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Abstract— Sparse deconvolution is a classical subject in digital
signal processing, having many practical applications. Support
vector machine (SVM) algorithms show a series of characteristics,
such as sparse solutions and implicit regularization, which make
them attractive for solving sparse deconvolution problems. Here, a
sparse deconvolution algorithm based on the SVM framework for
signal processing is presented and analyzed, including compara-
tive evaluations of its performance from the points of view of esti-
mation and detection capabilities, and of robustness with respect
to non Gaussian additive noise.

Index Terms— Sparse deconvolution, Support Vector Machine,
autocorrelation kernel, Mercer’s kernel.

I. INTRODUCTION

The sparse deconvolution (SD) problem consists on the es-
timation of an unknown sparse sequence which has been con-
volved with a (known) time series (impulse response of the sys-
tem or source wavelet) and corrupted by noise, producing the
observed noisy time series. The non-null samples of the sparse
series contain relevant information about the underlying physi-
cal phenomenon in each application. After its first application
to reflective seismology [1], SD has been also used in a number
of fields, such as ultrasonic nondestructive evaluation, image
restoration, or cancelation of fractionated activity in intracar-
diac electrograms [2–4].

There has been an intensive development of SD techniques
and algorithms. Since they are easy to compute, Least Squares
(LS) methods [5] have been used to deconvolve sparse seis-
mic signals [6–9]. Some of the drawbacks of LS methods are
their lack of robustness (they are very sensitive to non-Gaussian
noise), and the ill-posing of the problem when the number of
unknowns is close to the number of observations. Many com-
plementary methods have been presented, such as Tikhonov’s
regularization [10] (also known in the statistical literature as
Ridge Regression [11]), Total LS [12], covariance shaping LS
estimation [13], or signal-adaptive constraints [14]. The L1 loss
solution to SD [7] offers advantage in terms of sparseness when
compared to L2 loss solution, also known as Mean Squared Er-
ror (MSE) criterion. L1-penalized SD was proposed later [15],
by including an additional regularization term which consists
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on the L1-norm of the unknown signal, allowing to control the
sparseness of the solution. The Simplex algorithm was intro-
duced as an optimization method for L1-penalized SD in [2].
More recently, large scale linear programming methods have
been also presented [16].

Maximum-Likelihood Deconvolution (MLD) was first de-
veloped by using state-variable models [17], but a more
widespread used convolutional model was presented in [1], as-
suming that the sparse signal has a Bernoulli-Gaussian (BG)
distribution and that the impulse response can be modeled as an
Auto-Regressive and Moving Average (ARMA) signal model.
The Gaussian Mixture (GM) model for SD assumes that the
prior distribution of the sparse signal is a mixture of a narrow
and a broad Gaussian distributions [18], and the BG distribu-
tion is a special case of the GM. Based on an extensive work in
robust estimation [13, 19–21], a minimax MSE estimation fil-
ter that minimizes some measure of the worst case point-wise
MSE was developed in [22]. In [23], a double post-processing
was applied after an inverse filtering of the observations, which
corresponds to a regularization in the Tikhonov sense and a sub-
sequent color noise attenuation.

In general, the performance of SD algorithms can be de-
graded by several causes. First, they can result in a numerically
ill-posed problem [18], and regularization methods are often
required. Also, when the knowledge about the noise is limited,
both LS deconvolution (suitable for a Gaussian noise) and MLD
can yield suboptimal solutions [24]. Finally, if a non-minimum
phase (known) sequence is used, some SD algorithms can fail
because the required inverse filtering turns unstable.

During the last years, Support Vector Machine (SVM) algo-
rithms have been shown to serve as a powerful framework for
many data processing problems, with emphasis for classifica-
tion and regression [25], and currently they constitute a fun-
damental tool in different relevant application domains [26].
SVM algorithms make use of several powerful concepts, like
the Structural Risk Minimization (SRM) principle, and they
permit readily solving nonlinear problems while avoiding lo-
cal minima. Some of the main advantages of SVM algorithms
are: (1) their solution is expressed in terms of a subset of the
observations, the so called support vectors (SV), hence being a
sparse solution; (2) they are regularized in a smart and highly
efficient way, as they follow the SRM principle; (3) they show
very good performance in ill-posed problems (high dimensional
input features, low number of training samples); (4) non-linear
versions of SV algorithms can be readily obtained by means of
the kernel trick, thus allowing a simple geometrical interpre-
tation [27]; and (5) the ε-Huber cost, which is robust against
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impulse noise [28–30], can be used.
Though many of the above advantages are related to SD al-

gorithms requirements, no attempt to develop an SV algorithm
for SD has been done so far. In this paper, we propose an SVM-
based SD algorithm, by conveniently exploiting the properties
of the SVM methodology. Our approach follows two consecu-
tive steps. First, we follow the linear signal processing frame-
work presented in [28] to create a robust, linear SVM algorithm
for SD. This approach, called Primal Signal Model (PSM) al-
gorithm, does not ensure sparseness in the estimated unknown
signal, but it highlights the implicit relationship between the
impulse response and its autocorrelation with Mercer’s kernels
that are used in SVM algorithms. Then, based on a Dual Signal
Model (DSM) formulation, similar to that previously proposed
for interpolation of time series [31], we present a SD algorithm
that uses an equivalent problem statement to obtain a sparse
solution. Given that the impulse response of a deconvolution
problem will not be always a valid Mercer kernel, a filtered
version of the observations is used, in such a way that the au-
tocorrelation of the impulse response can be used as Mercer’s
kernel in the equivalent problem. We call this practical algo-
rithm Autocorrelation-Kernel Signal Model (AKSM).

The rest of the paper is organized as follows. In Section II,
the equations for the SD problem are introduced, together with
a brief description of the two representative SD algorithms from
the literature that will be used for benchmarking. In Section III,
preliminary elements that are required for the formulation of the
practical SVM algorithm for SD are summarized. In Section
VI, the AKSM algorithm is developed and analyzed in detail.
In Section V, we present experiments showing the performance
of the AKSM procedure. Finally, some conclusions are drawn.

II. PROBLEM STATEMENT

Be y[n] a discrete-time signal which contains in its lags
0 ≤ n ≤ N a set of N + 1 observed samples of a time
series that is assumed to be the result of the convolution be-
tween an unknown sparse signal x[n], whose samples in the
lags 0 ≤ n ≤ N we want to estimate, and a time series h[n],
whose samples in the lags 0 ≤ n ≤ Q− 1 are known. Samples
of y[n], x[n], and h[n], are equal to zero outside the defined
limits. Then, the following analysis model can be stated

y[n] = x̂[n] ∗ h[n] + e[n] =
N∑

j=0

x̂[j]h[n− j] + e[n] (1)

where ∗ denotes the discrete-time convolution operator; x̂[n]
is the estimation of the unknown input signal; and e[n] is the
estimation error accounting for the model residuals. Equation
(1) is here required for lags n = 0, . . . , N .

The solution is usually regularized [10] by minimizing the
qth power of the q-norm of estimate x̂[n], hence forcing smooth
solutions. The functional to be minimized should take into ac-
count both this q-norm term and an empirical error measure-
ment term defined according to an a priori determined pth

power of the p-norm of residuals e[n]. Hence, the regularized
functional to be minimized can be written as

JD =
N∑

n=0

‖e[n]‖p
p + λ

N∑
n=0

‖x̂[n]‖q
q (2)

where parameter λ tunes the trade-off between model complex-
ity and the minimization of estimation errors. It is worth noting
that different norms can be adopted, involving different families
of models and solutions. For instance, setting p = 2, λ = 0,
yields the LS criterion, whereas setting p = 2, λ 6= 0, q = 2,
yields the well known Tikhonov-Miller regularized criterion
[10]; for p = 1, λ = 0, we obtain the L1 criterion, and set-
ting p = 1, λ 6= 0, q = 1, provides the L1-penalized method
[2].

From the point of view of MLD [1, 17] or GM [18], SD al-
gorithms can be written as the minimization of the (power of
the) Lp norm of the residuals minus a regularization term which
consists of the log-likelihood of the sparse time series for an ap-
propriate statistical model, i.e.,

JMLD =
N∑

n=0

‖e[n]‖p
p − λ

N∑
n=0

log l(x̂[n]) (3)

where l(x̂[n]) denotes the likelihood, according to the assump-
tions about the input signal statistics. White Laplacian statistics
lead to the L1-penalized criterion. Alternatively, non-Gaussian
input signal statistics have been proposed, such as BG and GM
distributions [1, 18]. Actually, the BG distribution can be seen
as a special case of a GM optimization. SD with a GM assumes
that the prior distribution of the sparse signal can be approxi-
mated with a mixture of two zero-mean Gaussians, one of them
being narrow (small variance) and the other being broad (larger
variance) [18]. Therefore, the functional to be minimized in
GM deconvolution is

JGM =
N∑

n=0

‖e[n]‖2 − λgm

N∑
n=0

log
2∑

j=1

πjpj(x̂[n]) (4)

where πj are the prior probabilities of each Gaussian compo-
nent, and

pj(x̂[n]) = (σj

√
2π)−1 exp

(−x̂[n]2/(2σ2
j )

)
(5)

are their probability densities.
These functionals contain a term that is intended to minimize

the training error of the solution plus a term that can be viewed
as a regularization term from the point of view of Tikhonov.
This is a term that controls the overfiting of the obtained solu-
tion.

This term, often called stabilizer, can also be viewed as a
control of the smoothness of the solution. In other words, as the
function that we want to approximate must be smooth, a good
criterion consists of stablishing a trade-off between the mini-
mization of an error term and the maximization of the smooth-
ness. As it has been stated in [32, 33], the stabilizers used in
equations to are smoothers as lower values of these functions
produce smoother solutions. We will use here an SVM func-
tional, which also contains a regularization term that produces
smooth solutions.

III. SVM FOR SD: PRELIMINARY CONSIDERATIONS

In this section, an algorithm for SD problems using a SVM
formulation is presented. For this purpose, several basic ele-
ments of SVM algorithms are first introduced. Then, a SVM
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formulation for SD is initially proposed by following the SVM
digital signal processing framework presented in [28]. The pur-
pose of this approach is to highlight the signal structure which
is implicit in the algorithm, in particular, the autocorrelation of
the impulse response. All elements that are introduced in this
section will be used in Section IV to introduce the proposed
AKSM algorithm.

A. Preliminary SVM Elements for Signal Processing

Mercer’s Kernels. Let us consider the nonlinear regression
paradigm presented in [31], in which a set of observations y[n]
is modeled as a nonlinear regression on time instants n. This
signal model uses a nonlinear transformation φ : t ∈ R → H,
which maps a real scalar to a Reproducing Kernel Hilbert Space
(RKHS)H, or feature space. For a properly chosen transforma-
tion φ, a linear regression model can be built in H. This can be
done through a theorem provided by Mercer [34] in the early
1900’s. The Mercer’s Theorem shows that there exist a func-
tion φ : x ∈ Rn → H and a dot product

K(xi, xk) = φ(xi)T φ(xk) (6)

if and only if K(·, ·) is a positive integral operator on a Hilbert
space, i.e, if only if for any function g(x) for which

∫
g(x)dx < ∞ (7)

the inequality
∫

K(x,y)g(x)g(y)dxdy ≥ 0 (8)

holds. Hilbert spaces provided with dot products that fit the
Mercer’s Theorem are often called RKHS.

We use here a nonlinear transformation whose domain is con-
strained to discrete time lags, φ : n ∈ (Z) ∈ R→ H, i.e, given
that we are dealing with discrete time processes, this mapping
is particularized here to integers, in order to fit later into the de-
convolution model equation. For this nonlinear transformation
φ, a linear regression model into the Hilbert space will be given
by

y[n] = vT φ(n) + e[n] (9)

where v ∈ H is the vector with the regression weights and e[n]
are the residuals. Provided that v lies in the subspace spanned
by a set of vectors φ(n), with n = 0, . . . , N , one can express
this vector as

v =
N∑

m=0

ηmφ(m) (10)

where ηm ∈ R are the coefficients of the vector expansion in
that subspace, and then, the linear regression model can be ex-
pressed as

y[n] =
N∑

m=0

ηmφ(m)T φ(n) + e[n] =
N∑

m=0

ηmK(m,n) + e[n]

(11)

Therefore, we can use kernel function K(m,n) to com-
pute the dot products. For instance, in the widely used
Gaussian Mercer’s kernel, which is given by K(m, n) =
exp

(−(m− n)2/2σ2
)
, the explicit expression of nonlinear

transformation φ(·) is unknown, and the RKHS dimension is
infinite [35].

Shift Invariant and Autocorrelation Kernels. A particular
class of kernels are shift invariant kernels, which are those ful-
filling K(m,n) = K(m− n). A necessary and sufficient con-
dition for shift invariant kernels to be Mercer’s kernels [36] is
that their Fourier Transform be non-negative.

Let s[n] be a discrete time, real signal with s[n] = 0 ∀n 6∈
[0, S − 1], and let Rs[n] = s[n] ∗ s[−n] be its autocorrelation.
Then, the following kernel can be built:

Ks(m, n) = Rs[m− n] (12)

which is called the autocorrelation-induced kernel (or just auto-
correlation kernel) of signal s[n]. It is well known that the spec-
trum of an autocorrelation sequence is nonnegative, and given
that (12) is also a shift-invariant kernel, it will be always a valid
Mercer’s kernel.

Residual Cost Function. The SVM algorithms for SD that
will be presented share a common form for the driving criterion,
which consists on minimizing

JSV M =
M∑

n=0

L(e[n]) + ‖τ‖22 (13)

where L(e[n]) is a loss function of the residuals, and τ is used
to build the penalization term, and it will be defined for each
SVM algorithm according to the signal model being used, as
described later. Equation (13) is similar to (II), and in that case
τ = x̂, with x̂ = [x̂[0], . . . , x̂[N ]]T . For the purpose of SVM
formulation, the robust ε-Huber cost function of the residuals
[28] will be used here in (13), which will allow us to deal with
different kinds of noise. Its form is:

LεH(e[n]) =





0, |e[n]| ≤ ε

1
2γ

(|e[n]| − ε)2, ε <|e[n]| ≤ eC

C(|e[n]| − ε)− 1
2
γC2, |e[n]| > eC

(14)
where ε, C, and γ are the free parameters of the cost func-
tion that have to be fixed according to some a priori knowledge
of the problem. The ε-insensitive zone discards errors lower
than ε, and, importantly, it allows to control the sparseness of
the SVM solution; the quadratic cost zone is appropriate for a
Gaussian noise; and finally, the linear cost zone is appropriate
for an impulse noise [28, 30].

Note that conventional SVM regression algorithm uses Vap-
nik’s ε-insensitive residual cost, which is in essence a linear
cost. However, this will not be adequate in the presence of
Gaussian noise, which is a usual situation in discrete time sig-
nal processing. This fact was previously taken into account in
the formulation of Least-Squares SVM [37], where a regular-
ized quadratic cost is used for a variety of signal processing
applications, but in this case, non-sparse solutions are obtained.
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The ε-Huber cost, proposed in [38,39], is just a combination of
both the quadratic and the ε-insensitive residual costs. In fact,
it represents the quadratic cost when ε = 0, δC → ∞, the ε-
insensitive cost when δC → 0, and Huber’s robust cost when
ε = 0 [30], thus generalizing it.

B. A Signal Model in the Primal for Deconvolution

Using the convolutional model in (1), it is possible to build
an SVM algorithm that provides a robust estimation of the un-
knowns. This PSM algorithm can be formulated as the mini-
mization of primal functional (13) when τ = x̂, i.e., we mini-
mize

JPSM =
N∑

n=0

LεH(e[n]) +
1
2
‖x̂‖22 (15)

constrained to (1).
Given that the derivation of this SVM algorithm uses the

convolutional signal model in (1), we will call it Primal Sig-
nal Model algorithm. The optimization of (15) is a constrained
problem, which can be expressed into its dual form by using
the Lagrange Theorem and the corresponding Karush-Khun-
Tucker (KKT) conditions. Appendix I contains a brief deriva-
tion of this SVM algorithm, and here we only stress the rele-
vance of two sets of the KKT conditions, as well as their in-
terpretation in terms of signal processing blocks, as this will be
the basis of the proposed SD algorithm in the next section.

First, one of the KKT Conditions yields the unknown sparse
signal being given by

x̂[n] =
N∑

i=0

(αi − α∗i )h[i− n] =
N∑

i=0

ηih[i− n] (16)

where αn, α∗n, are the Lagrange multipliers accounting for pos-
itive and negative residuals in (1) respectively, and each of their
pairs can be grouped into a single model coefficient ηi ∈ R, i =
1, . . . , N . Second, a well-known relationship between model
residuals e[n] and the corresponding model coefficient ηn is

ηn =
∂LεH(e)

∂e

∣∣∣∣
e=e[n]

= L′εH(e[n]) (17)

which can be also shown by using the appropriate set of KKT
Conditions [28], and states that the model coefficients are a
piece-wise linear, yet simple, function of the model residuals.

We can define a discrete time signal containing the model
coefficients, as η[n] = ηn, for n = 0, . . . , N , and being zero
otherwise. Then, we can express KKT Conditions in (16) and
(17) as follows:

x̂[n] = η[n] ∗ h[−n] ∗ δ[n + Q] (18)
η[n] = L′εH(e[n]) (19)

respectively, where δ[n] is the Kronecker delta sequence (1 for
n = 0 and zero elsewhere). On the one hand, the estimated
sparse signal is expressed in terms of a linear, time invariant
system, as the convolution between the model coefficient signal
and the shifted, time-reversed impulse response of the system.
On the other hand, the model coefficients and the residuals are

related by a nonlinear, static system. Taking (1) into account,
we can build a joint system diagram block, which is represented
in Fig. III-A (top), that contains the three previously expressed
signals and systems relations.

Several facts can be observed from these equations and from
the schemes in III-A. First, according to the scheme, estimated
signal x̂[n] should not be expected to be sparse in general, be-
cause similarly to SVM regression algorithm, it is the sparse-
ness of η[n] that can be controlled with ε parameter, and there
is a convolutional relationship between both which will depend
on the (modified) impulse response, which in general does not
have to be sparse. Second, note that there is no Mercer’s kernel
appearing explicitly in this formulation, as it should be expected
in an SVM approach but, instead, there is an implicitly present
autocorrelation kernel given by

Rh[n] = h[n] ∗ h[−n] (20)

if we associate the two systems containing the original system
impulse response and its reversed version. However, the so-
lution signal is embedded between them, which precludes the
convenient use of this autocorrelation kernel in this PSM for-
mulation. And third, the role of delay system δ[n + Q] can
be interpreted as just an index compensation, which forces the
global system to be causal.

In summary, it can be said that the PSM algorithm yields a
regularized solution, in which an autocorrelation kernel is im-
plicitly used, but it does not allow to control the sparseness of
the estimated signal.

IV. AN SVM ALGORITHM FOR SD
An SVM algorithm for SD can be proposed which overcomes

the theoretical limitations of the PSM algorithm. As described
next, this algorithm uses a convenient transformation of the ob-
served signal, as well as a different signal model as a starting
point, namely, the nonlinear regression model presented in the
previous section. These two modifications will allow us to work
with an alternative convolutional model in which the new im-
pulse response is given by the autocorrelation of the impulse re-
sponse in the original problem, hence allowing us to explicitly
use Mercer’s kernels that are autocorrelation kernels. Addition-
ally, in the new signal model the sparse unknown sequence can
be straightforwardly identified through the Lagrange multipli-
ers, and its sparseness can be readily controlled by means of the
ε parameter in the SVM algorithm.

Provided that the impulse response of convolutional signal
model in (1) is not necessarily an autocorrelation sequence, we
start by making a previous filtering of observations y[n] as fol-
lows:

z[n] = y[n] ∗ (h[−n] ∗ δ[n + Q]) = ẑ[n] + e′[n] (21)

where e′[n] = e[n]∗(h[−n] ∗ δ[n + Q]) are the modified resid-
uals. Note that the signals that we use here for filtering, i.e., a
reversed impulse response filter and a time shifting in Q sam-
ples, are present in the PSM algorithm. Under these conditions,

ẑ[n] = x̂[n] ∗ (h[n] ∗ h[−n] ∗ δ[n + Q]) =
= x̂[n] ∗Rh[n] ∗ δ[n + Q]

(22)
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d [n+Q] h[-n]

d [n+Q] h[-n]

y[n]
SVM+

e[n] h[n] x[n]

h[n]

y[n]

KKT Condition KKT Condition

Primal Signal Model

y[n]

z[n]
SVM+

e’[n] h[n]

KKT ConditionTransform observed signal

x[n]

h[n]

Dual Signal Model

d [n+Q] h[-n]

z[n]

PSM Algorithm

AKSM Algorithm

Fig. 1. Block Diagram for the PSM (top) and for the AKSM (bottom) algorithms for SD using SVM principles. The KKT conditions can be represented as
systems modifying the signal at their input. See text for details.

and the transformed signal follows a signal model which is sim-
ilar to the original one, that is, a convolution between the same
unknown sparse signal and the autocorrelation of the impulse
response.

Now, the AKSM algorithm for SD can be derived as follows.
Instead of the convolutional relationship for the observations
and the data in (1), we start by the nonlinear regression SVM
formulation between modified observations z[n] and time in-
stants n given in (9), i.e., the SVM nonlinear regression model
for the modified observations is here stated as

z[n] = vT φ(n) + e′[n] (23)

where v is the coefficient vector in the RKHS. Accordingly, the
penalization term to be used in the generic SVM criterion in
(13) is obtained by making τ = v, and the SVM optimization
functional is given in this case by

JAKSM =
N∑

n=0

LεH(e′[n]) +
1
2
‖v‖22 (24)

The complete derivation of the dual problem is not presented
here, but only the relevant conditions to be taken into account
are highlighted. Appendix 2 contains further explanation on
the corresponding dual problem, and the interested reader is
addressed to [31] for the case of interpolation of discrete time
series, which has a formally similar SVM dual problem deriva-
tion. Note that despite the derivation of SVM algorithms for
interpolation and for SD may be formally similar, these two
digital signal processing method are quite different application
fields.

The nonlinear relationship between the residuals and the new
model coefficients still holds, this is,

ηn = L′εH(e′[n]) (25)

where ηn are the new model coefficients corresponding to the
positive and negative residuals given by (23). This relationship
can be easily shown by examining the KKT Conditions (e.g.,
see [31]). In this case, the following expansion for the weight
vector v can be obtained from the corresponding KKT condi-
tion:

v =
N∑

n=0

ηnφ(n) (26)

We can avoid to work explicitly in the RKHS by introducing
this equation into the nonlinear regression signal model in (23),
which yields:

ẑn =
N∑

i=0

ηiφ(i)T φ(n)
N∑

i=0

ηiK(i, n) =
N∑

i=0

ηiRh[i−n] (27)

where we have replaced generic Mercer’s kernel K(i, n) by
autocorrelation kernel Rh[i − n] generated by the impulse re-
sponse h[n].

Again using signal η[n] as previously defined to account for
the model coefficients, it is clear that (27) can be seen as the
following convolutional model:

ẑ[n] = η[n] ∗Rh[n] = x̂[n] ∗Rh[n] (28)

where unknown sparse signal x̂[n] can be straightforwardly as-
signed to model coefficients in η[n]. Thus, x̂[n] sparseness can
be now controlled by just tuning ε to obtain a sparse set of
model coefficients.

Figure III-A depicts the block diagram of the joint system.
As it can be seen, the effect of transforming the observations
and using an appropriate dual signal model, instead of the pri-
mal signal model in the preceding algorithm, is the obtention of
an autocorrelation kernel and the straightforward assignment of
the sparse unknown sequence to the model coefficients.
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In conclusion, we can build a model from modified observa-
tions z[n], which is described as the convolution between the
original unknown signal and the autocorrelation of the impulse
response, which allows us to control sparseness and to use a
Mercer’s kernel, hence obtaining two of the major advantages
of the SVM algorithms.

V. SIMULATION RESULTS

In this section, we evaluate the performance of the proposed
SVM AKSM algorithm and compare it with other previously
proposed algorithms. In order to evaluate the performance in
examples with known solution, we have made extensive sim-
ulations with synthetic signals, both deterministic and BG dis-
tributed unknown sparse signals. Given that the results are qual-
itatively similar, only the results from a representative case (a
deterministic unknown signal) are reported here. Among the
wide number of available SD techniques in the literature, we
choose L1-penalized (minimizing (II)) and GM (minimizing
(II)) algorithms for comparing their performances with that of
the proposed AKSM algorithm. Finally, a real data example is
included, consisting of the application of the tested SD methods
to ultrasonic data.

A. Experimental Setup

A deterministic sparse signal with 128 samples and five
nonzero values (x20 = 8, x25 = 6.845, x47 = −5.4, x71 = 4
and x95 = −3.6) [40] was used for simulations. Peaks at sam-
ples 20 and 25 are close in order to test the algorithm resolution,
whereas peak x95 is small in order to test detection capabilities.
The other time series consists on the first 15 samples of the im-
pulse response of

H(z) =
z − 0.6

z2 − 0.414z + 0.64
(29)

A noise sequence was added, with variance given by Signal to
Noise Ratio (SNR) from 4 to 20 dB. Performance was studied
for three different kinds of additive noise: Gaussian, Laplacian,
and uniform.

The free parameters for the L1-penalized and for the GM
algorithms are λ and λgm, respectively, whereas the free pa-
rameters for the AKSM algorithm are initially {C, γ, ε}. Tak-
ing into account that parameter ε in the AKSM algorithm
controls the sparseness of the solution, the impact of chang-
ing {C, γ} in SVM algorithms was first analyzed, previous to
the performance analysis, which allowed to fix their values to
C = 100, γ = 10−3 for all the subsequent performance ex-
periments. Note that parameters λ, αgm, and ε, have different
meanings and purposes, therefore, different ranges need to be
explored for each of them in the performance analysis.

The merit figures were obtained by averaging the results of
the algorithms in 100 realizations. The same set of 100 real-
izations was used for each SNR and for each tested trade-off
parameter, in order to analyze their impact on the solution.

Performance was evaluated in terms of both estimation and
detection capabilities of the algorithms. On the one hand, esti-
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Fig. 2. MSE of the AKSM algorithm as a function of free parameters γ and
C in the ε-Huber cost function, with SNR = 16 dB (a,b) and SNR = 4 dB (c,d).

mation quality was quantified by using:

MSE =
1

N + 1

N∑
n=0

(x̂[n]− x[n])2 (30)

F =
∑

x[n]6=0

(x̂[n]− x[n])2 (31)

Fnull =
∑

x[n]=0

(x̂[n]− x[n])2 =
∑

x[n]=0

x̂2[n] (32)

where MSE denotes Mean Squared Error, which measures the
global estimation capabilities, and F (Fnull) represents the par-
ticularized estimation capabilities for spikes (for null samples)
in the true sparse signal [2]. On the other hand, detection ca-
pabilities were measured by using the sensitivity (Se) and the
specificity (Sp) of spike detection, given by

Se =
Vp

Vp + Fn
, Sp =

Vn

Vn + Fp
(33)

where V (F ) represents the number of true (false) detections,
and subindex p (n) represents positive or detected spike (neg-
ative or null) samples. The presence of a peak in the signal is
determined by finding either local positive maxima or negative
minima with an amplitude threshold equal to 1/100 times the
absolute maximum of the signal.

B. AKSM Free Parameters

A highly relevant issue in SVM algorithms is often the re-
quirement of determining appropriate values for all the SVM
free parameters, which is usually addressed either by theoretical
considerations [41, 42] or by computationally expensive cross-
validation search using a validation data set [25]. Therefore, we
started our analysis by studying the effect of free parameters C
and γ on the AKSM algorithm.

For different examples of SNR values, we explored a grid of
values for parameters γ, C, and ε, given by 100 points in a rank
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Method 4 dB 10 dB 16 dB 20 dB
L1-pen. 23.9±8.9∗ × 6.8±2.9∗ 1.5±0.6∗× 0.6±0.3∗

GM 117.2±197.6∗ 5.2±6.5 3.3±2.0∗ 1.5±0.3∗

AKSM 12.2±4.5 3.2±1.3 0.7±0.2 0.3±0.1

TABLE I
AVERAGED MSE ± ITS STANDARD DEVIATION (×102) FOR OPTIMALLY

CHOSEN FREE PARAMETERS FOR EACH SD ALGORITHM (BEST IN

BOLDFACE, SECOND IN ITALIC).

for each parameter, and obtained the MSE with respect to the
true sparse signal. Figure V-A shows two examples of MSE
curves for SNR = 16dB and 4 dB. In the first case (panels (a)
and (b), SNR = 16dB) the optimum value of ε = 0.9 was fixed,
and each MSE curve was obtained by fixing the value of the
other free parameter to the maximum, and averaging MSE in
100 realizations. In can be seen that, in average, there is a wide
rank for both C and γ that can be considered as appropriate.
A qualitatively similar result can be observed for SNR = 4 dB,
panels (c) and (d), obtained with fixed ε = 2.4, which was
shown to be the optimum value for this case.

Therefore, aiming not to give SVM more information than to
the other methods by means of its larger number of free param-
eters, parameters C and γ were previously set to C = 102 and
γ = 10−3, and these values were fixed for all the simulations
of the performance analysis.

C. Estimation Performance
Figure 3 (panels (a), (b), and (c)) presents the MSE results

for all the SD algorithms with different SNR, as a function of
the free parameter of the algorithm, i.e., λ for L1-penalized,
αgm for GM, and ε for AKSM. It can be seen that the op-
timum free parameter depens of SNR in all cases. The L1-
penalized and AKSM algorithms showed low performance with
extremely low (λ, ε → 0) and high (λ, ε > 3) values of the free
parameter, the optimum value being at some intermediate point.
Lower values of the free parameter yielded less sparse solutions
in all algorithms. High values in L1-penalized and AKSM led
to a constant value solution, clearly reached in L1-penalized al-
gorithm, called the zero solution [2], which corresponds to a
null estimated sparse signal, and hence, a value of MSE pro-
portional to the norm of the true sparse signal. GM algorithm
showed a stabilization for high values of the free parameter.
The qualitatively different behavior of the GM algorithm for
high values of αgm is due to the fact that, in most cases, there
was at least one detected peak, hence, on the average, the zero
solution was not reached with this algorithm.

Mean and standard deviation of the MSE for each algorithm
are summarized in Table I, showing that the highest global es-
timation capabilities were always reached by AKSM, followed
by L1-penalized and GM procedures. A Wilcoxon paired test
was made to check for statistical significance in the observed
differences (∗ denotes p < 0.01 for AKSM vs GM and for
AKSM vs L1 comparisons, × denotes p < 0.01 for GM vs
L1 comparison).

In Fig. 3 (panels (d), (e), and (f)), averaged F and Fnull are
depicted separately for each algorithm, using SNR = 4 dB. In

general, it could be observed that the higher the free parameter,
the higher F and the lower Fnull. Also, saturation effects were
present in GM for Fnull. The cross-point between both curves
represents a good indicator of the trade-off between both merit
figures, and it took place for values of the free parameter close
to the optimum in the MSE sense (i.e., for global estimation)
in all the algorithms, independently of the SNR. This suggests
that the global estimation performance was not biased towards
neither of the two kinds of samples (non null and null) in the
sparse signal.

D. Detection Performance

Figure 3 (panels (g), (h), and (i)) shows the detection capa-
bilities in terms of Se and Sp for all the algorithms. As ex-
pected, Sp (Se) increased (decreased) with the free parameter,
and again, the cross-point between both curves represented a
good working point for applications where both detection rates
are similarly relevant. From this point of view, the detection
performance of the algorithms was qualitatively similar to their
estimation performance, i.e, the highest for AKSM (close to
100% for Se and Sp simultaneously), and then L1-penalized
and GM. The value of the free parameter for optimal detection
was again close, but not identical, to the value of the free pa-
rameter for optimal estimation in all the algorithms.

Records of estimated signals show a high variability, but in
Fig. 4 we present some representative results of those corre-
sponding to previously presented performance figures. Opti-
mum values of the free parameters in this example were used.
It can be observed that L1-penalized deconvolution detects al-
most all the peaks, but it produces a number of low amplitude
spurious peaks. In the example, the GM reaches a high esti-
mation performance and a low number (yet high amplitude) of
spurious peaks, as well as a misdetection of a large peak. Fi-
nally, the main drawback that could be observed for AKSM
is the systematic error in the peak amplitude detection, due to a
collateral effect of insensitivity caused by using ε 6= 0 for yield-
ing sparseness on the ε-Huber cost function, but total detection
was often attained with almost no spurious detection.

With respect to sparseness of the tested algorithms, it can
be analyzed from the merit figures for estimation and for de-
tection. The values of Fnull can be seen as an averaged mea-
surement of sparseness of each SD method, taking into account
that similarly high values of this parameter can be given either
by a large number of spurious peaks with low amplitude or by
a lower number of spurious peaks with high amplitude. Note
that in any case, the AKSM algorithm reaches much lower val-
ues of this parameter, specially when compared to GM. Similar
conclusions with respect to sparseness were obtained from the
sensitivity and specificity results.

E. Robustness with respect to non-Gaussian noise

Table II shows the estimation performance of the compared
algorithms for Laplacian and uniform noise sources added to
the deterministic signal instead of Gaussian noise. Optimal free
parameters were previously estimated for all the algorithms.
Again, Wilcoxon paired test was used (∗ denotes p < 0.01
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Fig. 3. Performance analysis for the L1-penalized algorithm (left), the GM algorithm (middle), and the AKSM algorithm (right). (a,b,c) Estimation performance:
Averaged MSE for SNR = 4, 8, 12, and 20 dB (solid, dashed, dotted, and dash-dotted, respectively). (d,e,f) Estimation performance: Averaged F (solid) and
F null (dashed) with SNR = 4 dB. (g,h,i) Detection performance: Averaged Se (solid) and Sp (dashed) for SNR = 4 dB.
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Fig. 4. An example of SD results versus data with SNR = 4 dB for: (a) the L1-penalized algorithm; (b) the GM algorithm; (c) the AKSM algorithm.

for AKSM vs GM and for AKSM vs L1 comparisons, × de-
notes p < 0.01 for GM vs L1 comparison). In general, esti-
mation capabilities for each algorithm were similar for Gaus-
sian and Laplacian noises, and dramatically higher for uni-

form noise. The L1-penalized and the AKSM algorithms still
exhibited good performance in the presence of non-Gaussian
noise, whereas the GM algorithm showed slightly poorer per-
formance, specially for low SNR. It can be seen that in the pres-
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Laplacian noise Uniform noise
Method 4 dB 10 dB 16 dB 20 dB 4 dB 10 dB 16 dB 20 dB
L1-pen. 18.3±8.8∗ 4.6±2.6∗ 1.2±0.7∗× 0.5±0.3∗ 3.7±1.4∗× 1.0±0.4∗× 0.2±0.1∗ 0.1±0.03∗

GM 94.1±108.3∗ 8.8±13.1 3.1±2.4∗ 2.7±1.4∗ 12.5±5.1 3.4±1.2∗ 2.7±0.5∗ 2.6±0.3∗

AKSM 13.0±5.6 3.6±1.6 0.9±0.5 0.3±0.2 1.6±0.6 0.4±0.2 0.1±0.04 0.04±0.01

TABLE II
AVERAGED MSE ± ITS STANDARD DEVIATION (×102) FOR EACH SD ALGORITHM (BEST IN BOLD, SECOND IN ITALIC) UNDER LAPLACIAN AND

UNIFORM ADDITIVE NOISES.

ence of both Laplacian and uniform noise, MSE was lower for
ASKM in all cases.

F. Application Example with Real Data

A real data application example was studied, consisting
on the analysis of a B-scan given by a ultrasonic transducer
from a layered composite material. Scan data are available at
http://www.signal.uu.se/Toolbox/DT/ and details on this appli-
cation can be found elsewhere [43]. Figure V-F(a) shows a sig-
nal example (A-scan) of the sparse signal estimated by each of
the tested methods, using as impulse response a prototype ob-
tained from the B-scan in a single line where clearly only one
reflection was present. The same panel also shows the recon-
structed observed signal. Noise level in the data was relatively
low, and free parameters of each algorithm were adjusted ac-
cordingly to the results obtained with the synthetic signal ex-
ample (for this purpose, normalization of the B-scan was pre-
viously made). It can be seen a behavior qualitatively similar
to the previously seen for each algorithm, this is, L1 algorithm
yielded good quality solution with noticeably number of spu-
rious peaks, AKSM algorithm yielded a good quality solution
with less spurious, and GM algorithm failed at detecting the low
amplitude peaks that were clearly present in this A-scan signal.
Figure V-F(b) shows the reconstruction of the complete B-scan
data, with similar behavior for all the A-scan lines.

VI. CONCLUSIONS

A fully practical algorithm for SD using SVM principles,
the so-called AKSM algorithm, has been introduced and de-
veloped. It deals with the convolution of the observed sequence
with the time reversed impulse response, this way creating an
implicit autocorrelation kernel problem. The use of an ε-Huber
cost function in the proposed algorithm provides a high de-
gree of robustness against the presence of non-Gaussian addi-
tive noises. The solution is sparse as a consequence of the sup-
port vector formulation, and the implicit regularization of all
SVM algorithms helps us to obtain interesting results. These
advantages can be observed in an illustrative intensive simu-
lation setup, which serves to compare the new algorithm per-
formance with those of two well known procedures, the L1-
penalized and the GM model deconvolution algorithms. The
proposed algorithm presents an advantage in terms of both es-
timation and detection capabilities in most the situations, and
there is no difficulty in finding appropriate values for its hyper-
parameters.

Further development will be devoted to extent the SVM prin-
ciples presented here to obtain improved algorithms in other
relevant signal and image processing problems, specially those
ones related with nonblind sparse deconvolution, spectral anal-
ysis and image denoising and deblurring.

APPENDIX

1. PSM Dual Problem. Instead of making the full deriva-
tion of the PSM algorithm in (15), a fast method can be used
from the linear signal processing framework in [28]. In brief,
be {y[n]} a discrete time series, observations with noise, and
be {zp[n], p = 0, . . . , N} a vector basis of the reconstruction
signal space. Then the general linear model can be expressed
as

y[n] =
N∑

p=0

wpzp[n] + e[n] (34)

The linear framework for SVM linear signal models requires
to determine at the begining the transversal vector of the sig-
nal space basis, given by vs = [z0[s], z1[s], . . . , zN [s]]T , and
then obtaining the elements of the SV algorithm is straightfor-
ward. In our case, we can see from (1) that the signal space is
generated by the time-shifted versions of the impulse response,
i.e., zp[n] = h[n − p], and then, the pth coefficient vector of
the linear model is just the pth sample of the unknown sparse
signal, i.e., wp = x[p]. Therefore, the transversal vector is just
vs = [h[s], h[s − 1], h[s − 2] . . . , h[s − N ]]T , which yields
the dot product matrix being given by R(i, l) = vT

i ,vl =∑P
k=0 h[i − k]h[l − k] for this problem statement, and the un-

known signal being given by (16).
Then, the dual problem consists on maximizing

−1
2
(α−α∗)T (R+γI)(α−α∗)+(α−α∗)T y−ε1T (α+α∗)

(35)
constrained to 0 ≤ α(∗) ≤ C, where 1 denotes an all
ones column vector, I denotes identity matrix, α(∗) =
[α(∗)

0 , · · · , α
(∗)
N ]T , and y = [y[0], · · · , y[N ]]T . This is a

Quadratic Programming (QP) problem, from which solution
(16) is obtained.

2. AKSM Dual Problem. The optimization of 24 yields a dual
problem to be optimized, which yields the model coefficients
from the Lagrange multipliers. In this case, the elements of the
Gram matrix of the problem are found to be

T (i, l) = φ(i)T φ(l) = K(i, l) = Rh[i− l] (36)
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Fig. 5. Real data application: deconvolution of the impulse response of a ultrasound transducer in the analysis of a layered composite material. (a) Example of
deconvolution of a single A-scan line with each algorithm: to the left, sparse estimated signal; to the right, estimated (solid) and observed (dotted) A-line. (b)
Deconvolution of the B-scan data.

And accordingly, the dual problem can be easily shown to con-
sist on the maximization of

−1
2
(α−α∗)T (T + γI) (α−α∗)+(α−α∗)T z−ε1T (α+α∗)

(37)
subject to 0 ≤ α(∗) ≤ C, which is formally identical to the
QP problem in (35). A detailed derivation of the dual problem
can be consulted in [31] for the signal processing application of
discrete time series interpolation.
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