COMPUTATIONS ON THREE-DIMENSIONAL SUBMANIFOLDS
IN R3+n

ANGEL MONTESINOS-AMILIBIA

1. PRELIMINARY CONCEPTS

Let A and B be real vector spaces of finite dimensions a and b. We denote
by S(A) the subspace of A ® A of symmetric tensors, that is S(A) is generated
by the elements as v ® v, v € A. Note that if w is another element of A, then
v+w)Rv+w) —vRuv—wRw =v®w+ w v. In the following, suppose
that A and B are Euclidean vector spaces with inner product denoted by a dot.
If (u1,...,u,) is an orthonormal basis of A and (8,7 € A*, then we can define the
inner product of 8 and v by

By = Bluiy(ui).
i=1

In fact, as it is easily proved, the result does not depend on the chosen orthonormal
basis. This may be generalized for defining the inner product of elements of ) A*.
In fact, if for example g,h € A* ® A* is a bilinear form on A, we define g - h =
Zf’j:l g(us, uj)h(u;, u;), and as before this does not depend on the orthonormal
basis. Let (ul,...,u®) be the dual basis of (uy,...,u,). Then the elements u’ ®
w,4,5=1,...,a, are an orthonormal basis of A* ® A*. In fact,

(W' @u) - (uF @u) = D" (u' @ u)(up, ug) (u* @ ul)(up, 1g) = 100,
p,q=1

as required. In the same manner we may define the inner product in, say @’ A by
declaring that the elements

UT® QU QU R @ Ujy By by J1ye e Js = 1.0,

are an orthonormal basis of @ A. With that definition it is easy to prove that if for
instance we have the tensors m = f®v, n = y@w € A*®A, then m-n = (8-7)(v-w).

Let us show that the elements s; = u; ® u;, © = 1,...,a, and the elements
Sij = %(uZ Quj+u; ®u;), when 1 <4 < j < a, are an orthonormal basis of S(T').

Date: May 9, 2009.

Partially supported by the Ministerio Espanol de Ciencia y Tecnologia, project number
BFM2000-1110], and by the grant MTM 2006-06027 from the Spanish Ministerio Espaifiol de
Educacién y Ciencia .

1



2 ANGEL MONTESINOS-AMILIBIA

It is clear that they are a basis. Now,
sii 835 = (i uj)* = 65 = 8y,

Sjk = \%((ui cui)(u - uk) + (wi - w) (ug - ug)) = V26350 = 0,

1
Sjk " Spq = 5(25@5@ +26;40kp) = 0jpOkqs

Sii *

because the second term is zero since j < k and p < ¢g. Hence, the affirmation is
true. If, as before, g,h € A* ® A* are symmetric we will have

a

= 3 oo tun) = St

m':l

+ Z g(ui, uj)h(ug, uj) + g(uj, ui)h(uj, w;))

1<J
a a
= Zg(sii (sii) + Zg si;)h(si5) Z g(sij)h(sis).
i=1 i<j 1<i<j<a

We introduce another notation. If A is an Euclidean vector space we put S4 =
{u € A : u-u=1} to denote the sphere in A.

Let now h : A — B be a homomorphism. Then, we can define the pull-back of
the inner product of B as the symmetric bilinear form hy : A X A — R given by
ha(u,v) = h(u)-h(v). It is well known that there is an orthonormal basis (u1, ..., ug)
of A and unique real numbers p; > --- > pg > 0 such that ho(u,;,u;) = 0if i # j
and ho(ui,u;) = . Let ¢ < Min(a,b) be the number of non zero elements ;.
If we call \j = \/p; for 1 < i < a, and w; = h(u;)/A, for 1 < i < ¢, we will
have w; - w; = ho(u;,u;) = 1, and w; - w; = 0, @ # j. Also, if p; = 0, then
ho(u;,u;)) = h(u;) - h(u;) = 0, whence h(u;) = 0. Therefore the kernel of h is
generated by the vectors uy,...,u.. We will assume that we have completed the
vectors w; to form an orthonormal basis of B and that (w?®) denotes the dual basis.
It is clear that h(u;) = Aw;, for 1 < i < a. Using the Einstein convention, we will
have

h = w'(h(u;))w; @ uw = (w; - \jw;)w; @ u! = Z)\ w; @ ul.

Since A is lineal, h(S4) must be a compact quadric, that is an ellipsoid that may
be degenerate. In other words, it consists in the intersection of a solid ellipsoid
centered at the origin with a subspace of B. Its axes are determined by the vectors
v € S4 such that the function f(u) = h(u) - h(u), u € A, when restricted to S4, is
extremal at v. This means that the 1-form df, annihilates the subspace orthogonal
to v. So, df, must be a multiple of dr?, say df, = udr2, where r? : A — R is given
by r%(u) = u-u. If t — ~(t) € A is a smooth curve such that v(0) = v and we put
u=+(0), then

(dfo — dr})(uw) = (F(7,7) = w*(1,7)) (0) = 2(h(v) - h(u) = pv - u) = 0
Suppose that v = u;, ¢ = p; and u = u;. Then
h(v) - h(u) — Av - u = ho(u;, u;) — pidi; = 0.
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Therefore, w; = h(u;) determines an axis of the ellipsoid and /jz; is the half-axis
corresponding to it.

We may define the adjoint h* : B — A of h by saying that h*(w) is the
unique element of A such that h*(w) - u = w - h(u), for any u. We will have
h* = ! (h*(w;))uj ® w', where we use the Einstein convention, and where (w?)
is the basis dual to (w;). Then

C
h* = uj - h*(w;)u; Qu' = (h(uj) - w;)u; Qu' = (Ajw; - w;)u; @ w' = Z Aju; @ w’ .
j=1
Hence, the half-axes of the corresponding ellipsoid in A are the same as those of
the ellipsoid in B, and the principal directions corresponding to non-zero half-axes
are images of each other.

THREE-DIMENSIONAL SUBMANIFOLDS: NOTATION AND INVENTORY OF
INVARIANTS

In the following, o will denote the value of the second fundamental form of a
three-dimensional submanifold S in R3*™ at some point p. The tangent space to
S at that point will be denoted T and its orthogonal complement by N. Thus,
dimN =n, and T @ N = R3t". The inner product will be denoted by a dot and
the first fundamental form at p will be denoted by ¢, so that ¢(X,Y) = X - Y.
The map from the unit sphere in T to NV defined by a will be denoted by n; thus
n(t) = a(t,t) for t € T satisfying ¢-t = 1. Some of our computations will be realized
by using a chart x : U C R? — S, and we will use the following notation:

X; = 8iX, Xij = 8j8ix, gij =X; Xj7 Z,] = 1, . 73.
Also, for any vector z € T let us put z = E?:l z;x;. We shall denote by (¢1,ts,13)
the orthonormal basis of T built as follows
X1 _ 911X2 — g12X1
= b=
|X1\ |911X2 - 912X1| ’

In this manner, we will have

t3

t -3
' [t3]

t3 = X3 — (tl . X3)t1 — (tg . X3)t2, tg :

3 3
a(z,z) = Z zizjo(X;, X;) = Z Zizj(Dx,;Xj)l
ij=1 ij—1
and
3
(Dx) ™ = xi5 = > (%35 - )t
k=1

If A: V — V* is a symmetric bilinear form in any Euclidean n-dimensional vector
space (V,g), we will call principal directions of A the non-vanishing vectors v € V
such that (A — Ag)(v) = 0 and the corresponding values A € R will be called
the eigenvalues of A; a unit vector v that defines a principal direction will be
called an eigenvector of A. This may also be expressed equivalently as follows.
Since ¢ : V' — V* is an isomorphism, we can consider its inverse g~ ! : V* — V,
which is also a bilinear symmetric form on V*. Then A= g oA € End(V),
and the eigenvalues and eigenvectors of A are the eigenvalues and eigenvectors
of A in the usual sense. The trace or determinant of A will be defined as the
trace and determinant of A. The characteristic polynomial of A may be written as
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(=)™ ()\" —tr(AAN" e (A)AN2 — o (=) e, (AN (1) det(A)), and
it is clear that the ¢;(A) are invariants of A.

The geometric interpretation of some formulas will be related to the interpreta-
tion of the second fundamental form. Let u € N be a unit vector. Then, we can
orthogonally project S, in a neighborhood of p, to the 4-space Ru @ T. Thus we
obtain a hypersurface in a Euclidean 4-space, whose second fundamental form at p
is given by u - «. Thus, we will say that u -« is the u-second fundamental form of S
at p, or that u - a(t,t), t € ST, is the u-normal curvature of S at p in the direction
t, etc.

Now we describe some concomitants of «. By a concomitant we understand
here some mathematical object obtained by means of « using only the properties
of a and the Euclidean structure of 7" and N, including the use of orthonormal
bases, provided that the obtained object does not depend on the choice of those
bases. A concomitant that is a real number will be called an invariant. Let us put
b; = a(t;,t;) and b;; = a(t;,t;) for i, = 1,...,3, i # j. We have the following
concomitants:

Mean curvature vector:

1
H = Z(X(ta,ta) = g(b1 + by + bg)

a=1

Q| =

Interpretation: If w € SN, u- H is the u-mean curvature of S at p.

Gauss curvature form: the symmetric trilinear form K : N x N x N — R
defined as the determinant of «, that is

K (u,u,u) = det (u- a(tq, b))
=(u-br)((u-ba)(u-bz) — (u-by3)?)
+ (u-b12) ((w-b31)(u-bag) — (u-biz)(u-bs))
+ (u-b31) ((w-br2)(u-bag) — (w-bsy)(u- bs).

Interpretation: If u € SN, K(u,u,u) is the u-Gauss curvature of S.

The ellipsoid: Let S(T') be the subspace of symmetric elements of T'® T'. As
we know, the elements (s;; of S(T') are an orthonormal basis.

Let ST = {s € S(T) : s-s=1}. The ellipsoid of curvature is a(S¥T)) C N.
It is an ellipsoid that could be degenerate. Its axes are the images of the extremal
points of the real function in %) given by U + ao(U,U) = a(U) - a(U), U €
S3(T) That function is the restriction to S¥™) of the quadratic form defined by
the bilinear form ay in S(T) given by aa(U,V) = «(U) - a(V). Then, the non-zero
vector U defines a principal direction or an axis iff there is a real number A such
that ao(U, V) = AU -V, YV € S(T'). The half-axis corresponding to that principal
direction is v/A. The matrix of oy in the preceding orthonormal basis 845, © < j, of
S(T) is easily computed.

s55) = bi - bj,
az(sii sjk) = alsii) - alsj) = V2b; - by,

OQ(SM, Sjk) = a(shi) . Q(Sjk) = Qbhi . bjk.

a(8iis 855) = a(sii) - o
-
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It is easy to show that the determinant of vy is a multiple of the squared length
of by A by A bg A bia A bag A bzy. Therefore, the determinant of ag vanishes iff the
rank of o : S(T) — N is less than 6, and then the ellipsoid is degenerate.

Curvature energy form: The symmetric bilinear form given by
E(u,u) = (u-a)-(u-a) = (u-by)?+(u-bo)*+(u-b3)* +2(u-b12)* +2(u-boz)* +2(u-b31)?,

Interpretation: If u € SV, we could have chosen (t1,%s,t3) to be an orthonormal
basis of eigenvectors of the u-second fundamental form, so that u-b; = u-«(t;,t;) =

ki(u), i =1,...,3, and w-b;; = 0, ¢ < j < 3, where the k;(u) would be the
u-principal normal curvatures. Thus, FE(u,u) = Z?Zl ki(u)?, and this explains the
adopted name.

There is another interpretation of E. We can consider « as a linear map o : N —
S(T)*, defined by w € N — u -« € S(T)*. Then, E is the pull-back by a of the
inner product in S(7)*.

Let us consider the map o* : N — S(T), adjoint to « : S(T) — N. Thus, if
u € N and s € S(T) we will have a*(u) - s = u - «(s). The unit sphere in N applies
now to some ellipsoid in S(7") and we will have also its corresponding axes. Let us

compute the action of a5 : N x N — R. We will have

ay(u,u) = a*(u) - a" () = 3 (@ () - s,7)(a" (u) - 515)

\ <J
= (u-alsiy)(u-alsiy) = (u-a) - (u-a)

=1
= (u, u)>

that is we have E = of. Therefore, the ellipsoid and E have the same information
about a.
The trace of £ will give another invariant:

Mean curvature energy:

1 n
Ev=— ) Elui,u
1 n
= 3 () + (B (- bs)? 200 b1n)? + 2w brs)? + 2w - bas)?)
=1

1
= ﬁ(bl b1 + by - by + b3 - by + 2b12 - big + 2ba3 - bag + 2b31 - b31).

Third fundamental form W in T given by
3
W(t,t) =a(t,.) alt,) =Y _altt;)-a(tt).
i=1
Interpretation: For a fixed t € T, let h := «(t,.) : T — N. For each s € ST, we
have that h(s) is the projection on N of the covariant derivative of (any extension
of) s with respect to ¢. Thus, it measures the extrinsic twist, along ¢, of the tangent
direction s of S. Hence, h(s) - h(s) is the squared length (called also energy) of that
twist, and as a consequence, up to a constant factor, W(t,t) is the average twisting
energy along t.



6 ANGEL MONTESINOS-AMILIBIA

As for its trace, we have

3

S Wt ti) =

=1 7

Z Uqg - oty t; )) (ua a(t;,t; ))

la=1

NE

&
Il

n

(@) (g @) =Y E(ta, ) = nE.

a=1

s <

Il
_

a

that is a constant multiple of Ej;.

Riemannnian curvature of S: The standard formula for the Riemann tensor
field is the following

RT(X,Y,Z,W) = a(X,W)-a(Y,Z) — a(X, Z) - a(Y, W).

Therefore, the Ricci tensor field is given by
3
Riccl(X, Z) = > (X, ;) - a(ti, Z) — a(X, Z) - ati, 1))
i=1
= W(X,Z)—3H - (X, 2).

Now we compute the scalar curvature p.

3 3
p=> Ricci(t;,t;) = > Wi(t;,t;) —9H - H =nEy — 9H - H.

Jj=1

Curvature of the normal bundle: Let us denote by A : N x T — T the
map that satisfies Y - A,(X) = —u-a(X,Y) for u € N and X,Y € T. Then the
curvature R of the normal bundle at p satisfies

v RN(X,Y)u=A,(Y)  Ay(X) — Au(X) - A, (Y), wu,v € N,S, X,Y €T,S.

Thus, we have

v- RN (XY )u Z X))ty - Ap(Y) = (b, - Au(Y)) (tr - Ap(X))

((w- (e, Y)(v- alte, X)) = (u- oty, X)) (v - oy, Y)).

3
=1

k

So, if we denote by w* € N,S the 1-form given by w¥(u) = w - u, we can put:
3
RN(X,Y)(u,v) =v- RN(X,Y)u = (Za te, V)P A o tk,X)ﬁ)(u,v).
k=1
Then we have

3
Zatk, ﬁ/\a tk,X)ﬁ
k=1
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SOME PROPERTIES RELATIVE TO THE SECOND FUNDAMENTAL FORM

The second fundamental form defines a map from the projective space PT to N,
that we will call the Veronese of curvature. It is given by

(i) =ity = 280

Its image will be the same as the image of the map t + n(t), for t € ST. Let us
put V = n(ST). We begin with the following property that does not depend on the
dimension of the immersed manifold S.

Proposition 1.1. With the preceding notation let us assume that the dimension
of S is a > 2. Then V is contained in the affine subspace of N generated by the
vectors by; — bi1, © = 2,...,a and the vectors b;;, 1 < i < j < a, that contains H.
It has dimension less or equal to 3(a + 2)(a — 1).

Proof. Suppose that (t;)¢_; is an orthonormal basis of T. Then H = X 3% | au(t;,t;).
Now, we consider the fa(a + 1)-dimensional vector subspace S(T') of symmetric el-
ements of T ® T and denote by & : S(T') — N the natural linear map defined by
a. Any element of V is the image by & of some element v ® v € S(A) with v € ST

Let us consider the orthonormal basis (s;;){<,<; of S(T') defined as in section 1.
Let us define H € S(T) as

| 1 1 ¢
H=Zgl=Z(t ¢t e+t Qty) = — iis
29 S @b+t ®ta) a;S

where ¢~! defines the inner product in N*. Thus, H does not depend on the
chosen orthonormal basis (t;) of N. We consider the map try : S(T') — R given by
try(h) = (h—H)-H. The equation tr; (k) = 0 is the equation of an affine hyperplane
C in S(T), whose dimension is

1 1
ga(a—i— 1)-1= §(a+2)(a— 1).

Now, if h = t®t for t € S4 we can suppose that ¢ is the first vector of an orthonormal
basis (¢;) of T. Thus

S~ 1
tri(h) = (su = H) - H = = ((a—=1)s11 = $22 = ++* = 5aa) - (511 4 + 8aa) = 0.
Hence it is clear that V C &(C). Since @ is linear, the s;; belong to C' and H-s;; = 0
if ¢ < j the claim follows immediately. O

The Veronese V lies in an affine hyperplane of N iff there is a unit vector k €
N such that k- o = pg, where p € R. In fact, if ¢ € T is a unit vector then
k-n(t) = pg(t,t) = p, that is n(t) belongs to the affine hyperplane in N with unit
normal k, at a distance u of the origin. By polarization we obtain the converse.

In the same manner, iff there are orthonormal vectors kq,...,k. € N such that
ki-a = p;g, i =1,...,r, then, n(S7) lies in an affine subspace of N of codimension
r, etc.

Proposition 1.2. Let n =3 and k € ST be such that k- o = pg for some pu € R.
Then, k- RN =0 and RN (X,Y)k = 0 for any X,Y € T. On the contrary, let us
suppose that k- RN = 0. Then either V lies in an affine plane or in a cone.
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Proof. If k- a = pg then RN(X,Y)(k,-) =k-R¥(X,Y)=0forany X,Y € T. In
fact, we have

3 3

Z(k ca(t, Y)(v-alt, X)) = ng(ti,Y)(v ca(t, X)) = a(Y, X),
i=1 i=1

and the claim follows from the symmetry of a and the antisymmetry of RN . Suppose
now that k- RN = 0. Let (t1,t2,t3) an orthonormal principal basis of the bilinear
form k-a. Then there are real numbers y; such that k-o(t;, ;) = pi0i; = —t;- Ar(ts)
and this implies Ag(t;) = —pit; If gy = pg = ps := p, then we have Ay = —pidr,
that is k- o = pg, so that V lies in a hyperplane. If not all the u; are equal and
1 <i<j <3 we have

kRN (b, tj)v = Ag(ti) - Au(ty) = Ap(ty) - Au(ti) = piv - altis t) — v - alty, ti)

:(,Uz —_ uj)v . Oé(ti, tj) = 0
Suppose first that the p; are different from each other. Then, v - a(t;,t;) = 0 for
any v € N, whence b;; =0, 1 <7< j <3. Thus, if X = Z?:l x;t; is a unit vector,
we will have n(X) = 22b11 + 23bas + x3b33, so that the sum of the components of
X in the system of vectors by1, bao, b33 is equal to one and this entails that V' lies in
an affine subspace of NV whose dimension is equal to the rank of that system minus

one. Finally, let us suppose that p; = po # ps. Then, bi3 = bog = 0 and since
23 =1 — 2% — 22 we will have

n(X) = 23b11+23baa+23b33+271 Toboz = baz+7 (by1—bas)+3 (oo —ba3)+2x1w2bo3.

Then, the components x,y, z of (X)) — bss in the system of vectors (b1 — b33, baa —
bss, beg) satisfy dzy — 2?2 = 0. That is, if those vectors are linearly independent then
V lies in a cone of vertex bss, else V lies in an affine plane or in an affine line of
N. O

We can identify RN with a linear map from 7" to N as follows. Let us suppose
that T and N are oriented and that X x Y denotes the cross product defined by g
and the orientation of 7" and that u x v denotes the same in IN. Then we define the
map RN : T — N by

RN(2) =) alty, X) x alty, Y)*
k=1

ifZ=XxY. Infact, X xY =X'xY'iff X AY = X' AY’, as it is easy to verify.
This map allows us to define special directions in 7" and N at p. In fact, as we
have shown in section 1, there are orthonormal bases (¢;)?_; of T and (n;)?_; of
N and real numbers v; such that RN (t;) = vin;. From these bases is easy to find

vectors as in the hypotheses of the preceding proposition.
In the same manner we may define other special directions in T' by the map
RT : T — T obtained in the same manner from the Riemann curvature tensor field.

COMPUTATION OF THE VERONESE OF CURVATURE
We may parameterize ST by putting
U (0,¢) =sinb(cospty + singte) + cosOts.
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Then we have the following parameterization of n(S7) :

(0, ¢) :==n(¥(0,9)) = sin®O(cos® g by + sin® by + sin2¢ b12) + cos® O by
+ sin 26(cos ¢ byg + sin ¢ bas)

1 1
=H + E(l + 3cos20)(2bs — by — ba) + 5 cos 2¢sin? O(by — by)

+ sin 2¢ sin? @ by + sin 20(cos ¢ b1 + sin ¢ bag).

The last expression, obtained with the use of Mathematica®, says that the
Veronese of curvature lies in an affine subspace of IV of dimension less or equal
to five.

Since
3 3
b; = Z tijtika(Xj,Xk), bij = Z tihtjka(xhvxk)v
jk=1 h,k=1

the computation of the Veronese is straightforward.

For drawing the Veronese we will need the normals to it at the vertexes of the
triangulation. They will be computed through the partial derivatives 7, and 79 of
1 with respect to the variables ¢ and 6. Now, we have

19 = 2 cos 20(cos ¢ byz + sin ¢ bys) + sin 29(0052 by +sin® ¢ by — 2b3),
N = sin? (2 cos 2¢ byy + sin 2¢(by — by)) + sin 20(cos ¢ bz — sin ¢ by3).

The normal is parallel to the cross product of these two vectors.
Fot the record, let us show the computations when we use a “flat” chart:

(u,v,1)

—_— u,v € R.
w2 +0v2+1

(u,v) —
Then, the point in the Veronese corresponding to (u,v) will be

n(u, 1}) = (u2 by + v? by + b3 + 2uv big + 2u byz + 2v b23).

u +0v2+1
The partial derivatives of n(u,v) will be given by

2(u b1 “+ v b12 + b13 — un(u, U))

(1, ) = W22 + 1 ’
2(vby +ubigs + bos —vn(u,v
u® +ve+1

Now, if we use a stereographic chart for the projective tangent space at p, we
will have the map

(2u, 2v,1 — u? — v?)

uZ +0v2+1

(u,v) = g

Then, the point in the Veronese corresponding to (u,v) will be

B 4u? by + 402 by + 8uv bz + (1 — u? — v?) (1 — u? — v?)bz + 4ubyz + 4v bag)

n(u,v) (W2 + 02 +1)2
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The partial derivatives of n(u,v) will be given by

1
ZUU(ua v)

_ 20byg + (1= 3u? — v?)biz + u(2by — 2vbaz + (u? + v — 1)bg — (14 u? + v?)n(u,v))

(u2+112+1)2

1
va (1,(,, U)

)

~ 2ubig + (1 — 30% — u?)bag + v(2by — 2ubis + (u® + v* — 1)bg — (1 + u? 4+ v?)n(u,v))

(u? +v2 +1)2
COMPUTATION OF THE FOCAL SET

It may be interesting to compute the focal locus in the normal space at a point
of S. The focal locus is given as the following set:

F(S)={ue NS : det(g, — u-ap) =0,where p =nn(u)},
where w7y : NS — S is the normal bundle over S and g is the first fundamental
form of S. Let F,(S) = F(S) N N,,S.
Suppose that we have orthonormal bases (¢;)3_; and (n;)?_, of T and N respec-
tively and suppose that u = Z?:l w;n;. Then u - af(t;, t;) = Zi:l upny - bij. Let us
put by ;; = ny - bj;. Then

3
(g —u-a)(t;,t;) =05 — Zukbk,ij~
k=1

Therefore det(g, — v - ) is a polynomial of degree three in the components wuy, of
u.
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