a comparable

Method 15dB 10dB 5dB 0dB -5dB
SVM-P 87.2±22.3 79.5±26.0 75.6±25.6 78.9±24.6 85.2±23.7
SVM-D 79.6±27.0 74.5±27.4 67.1±26.9 67.5±27.2 81.3±27.1
SVM-R 67.5±17.1 63.7±17.4 63.2±20.1 71.3±25.3 81.7±26.1

TABLE IV
RATE (%) OF SV (MEAN ± STD) WITH SIR IN BG NOISE.

number of samples. Bottom panel of Figure 1 shows an exam-
ple of signal reconstruction in BG noise, both in the time and
in the frequency domain. Note that an improved reconstruction
is obtained by SVM algorithms at the high-amplitude spike lo-
cations, but a distorting effect in the band close to the Nyquist
frequency of the signal can be observed. On the other hand,
Y2 algorithm uses a width such that it often invades the whole
spectrum in this example.

V. CONCLUSIONS

A new approach to the problem of interpolation of nonuni-
formly sampled time series has been presented, based on the
SVM signal processing framework. Not only the sinc kernel,
but also the RBF kernel, popular in the SVM literature, have
been shown to be close to Yen’s optimal in the presence of
Gaussian noise, and robust to low number of available sam-
ples, outperforming other precedent approximations. Besides,
sparse solutions can be obtained. The robustness of SVM al-
gorithms when impulse noise is present has also been explored,
with promising results.

Although generated from the same subjacent signal model
of a weighted sum of sincs basis centered at each sample time,
the approaches coming from Yen’s optimal, and the SVM pri-
mal and dual signal model formulations, have different nature,
and thus their particular properties can be exploited in different
ways. On the one hand, the SVM algorithm obtained from a
primal signal model provides with a robust, yet indirect, esti-
mation of the coefficients, and it is closer in its nature to Yen’s
optimal formulation. It can be shown that primal model SVM
solution is Y2 forε = 0 andC → +∞. For finite values of the
parameters and for Gaussian noise, the SVM is biased, while
Yen’s solution is the optimal unbiased solution through theuse
of the Maximum Likelihood cost function if the sample size is
large enough. If the sample size is small, Yen’s solution needs
to be regularized, thus becoming biased. On the other hand,
dual SVM algorithms, arising from dual signal model formu-
lations, are in fact another form of nonlinear SVM-based re-
gression, and hence, the coefficients are directly obtainedas the
Lagrange multipliers from the SRM principle.

In conclusion, by adequately choosing parameterε, dual
SVM algorithms provide sparse solutions, which can be an at-
tractive property for time series interpolation purposes.The
sparseness of SVM-R has been shown to be significantly better
than SVM-D. However, which algorithm to use (primal signal
model or dual signal model, and RBF or sinc kernel) should be
decided according to the application requirements.

Method 16 32 64 128
SVM-P 92.3±13.1 81.1±24.7 64.1±35.5 44.7±41.1
SVM-D 92.1±14.8 68.7±28.8 55.2±36.8 34.2±37.6
SVM-R 85.7±14.6 63.5±19.7 42.8±16.7 24.0±11.0

TABLE V
RATE (%) OF SV (MEAN ± STD) WITH L IN BG NOISE (SIR = 0DB).
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Scḧolkopf, C. J. C. Burgues and A. J. Smola, Eds.), ch. Fast Training
of Support Vector Machines Using Sequential Minimal Optimization,
pp. 185–208. MIT Press, 1999.

[31] L. Zhang, Z. Weida, and L. Jiao, “Wavelet support vectormachine,”IEEE
Trans Sys Man Cybern B, vol. 34, pp. 34–39, Feb. 2004.


