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ABSTRACT. We study isolated singularities of binary differential equations of degree n
which are totally real. This means that at any regular point, the associated algebraic
equation of degree n has exactly n different real roots (this generalizes the so called
positive quadratic differential forms when n = 2). We introduce the concept of index
for isolated singularities and generalize Poincaré-Hopf theorem and Bendixon formula.
Moreover, we give a classification of phase portraits of the n-web around a generic singular
point. We show that there are only three types, which generalize the Darbouxian umbilics
D17 D2 and Dg.

1. INTRODUCTION

The study of the principal foliations near an isolated umbilic point of a surface M
immersed in R? leads us to the consideration of quadratic binary differential equations
(BDE) of the form

a(w,y)da® + 2b(x, y)drdy + c(z, y)dy* = 0,

where a(x,y),b(x,y), c(z,y) are smooth functions in some open subset U C R? which are
defined, after taking a parametrization of M, by means of the coefficients of the first and
second fundamental form of M. Since the principal lines are orthogonal in the induced
metric of M, we have that the discriminant A = b(z, y)? —a(x,y)c(z,y) > 0, with equality
if and only if (x,y) corresponds to an umbilic of M, so that a(x,y) = b(z,y) = c¢(z,y) =0
and hence, (z,y) is a singularity of the BDE. It was Darboux [5] who classified the
generic singularities and discovered there are only three topological types, known as the
Darbouxian umbilics Dy, Dy and Ds (see [1] and [12] for a modern and precise study of
this classification).

In fact, we can consider quadratic BDE of this type for general functions a(z,y), b(x, y)
and ¢(z,y), with the discriminant property: A > 0 with equality if and only if a(z,y) =
b(x,y) = c(x,y) = 0. The quadratic forms with this property are called positive and have
been studied by many authors [2, 6, 9, 11, 13]. A positive quadratic differential form
defines a pair of transverse foliations in the region of regular points. Moreover, Guinez
showed has that in this more general situation, the only generic singularities are again
the Darbouxian umbilics Dy, Dy and Ds.

The aim of this paper is to generalize this to degree n BDE of the form

ao(z,y)dz"™ + ay(z,y)dz""dy + - - + an(z,y)dy" = 0,

where a;(z, y) are smooth functions defined on U C R? such that for any (z,y) € U, either
it is a singular point (that is, a;(x,y) = 0 for any ¢ = 1,...,n) or the associated algebraic
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equation has exactly n different real roots. If the functions a;(z,y) have this property,
then we say that the symmetric differential n-form w = Y | a;(z, y)dz""'dy’ is totally
real.

When n = 1, a differential n-form is always totally real and it induces an oriented
foliation in the plane with singularities. For n = 2, totally real is equivalent to positive in
the Guinez sense and hence, the BDE defines a pair of transverse (non oriented) foliations.
However, for n > 3, the corresponding BDE induces locally a n-web in the regular region
(that is, a set of n foliations {F7,...,F,} which are pairwise transverse). It seems that
isolated singularities of n-webs in the plane have not been considered previously in the
literature. Moreover, we feel that the use of degree n BDE is a good approach to treat
this subject.

The topological configuration of a n-web (n > 3) can be extremely complicated, even in
the regular case. When n = 3, the curvature of the web is a function which is a topological
invariant. Hence, even for regular webs we find that the topological classification has
functional moduli. It is known that a regular 3-web is parallelizable or hexagonal (that
is, equivalent to three families of parallel straight lines) if and only if the curvature is
zero. We should also mention that because of the rigidity of webs (any homeomorphism
between two regular webs is in fact a diffeomorphism [7]) the topological and differentiable
classifications are the same.

We show here that for n > 3, the classification of generic singularities of totally real
differential n-forms gives again only three types, which we call the generalized Darbouxian
Dy, Dy and D3. Here, generic means a generic choice of coefficients in the linear part of the
functions a;(z,y). Moreover, the classification has to be understood not as a topological
classification, but just as a description of the phase portrait of the foliations around the
singular point.

One of the main ingredients of the classification is the index of an isolated singular
point. It is defined as a rational number of the form k/n, where k € Z and it can be
interpreted as the rotation number of a continuously chosen vector tangent to the leaves,
when we make a trip around the singular point. We also show the generalization of the
Poincaré-Hopf theorem: if M is a compact surface and w is a totally real n-form with
a finite number of singular points, then the sum of the indices is equal to the Euler
characteristic x(M).

Another important point in the paper is the use of complex coordinates. By setting z =
x+iy and Z = x — iy, we can express any n-form as w = Agdz" + A dz""tdz+- -+ A, dz",
where A; = Zn,j are differentiable functions. Then the index of an isolated singular point
is equal to —deg(Ap)/n, where deg(Ap) is the mapping degree of Ag. This implies that
generically, the index is £1/n.

The final ingredient for the classification is the use of the polar blow-up method to study
singularities with a non degenerate principal part (see [3] and [11] for related results for
vector fields or quadratic forms). We obtain a generalization of the Bendixon formula,
which says that the index is equal to 1 4 (e — h)/2n where e, h are the number of elliptic
and hyperbolic sectors respectively. On the other hand, for a non degenerate singularity,
the blow-up produces a n-form which has only singularities of saddle/node type. The
configuration of these singularities gives a description of the phase portrait of the foliations
around the singular point.

We finish the paper with a section dedicated to higher order principal lines and umbilics
of surfaces M immersed in some Euclidean space RY. This was the original motivation of
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the authors to study singularities of differential n-forms. Other geometrical motivations
of the same kind can be found also in [15] or [10].

2. TOTALLY REAL DIFFERENTIAL FORMS

Definition 2.1. Let M be a C* surface. A (symmetric) differential n-form on M is a
differentiable section of the symmetric tensor fiber bundle S™(7T*M). If we take coordi-
nates x,y on some open subset U C M, any differential n-form can be written in a unique
way as

1=0

where f; : U — R are smooth functions.

We will say that p € M is a singular point of w if w(p) = 0. We will denote by Sing(w)
the set of singular points of w.

In general, if p € M, w(p) : T,M — R is a form of degree n. Let p € M \ Sing(w),
we say that w is totally real at p if there are n linear forms Ay, ..., \, € T,M* which are
pairwise linearly independent and such that w(p) = Ay ... \,. We say that w is totally real
if it is totally real at any point p € M \ Sing(w).

A linear differential form (n = 1) is always totally real. In the case n = 2, a quadratic
differential form is totally real if it is positive in the sense of [9]. Take local coordinates
x,y defined on some open subset U C M and assume that w is given by

w = Adx® + 2Bdxdy + Cdy?,

for some smooth functions A, B,C : U — R. Then w is totally real in U if and only if for
any p € U, either A(p) = B(p) = C(p) = 0 or B*(p) — A(p)C(p) > 0.

Definition 2.2. A (1-dimensional) n-web on a surface M is a set of n (1-dimensional)
foliations W = {F1, ..., F,} on M such that they are pairwise transverse at any point of
M.

If w is a totally real differential n-form on M, then we can locally associate a n-web on
M \ Sing(w) in the following way. For each p € M \ Sing(w), there are pairwise linearly
independent linear forms Ay,...,\, € T,M* such that w(p) = Ay ... \,. Moreover, it is
possible to choose these linear forms so that they depend smoothly on p (and hence define
differential linear forms) on some open neighbourhood U C M. Then, the n-web is just
defined by taking F; as the foliation determined by A; on U (that is, the tangent vectors
to JF; are the null vectors of \;).

Note that in general, it is not possible to extend this to a global n-web on M \ Sing(w)
(unless it is simply connected). Moreover, two totally real differential n-forms w; and wy
define the same n-web on U if and only if there is a non-zero smooth function f: U — R
such that w; = fws on U.

Remember that if w is a differential n-form on N and f : M — N is a differentiable
map between surfaces, then f*w is the n-form on M given by f*w(p)(X) = w(f(p))(f.X)
for any p € M and X € T,M, and being f, : T,M — T}, N the differential of f at the
point p.

Definition 2.3. Let w;,wy be two totally real differential n-forms defined on surfaces
M, N respectively. We say that they are C*-equivalent (resp. topologically equivalent) if
there is a C* diffeomorphism (resp. homeomorphism) ¢ : M — N such that
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(1) ¢(Sing(w;)) = Sing(ws),
(2) ¢ : M \ Sing(wy) — N \ Sing(ws) preserves locally the leaves of the foliations of
the n-webs defined by wq, ws.

It is obvious that if ¢ is a C'*° diffeomorphism, then condition (2) is equivalent to the
existence of a nonzero smooth function f : M \ Sing(w;) — R such that ¢*(w2) = fw; on

M \ Sing(wy).

3. THE INDEX OF AN ISOLATED SINGULAR POINT

We will define an index for isolated singular points of totally real differential forms,
which generalize the index in the case of linear or quadratic forms.

Definition 3.1. Let w be a totally real differential n-form on a surface M and p € M
an isolated singular point. Assume that M is orientable and choose some orientation.
Moreover, we choose a Riemannian metric g on M and orthogonal coordinates x, y on some
open neighbourhood U of p in M, compatible with the orientation. Now, let « : [0, ¢] — M
be a simple, closed and piecewise regular curve, such that «([0,¢]) C U is the boundary of
a simple region R, which contains p as the only singular point in the interior. Moreover,
we assume that a goes through the boundary of R in positive sense. Since « is a closed
curve, it is obvious that we can extend it to o : R — M, with a(t + ¢) = a(t).

For each t € R we choose a unit tangent vector X (¢) which is a solution of the equation
w(a(t))(X) = 0 at the point «(t). Since it is an algebraic equation of degree n, we can
choose X (t) so that it defines a differentiable unit vector field along .

If we start with ¢ = 0, after a complete turn, X (¢) must coincide with one of the 2n unit
vectors which are solution of w(a(0))(X) = 0. Because of transversality, after 2n turns
in positive sense, we must return to the initial vector, that is, X (2nf) = X(0). Now, let
0(t) be a differentiable determination of the angle from 2|, toX (¢). Then, 6(2nf) and

0(0) differ in an integer multiple of 2. We define the index of w in p by
, 0(2nt) — 6(0)
d =
m (('U?p) 47T7”L
It follows from the definition that the index is always a rational number of the form s/2n,
with s € Z.

Lemma 3.2. The index ind(w, p) does not depend on the choice of:

(1) the determination of the angle 0,
(2) the vector field X,

(3) the coordinates x,y,

(4) the curve a,

(5) the Riemannian metric g,
(6)

the orientation of M.
Proof. Note that two determinations of the angle must differ in an integer multiple of 27.
Thus, it is clear that the index does not depend on the determination.

We show now that the index does not depend on the vector field X. Suppose that
we consider two vector fields X (t), X5(t). Note that they are solutions of an algebraic
equation of degree n and they are differentiable with respect to the parameter t. Thus if
Xi(t) = £X5(t) at some point of the curve, then this should be true for any point. In this
case, the corresponding determinations of the angles should differ in an integer multiple
of m, giving the same index.
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Thus, we can assume that X;(t) # £X,(¢), for all ¢ € R. Then, we can choose the
determinations so that

0 < [01(t) — 02(t)] <,
for all t € R. Moreover, suppose that
0:(2nl) —60;,(0) s

4dmn 2n

with sq, 59 € Z. Then,
1
|81 — 82| = % |01(27’L£) — 01(0) — QQ(QTLE) + 02(0)| < ]_,

and necessarily s; = ss.

To show that the index does not depend on the coordinates, let Yy € T, )M be any
nonzero tangent vector. Let us denote by Y (¢) the parallel transport of Y along a(t) and
let ¢(t) be a determination of the angle from 2|, to Y(¢). Following [4, Eq (2), page
271], we have that

B(6) — (0) = / Kdo,

where K denotes the gaussian curvature of M and do is the area element. From this we
deduce

(1) 2n/RKda s = (b — 0)(2n0) — (1 — 6)(0),

being s/2n the index. Since the angle ¢ — 6 does not depend on the coordinates z,y, we
get that the index does not depend either.

Let now o and 3 be two curves satisfying the conditions of the definition of the index.
We will show that the index given by both curves is the same. Suppose first that the
curves are disjoint. Then it is obvious that we can construct a family of curves oy, with
t € [0,1], depending continuously on ¢, which verify the conditions of the definition of
index and such that g = a and a7 = (3. Taking into account that it is possible to express
the index by means of an integral expression, we deduce that the index with respect to oy
depends continuously on ¢. Since the index can only take rational values, we deduce that
it must be constant. In the case that the curves a and [ are not disjoint, we can take
a third curve small enough so that it is disjoint with a and # and then apply the above
argument.

The independence with respect to the Riemannian metric g has an analogous argument.
In fact, if g and h are two Riemannian metrics, we can consider the family of Riemannian
metrics g; = (1 — t)g + th so that g9 = g and g1 = h. Again by means of an integral
expression of the index, we see that the index with respect to the metric g; depends
continuously on ¢ and hence, it must be constant.

Finally, it only remains to show that it does not depend on the orientation. In fact, if we
change the orientation, we have to change a by &(t) = a(¢ —t) and 6 by 0(t) = —0(¢ —t).
Then,

0(2nl) — 0(0) = —(¢ — 2nL) + B(£) = —6(0) + 6(2nl).
OJ

As a consequence of this lemma, we deduce that the index is well defined and it only
depends on the differential form w. Moreover, the definition can be extended to the case
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that M is not orientable, just by taking a local orientation in a neighbourhood of the
singular point.

On the other hand, the definition of index can be also extended to the case that p
is a regular point, although in such case the index is always zero. In fact, we can take
coordinates in such a way that d/0x coincides with X along « and hence, 6(t) = 0.

Finally, another immediate consequence of the above lemma is that the index is invari-
ant by equivalence. Let wq,ws be two totally real differential n-forms defined on surfaces
M, N respectively, which are equivalent through the diffeomorphism ¢ : M — N. Then,
for each p € Sing(wy),

ind(wy, p) = ind(w2, ¢(p)).

Remark 3.3. We give here a formula which can be very useful to compute the index.
Let us denote by Xi(),..., Xo,(t) the unit vector fields along o which are solution of
w(a(t))(X) = 0. We assume that they are ordered so that

O1(t) < ba(t) < -+ < Oo,(t) < 01(t) + 2,

where 6;(t) denotes the determination of the angle of each vector field X (¢). In particular,
we have that

6,(¢) = 6,(0) + 2mm,
for some m € Z and i € {1,...,2n}. Then, the index is given by
1—1
2n
In fact, we introduce the notation s, 1 (t) = 61(t) 4+ 27, O2,12(t) = 05(t) + 27, and in
general, Oy, ;(t) = 0;(t) + 2¢m, for any ¢ € Z and j € {1,...,2n}. Then,
01(0) = 6;(0) + 2mm,
01(20) = 0;(¢) + 2mm = 09,1 (0) + 47m,

ind(w,p) =m +

91 (2%6) = egn(i,1)+1 (O) + 4dmnm = 91(0) + 27?(2nm +1— 1)
From this, we arrive to

0,(2nl) — 61(0 — 1
ind(w,p) = 1 n4)7m 1():m—|—22n.

We finish this section by showing the generalization of the well known Poincaré-Hopf
Theorem for vector fields or quadratic differential forms [14, 4].

Theorem 3.4. Let M a compact surface and let w be a totally real differential n-form
with a finite number of singular points p1,...,pm. Then,

X(M) =" ind(w, pi),
i=1
where x(M) denotes the Euler-Poincaré characteristic of M.

Proof. The proof given here is just an adaptation of the proof given in [4, page 279] for
the case of vector fields. We show first the theorem in the case that M is orientable.

We choose some orientation and a Riemannian metric on M. Let {y; : U; — R?*};c;
an atlas on M so that each chart is orthogonal and compatible with the orientation.
Moreover, we take a triangulation 7 such that:

(1) Each triangle T' € 7 is contained in some coordinate neighbourhood.
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(2) Each triangle T € 7 contains at most one singular point pr. (In the triangles with
no singular points we choose any interior point pr.)

(3) The boundary of each triangle T € 7 has no singular points and is positively
oriented.

Let Xt be a vector field along the boundary of each triangle T' € 7 which is a solution
of equation w(X) = 0. Moreover, we choose it in such a way that if 77,75 are adjacent
triangles, then X, X7, coincide along the common edge. From Equation (1) we obtain

Ar

on’

for any T € 7, where Ar denotes the variation of the angle from X7 to some parallel
vector field after going through the boundary of T 2n times in positive sense.

Now, summing up for any 7" € 7 and taking into account that each edge is common to
two triangles with opposite orientations, we arrive to

/Kda—Qmedpr Zﬁszo.

TeT TeT

/ Kdo — 2mind(w, pr) =

Finally, the result is a consequence of the Gauss-Bonnet Theorem:
/ Kdo = 2mx(M).
M

In the case that the surface M is not orientable, we consider 7 : M — M a double
covering, where M is an orientable and compact surface. Then (M) = 2x(M) and since
7 is a local diffeomorphism, each singular point p; of w gives exactly two singular points
of the induced n-form 7*w with the same index. Thus, this case is a consequence of the
orientable case. 0

4. DIFFERENTIAL FORMS IN COMPLEX COORDINATES

We identify R? = C and use the following notation

z =+ 1y, Z=x—1y,

dz = dz + 1dy, dz = dzr — idy,
2 _1(2_.2), LARYERNTAY
0z oxr Oy 0z 2 \0r Oy

With this notation, it is obvious that any differential n-form on an open subset U C C
can be written in a unique way in this coordinates as

w= Agdz" + Ajdz""1dz + - - - + A, dZ",

for some differentiable functions A; : U — C such that A; = Zn_j forall j =0,...,n
The following theorem is a generalization of [14, VII.2.3] in the case n = 2.

Theorem 4.1. Let w be a totally real differential n-form on an open subset U C C and
let p € U be an isolated singular point. Then, p is an isolated zero of Ay and

A
md(w,p) _ _deg< Oap)’
n

where deg(Ag, p) denotes the local degree of Ay at p.
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Proof. Let § > 0 small enough and let a(t) = p + de', for t € R. We denote by
Xi(t),..., X, (t) unit vector fields along o which are pairwise linearly independent and
are solution of the equation w(a(t))(X) = 0. We also denote by 6;(t) a differentiable
determination of the angle of Xj(t), so that

o) = 0 0, e O
i(t) = el e

It is obvious that X(¢) annihilates the linear form \;(¢) along a given by
\(t) = €Oz + 790 gz,
being ¢;(t) = m/2—0;(t). Thus, by using elementary properties of the algebraic equations
of degree n, we deduce that along « it is possible to factor w as
w(a(t)) = fOM(E) ... A1),
for some non vanishing function f: R — R.
On the other hand, by comparing the coefficient of dz" in the above expression, we
have that
Ao(a(t)) = f(t)e 1O+ +on®)
From this we see that Ag(a(t)) # 0, for all £ € R, which shows the first statement.
Moreover, a differentiable determination of the angle of Ay(a(t)) is given by
B(t) = ¢1(t) + -+ on(t) + 7q,
for some ¢q € Z.
Finally,

deg(Ao, p) =

p4mn) - 5(0) _ Z": ¢;(4mn) — 6,(0)
=~

4mn ™

“ 0;(4mn) — 6;(0
-y (4mn) — 6,(0)

a 4mn

= —nind(w, p).
j=1

O

Corollary 4.2. The index of any isolated singular point of a totally real differential n-
form on a surface M has the form s/n, with s € Z. Moreover, for each s € Z there is a
totally real differential n-form with an isolated singular point of index s/n.

Proof. The first part is an immediate consequence of the above theorem. To see the second
part, just consider M = C, p =0 and

B 2°dz" +Z°dz", if s >0,
) Zblden + Zsldzr, if s < 0.
U

According to Definition 3.1, an isolated singular point of an n-web will have an index
of the form s/2n, with s € Z. The above corollary says that in the case that the n-web
is induced from a totally real differential n-form, the index will be of the form s/n, with
s € Z. This can be interpreted as some kind of orientability condition for the n-web
defined by a differential n-form.

For instance, when n = 1, a linear differential form in M induces an orientable foliation
in a neighbourhood of each point of M. In this case, the index of an isolated singular
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point is an integer. For n = 2, a positive quadratic differential form induces a pair of (non
necessarily orientable) transverse foliations in a neighbourhood of each point of M. The
index associated to each one of the foliations is the same (because of transversality) and
it is a half-integer (see [14, VII.2.2]).

Corollary 4.3. Let w be a totally real differential n-form on a surface M and p € M

an isolated singular point. Let o : [0,¢] — M be a curve satisfying the conditions for the

definition of the index and let X (t) be a unit vector field along «, solution of w(a(t))(X) =

0. Then X(nf) = X(0) and

O(nt) —0(0)
2mn

where O(t) denotes a determination of the angle of X (t).

ind(w, p) =

)

Proof. This is consequence of the above corollary and Remark 3.3. Let us denote by
Xi(t), ..., Xon(t) the unit vector fields along o which are solution of w(a(t))(X) = 0,
being X (t) = X1(¢t). We suppose that they are ordered so that
O1(t) < ba(t) < -+ < O,(t) < 01(t) + 2,
where 6;(t) is the determination of the angle of each vector field X;(¢). Then,
1—1
2n
where 0 (¢) = 6;(0) + 2m, with m € Z and i € {1,...,2n}. Moreover, we introduce the
notation 6ag,4;(t) = 6;(t) + 2qm, for any g € Z and j € {1,...,2n}.
From the above corollary we see that ¢« — 1 must be even and hence, we can write
1 — 1 =2q, with ¢ € Z. Thus,
01 (nl) = On(i-1)+1(0) + 2rmn = 6,(0) 4 27 (mn + q),
giving X;(nf) = X;(0). O
Definition 4.4. We say that a singular point p of a totally real differential n-form w is
simple if the linear part of w at p is itself a totally real differential n-form having p as an
isolated singular point. Suppose that in complex coordinates
w= Aydz" + Ajdz""Ydz + - - - + A,dZ",
for some differentiable functions A; : U — C. We also assume, for simplicity, that p = 0.
Then, each one of these functions A; has a Taylor expansion at the origin

ind(w,p) =m +

with a;,b; € C. The linear part of w at p is the differential n-form
wy = (apz + bpZ)dz" + (@12 + b1Z)d2""'dz + - - + (anz + b,2)dz".

Corollary 4.5. Any simple singular point of a totally real differential n-form on a surface
M has index £1/n.

Proof. We take complex coordinates, suppose that p = 0 and the linear part of w at p is
wy = (apz + boZ)d2" + (a12 + b1Z)d2""'dz + - - + (anz + b,2)dz".

If wy is totally real and p is an isolated singular point, by Theorem 4.1, p is an isolated

zero of the linear function agz + byz and hence, such linear function is regular. Since it is

the linear part of the function Ag, p is a regular point of Ag. Thus, deg(Ag,p) = £1 and
ind(w,p) = +1/n. O
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5. NON DEGENERATE DIFFERENTIAL FORMS

Let w be a totally real differential n-form on some open subset U C C and let p € U be
an isolated singular point. We can extend the notation introduced in the above section
and denote by wy the homogeneous part of degree k of w. That is, each one of the
coefficients A; admits a Taylor expansion at p and wy, is the n-form whose coefficients are
the homogeneous parts of degree k in the expansion of the A;.

Definition 5.1. We say that w is semi-homogeneous at p if there is k£ > 1 such that
w; = 0fore=1,...,k—1 and wy is a totally real differential n-form having p as an
isolated singular point. Note that when k& = 1, this is equal to the definition of simple
singular point.
Assume for simplicity that p = 0 and let

w = Abdz" + AVdz" YAz + - - 4 ARdE",
where A¥ are homogeneous polynomials of degree k. We define the characteristic polyno-
mial of w as the (real) homogeneous polynomial of degree k + n

P, = Ak + Abn iz 4 AR

Let us denote by 7 : R? — C the polar blow-up, that is, 7(r,t) = re®*. We fix § > 0
small enough such that 7((—9,9) x R) C U and p = 0 is the only singular point of w in
such set.

Lemma 5.2. If w is semi-homogeneous with principal part wy., then

1 . )
T—kw(re”), if r #£0,

o(r,t) =
wk(eit)7 Zf’l" = 07

defines a totally real differential n-form along ™ on (—9,9) X R with no singular points.

Proof. Suppose that w is given by
w=Aydz" + Aydz""Ydz + -+ A, dZ"

and let us denote by Ag‘? the homogeneous part of degree k£ of A;. By the Hadamard
Lemma it follows that
Ajlrety = By(r,1),
for some differentiable functions B; : (—0,6) x R — R such that B;(0,t) = A%(e"). In
particular
O(r,t) = By(r,t)dz" + By(r,t)dz""'dz + - - - + B, (r,t)dz".
O

As a consequence of the above lemma, if w is semi-homogeneous, we can choose n unit
vector fields Xy (r,t),..., X,(r,t) along m on (=9, ) x R which are pairwise linearly inde-
pendent and solution of @(r,t)(X) = 0. Moreover, we denote by 6;(r,t) a differentiable
determination of the angle of each vector field X;(r,t). Then we showed in the proof of
Theorem 4.1, that it is possible to factor @ as

W= fA...\,
being A; the linear forms given by
Aj = e%idz + e dz,
with ¢; =7/2—6; and f: (—6,0) x R — R a non vanishing function.
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Definition 5.3. The pull-back through 7 of the n-form @ defines an n-form 7*© on
(—0,9) x R, which is called the polar n-form of w. Analogously, we call linear polar forms
of w the linear forms 7*\{, ..., 7*\,, in such a way that

O = fr A T A,
An easy computation gives that for each j =1,...,n
T\ = 2(cos p;dr — rsin p;dt),

where ¢; = ¢; +t. Thus, each one of these polar linear forms has singular points (0, t)
with ¢;(0,t) = 7/2+qm, q € Z.

Note that a point (0,¢) can be a singular point of only one of the polar linear forms.
In fact, suppose that

Pi1 (O, t) = 7T/2 T, P (0’ t) = 7T/2 + @,
for some q1, g2 € Z. Then

0j, (0,¢) — 0} (0,2) = (2 — q),
which implies that the corresponding vector fields are linearly dependent and hence, j; =

J2-
Moreover, under some conditions it is possible to determine the topological type of
these singular points. Let A; the vector field given by

: 0 0
A= rsin ;o + COS P

Then, the jacobian matrix at a singular point is
1 9%
ot

As a consequence, we have that (0,t) is a hyperbolic singular point of 7*); if and only if

% # 0. Moreover, (0,t) is of saddle type when % > 0 and of node type when % < 0.

Lemma 5.4. Let w be a semi-homogeneous totally real differential n-form and p =0 an
isolated singular point. Then z = €% is a root of the characteristic polynomial P, if and
only if (0,t) is a singular point of one of its polar linear forms. Moreover, it is a simple
root if and only if (0,t) is a hyperbolic singular point of such polar linear form.

Proof. In general, we have that 7*dz = e“(dr + irdt) and 7*dz = e *(dr — irdt). In
particular, restricted to r = 0, we get

m@(0,t) = (Z Aﬁ?(eit)(eit)j(e_it)”_j> dr" = Pw(eit)drn.

On the other hand, by using the factor of 7@ in the polar linear forms, we see that
w(0,t) = f(0,t) cos1(0,t) ... cos (0, t)dr",
which implies that
P,(e") =2"£(0,t) cos 01(0,1) . ..cos o, (0,1).

Thus, it is obvious that z = € is a root of P, if and only if (0,¢) is a singular point of
one of the polar linear forms.
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Moreover, since P,, is a homogeneous polynomial it is easy to check that z is a simple
root if and only if 4 (P,(e')) # 0. But if we differentiate in the above expression, we
arrive to

d , 0p;

— (P,(e")) = £2™ f(0,¢)—22(0,t).

2 (pen) = 22500 22(0.)
Therefore, it is a simple root if and only if (0,¢) is a hyperbolic singular point, by the
above remark. O

Remark 5.5. Suppose that z = e is a root of the characteristic polynomial P,,. By the
above lemma, (0,¢) is a singular point of one the polar linear forms, that is, ¢;(0,t) =
7/2 4 qm, for some j € {1,...,n}, and q € Z. For each p € Z, /™7™ = 47 is also a root
of P, and hence, there are j, € {1,...,n}, and g, € Z such that ¢; (0,t+pr) = 7/2+q,.
This implies that

(,0]‘(0, t) - (pjp(oﬁ t +p7T) = (p - Q;D)Tra

for any p € Z. But looking at the way that the functions ¢, are constructed, if this is
true for some point ¢ € R, then it must be true for any ¢ € R. Then, by taking derivatives
with respect to t,

O dpj,

ot ot
Thus, (0,¢) is a singular point of 7*\; of saddle or node type if and only if (0, + pr) is a
singular point of 7*\; of saddle or node type respectively. In conclusion, the singularity
type only depends on the direction determined by z = e®.

(0,8) = “222(0,¢ + pr).

Definition 5.6. Let w be a totally real differential n-form with an isolated singular point
p. We say w is non degenerate at p if it is semi-homogeneous and the characteristic
polynomial has only simple roots.

Theorem 5.7. Let w be a totally real differential n-form with a non degenerate singular
point p. Then,
St — S~
indw,p)=1— ——,
n
where ST and S~ denote the numbers of characteristic directions of saddle and node type
respectively.

Proof. Denote by S;L and S; the numbers of singular points of saddle and node type
respectively of the polar linear form 7*); in the interval [0, 27n). Then,

i S = 2nS7, iSj =2nS".
= =1

Remember that such points are given by the points (0,¢) such that ¢;(0,t) = 7/2 4 ¢,
with ¢ € Z. Moreover, it is of saddle type when ¢, is increasing at such point and of node
type when it is decreasing. This implies that

©;(0,2mn) — ¢;(0,0) = (S = S7),

J

forall j=1,...,n.
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Now, by Corollary 4.3,

n n

. 1 0]‘ (0, 27TTL) — 0]‘ (0, O) 1 gbj(O, 27Tn) — gbj (0, O)
ind(w, p) = n Z 2mn ~ Z 2mn
j=1 j=1
1 (0,27n) — 270 — ©;(0,0) 1 <= ¢;(0,27n) — ¢,(0,0)
on Z 2mn =1 n Z 2mn
7=1 7=1
1S =55 St — S~
=1—-= - ) 1 - =
n Z on n
7j=1
since ¢;(0,t) = 5 — 6;(0,t) and ¢;(0,t) = ¢;(0,t) + t. O

Definition 5.8. Let w be a totally real differential n-form with a non degenerate singular
point p. By a sector we mean each one of the regions bounded by two consecutive
characteristic directions S; and S,. We say a sector is

(1) hyperbolic: if both S; and Sy are of saddle type;
(2) parabolic: if one of Sy and S is of saddle type and the other one is of node type;
(3) elliptic: if both S; and Sy are of node type.

Let ST and S~ denote the number of characteristic directions of saddle and node
type respectively and let A and e denote the numbers of hyperbolic and elliptic sectors
respectively. It is obvious that e —h = 2(S~ — S™). Thus, we get the following immediate
consequence of Theorem 5.7, which generalizes the well known Bendixson formula for the
index when n = 1.

Corollary 5.9. Let w be a totally real differential n-form with a non degenerate singular
point p. Then,
e—h

ind — 14—
ind(w, p) +

where e and h are the numbers of elliptic and hyperbolic sectors respectively.
Remark 5.10. When w has a non degenerate principal part, it is possible to improve
the formula for the index given in Remark 3.3. Let X;(r,t),..., X, (r,t) be unit vector

fields along 7 on (—d,d) x R which are pairwise linearly independent and solution of
w(r,t)(X) = 0. Moreover, we suppose that they are chosen so that

01(0,t) < 62(0,t) < --- < 0,(0,t) < 6,(0,¢) + m,

where 6,(r, t) denotes the determination of the angle of each vector field X;(r,¢). Note that
for r = 0, these vector fields are solution of an equation with homogeneous coefficients,
which implies that

91(07 7T) = 91(0, O) +mm,
for some m € Z and i € {1,...,n}. Then, it follows that

, — 1
ind(w,p) = m+ ! )
n
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6. PHASE PORTRAIT OF NON DEGENERATE SINGULAR POINTS

In general, the foliations of an n-form can present very complicated configurations
around a singular point. In the case that w has a non degenerate singular point, the
n foliations are obtained as the image of the integral curves of the polar linear forms
through the polar blow-up. Moreover, since the characteristic polynomial has only simple
roots, then the problem is simpler, because the polar linear forms only have singularities
of saddle or node type.

Definition 6.1. Let w be a totally real differential n-form with a non degenerate singular
point p. Let x be a point near p and let L one of the n leaves of the web passing through
x. We say that L is

(1) hyperbolic: if p is not an accumulation point of L;
(2) parabolic: if p is an accumulation point on just one side of L;
(3) elliptic: if p is an accumulation point on both sides of L.

If the leaf L is hyperbolic (respectively parabolic, elliptic), then it corresponds to an
integral curve of one of the polar linear forms with a saddle-saddle (respectively saddle-
node, node-node) connection. In order to have a complete description, we need to know
how many sectors the leaf is going to pass through when connecting the two singular
directions (Figure 6.1).

Lemma 6.2. Let x be a point near p and let L be a hyperbolic leaf through x connecting
two saddles. Assume that L passes through k sectors containing ny saddles and ns nodes
(so that ny +ny =k —1). Then,

k:n—|—2n2

Proof. Let R be the union of the closed sectors that L passes trhough, which is bounded
by the two saddles S; and Sy. Since R is simply connected, we can separate the web in R
into n foliations Fi, ..., F,. We will assume that L is a leaf of ;. Then F; also contains
the saddles Sy, .5, and all its other leaves of F; are also hyperbolic.

Let F; be one of the other foliations, with i = 2,...,n. We can use the leaves of F; to
define a continuous map ¢; : L — S7; U S;. Given y € L, we take the leaf L; of F; passing
through y. Because of transversality, either L; intersects S7 U .S, in a single point which
we define as ¢;(y) or p is an accumulation point of L;, in which case we define ¢;(y) = p
(see Figure 2).

Since the leaves of F; are disjoint, we have two possibilities: either ¢;'(p) is just one
point and F; contains just one saddle, or ¢, 1(p) is an interval, so that JF; contains one
node and two saddles (see Figure 3).

Finally, assume there are a foliations of the first type and b of the second type, with
a+b=mn—1. Then, ny = a + 2b and ny = b, which gives the desired result. 0

Lemma 6.3. Let x be a point near p and let L be an elliptic leaf through x connecting
two nodes. Assume that L passes through k sectors containing ny saddles and no nodes
(so that nqy +ny =k —1). Then,

k=mn++2n,.
Proof. We assume that p = 0 and that w has the following principal part

w = Abd2" + -+ ARdz",
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(1) saddle-saddle;
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(2) saddle-node;
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FIGURE 1

r=60,y)

FIGURE 2

where A¥ are homogeneous polynomials of degree k. We take now the inversion z = 1/w,
which gives:

dw w2 dw

wn B (w@)% )

dz" = —
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FIGURE 3

and B
AL = b = 240

w (ww)k’

Then we obtain that in C\ {0}, wy, is equivalent to the differential form
o = AF(@) W dw" + - - - + AF (@)w dw™).

Note that oy is also totally real with non degenerate principal part and the characteristic
polynomial has the same roots as wy, although the inversion transforms saddles into nodes
and nodes into saddles. Moreover, elliptic leaves of the foliations of wy are transformed
into hyperbolic leaves of o, and vice versa. Thus, the result is a consequence of the above
lemma. In Figure 4 we present the result of taking the inversion of Figure 3.

s s s
L -
s, s L S
1
S
2 S2

FIGURE 4

O

Lemma 6.4. Let x be a point near p and let L be a parabolic leaf through x connecting a
saddle and a node. Assume that L passes through k sectors containing ny saddles and nsy
nodes (so that ny +mny =k —1). Then,

Proof. We follow a similar argument to that of the proof of Lemma 6.2. We denote by
R the union of sectors containing the leaf L, which is bounded by the saddle S; and the
node Sy. Let Fi,...,F, be the n foliations determined by w in R so that L is a leaf of
Fi.

For each one of the foliations F;, with ¢ = 2,...,n we have again two possibilities as
listed in Figure 5. In one case F; does not contain any characteristic direction, while in
the other cased it contains one saddle and one node. If we denote by a,b the number of
foliations of each type respectively, we have that a+b = n—1 and n; = ny = b. Therefore,
we get k =1+ 2ns.

O
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S,

FIGURE 5

Remark 6.5. Once we know how many directions of saddle or of node type we have, as
well as their relative position around the singular point p, the three above lemmas allow
us to complete the phase portrait of all the leaves of the n web determined by w. We call
this the phase portrait of w at p. When n < 2, it is well known that this is enough for
topological classification, that is, if two differential n-forms have the same phase portrait
at a point, then they are locally topologically equivalent. For n > 3, this is not true
anymore because the curvature of the web is a topological invariant.

7. PHASE PORTRAITS NEAR HYPERBOLIC SINGULAR POINTS

In this section we give the possible phase portraits of “generic” singular points of totally
real differential n-forms.

Definition 7.1. We say that p is a hyperbolic singular point of a totally real differential
n-form w if it is simple and the characteristic polynomial P, has only simple roots.

Theorem 7.2. Let p be a hyperbolic singular point of a totally real differential n-form w
(n > 2). Then, there are only three possible phase portraits of the foliations of w around
b

(1) Type Dy or lemon: there are n — 1 directions of saddle type with hyperbolic leaves
passing through n sectors.

(2) Type Dy or monstar: there are n directions of saddle type and one of node type;
the hyperbolic leaves pass through n + 2 sectors, while the parabolic leaves pass
through one sector.

(3) Type D3 or star: there are n + 1 directions of saddle type with hyperbolic leaves
passing through n sectors.

Proof. Let ST and S~ be the numbers of directions of saddle and node type respectively.
The sum ST + S~ is the total number of roots of the characteristic polynomial P,,, which
has degree n + 1. Since the roots are simple,

0<ST+S <n+1, StT+S =n+1 mod?2.
Assume that ST+ S~ =n+1. If S > 2, then ST <n — 1 and by Theorem 5.7,

St — 5~ -1-2 3
ind(w,p):l—izl—ni:—.
n n n
This is not possible, by Corollary 4.5, since the index can only be +1/n. Thus, the only
possibilities are ST =n+1, S~ =0 or ST =n, S~ = 1 which correspond to the types
D3 and D, respectively. Note that the index in each case is —1/n or 1/n respectively.
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Next case is ST+ S~ =n — 1. As above, if we suppose that S~ > 1, then ST <n — 2
and hence,

St -5~ -2—-1 3
ind(w,p)zl—izl—ni:—.
n n n
The only possibility is ST = n — 1, S = 0 which correspond to the type D; and has
index 1/n.
Finally, assume that ST+ .5~ < n—3. Then necessarily S~ > 0, ST < n—3 and hence,
St — S~ -3—-0 3
ind(w,p)zl—izl—ni:—.
n n n

Therefore, it is clear that there are no more possibilities.
The discussion about the number of sectors of hyperbolic or parabolic leaves is a con-
sequence of above lemmas. O

The above classification in the case n = 2 gives the classification obtained by Darboux
for the curvature lines around generic umbilic points of an immersed surface in R? (see
[1] and [12]). A proof for the general case of hyperbolic singular points of quadratic forms
can found in [9].

Example 7.3. Consider w; = Zdz" + 2dz". By Theorem 4.3,
ind(wy,0) = —deg(z,0)/n = 1/n.
Moreover, the characteristic polynomial is
P, =z2"+ 22" = Z2(2" 1 + 2",
which has n — 1 real simple roots. Thus, for any n, w; has a hyperbolic singular point of
type lemon or D;.
Now, let wo = (iz — (1 +€)iz)dz" + (—iZ + (1 + €)iz)dz", with € > 0. In this case, the
index is again 1/n and the characteristic polynomial is
P,,. = (iz— (1 +€)iz)z" + (—iz + (1 + €)iz)z"
= (iz —iZ) (2" +2") + eizz(2" ' = Z"7N).
Given n, it follows that for e small enough, F,,, . has exactly n+1 real simple roots. Then,
wa,e has a hyperbolic singular point of type monstar or Ds.
Finally, we consider w3 = 2dz" + zdz". The index is now —1/n and P,, = 2" +z"+1,
For any n, it has n 4+ 1 simple real roots, so that ws is of type star or Ds.
In Figure 6, we can find pictures of the foliations for the three examples Dy, Do, D3 in

the cases n = 2 (top) and n = 3 (bottom) obtained with Mathematica (D and D3) and
with the program Homogeneous equations lines by A. Montesinos [16] (Ds with € = 1/2).

8. HIGHER ORDER PRINCIPAL LINES AND UMBILICS

Let g : M — RY be a C* immersion of a surface M in Euclidean space RY. We
consider the distance squared unfolding D : RY x M — RY x R given by

D(z,p) = (2.d:(p)) = (. 3 |2 — gD

We use Thom-Boardman notation for singularities. Then, it follows that X%(D) is the
subset of RY x M of pairs (x,p) such that the jacobian matrix of d, has kernel rank 2 at
p, which is nothing but the normal bundle of M in RV,
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ATXN N

Quadratic lemon Quadratic monstar Quadratic star
Cubic lemon Cubic monstar Cubic star
FIGURE 6

Assume N = 3. Then ¥%!(D) is the subset of X%(D) given by pairs (z, p) such that the
hessian matrix of d, has kernel rank 1 at p. This is known as the focal set of M in R? and
corresponds to the subset of pairs (z,p) such that z is a centre of principal curvature at
a non umbilic point p € M. Moreover, we can also consider the contact directions, which
are defined as the tangent directions X € T,M such that X € ker Hess(d,),. When p is
not parabolic, then these contact direction correspond to the principal lines of M (when p
is parabolic, principal lines are in fact contact directions of the height function, in which
case the sphere becomes a plane and x goes to infinity).

By taking local coordinates u,v in an open subset U C M, it is possible to find the
differential equation of principal lines:

dv? —dudv du?
E F G =0,
L M N

where E, F,G and L, M, N are respectively the coefficients of the first and second funda-
mental forms of M in R3. The singular points of this equation are the umbilic points of
M where the surface has a contact of type ¥*? with some sphere of R? (if the umbilic
is non flat). However, for our purposes, it is better to consider the following equivalent
differential equation:

914 924 934 0 0

914 924 93y 0 0

Jwuw  P2uu  93uu E dv® =0.
1w J2uv  G3uw F —dudv

Jivw 9200 G3uv G du’
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This matrix (excluding the last column) was introduced in [8] to define the notion of k-
rounding of an immersion g : M — R¥. It is a higher order generalization of umbilic point
and for an appropriate choice of the ambient dimension N these points are generically
isolated.

For instance, assume now that & = 3 and consider an immersion of a surface M in
R?. We define the third order contact directions as the tangent directions X € T, M such
that X € ker J?(d,), and (z,p) € X**!(D). Here J? is the operator defined in local
coordinates

fuuu fuuv
Jg(f) = fuuv quU
fUUU fvvv

Note that f, = f, = fuu = fuw = foo = 0, this definition does not depend on the
coordinates.

Note that we can do the same construction by taking the height function unfolding
H:S%x M — S%x R given by

H(v,p) = (v, hy(p)) = (v, (v,9(p)))-
We also include in the above definition of third order contact directions those X € T,,M
such that X € ker J3(hy), and (v,p) € ¥2*1(H).
Assume that M is locally parameterized locally by a map g : U C R? — R7. We use

the following notation: ¢.s = (ga, gg) are the coefficients of the first fundamental form
and

Papy = <gaﬁag'y> + (9004[3>7‘

Theorem 8.1. With the above notation, the differential equation for the third order con-
tact directions is

J1y B g7, 0 0
gip o g 0 0
Suw -+ Tuw Puu 0
Juy -+ Grww Puw 0
Gy -+ G Pov 0 = 0.
DNuuu -+ YTuuu  Puuu dv®
DNuuww -+ JTuuww  Puuv —dudv?
Quvw -+ GTuw  Puww du*dv
Joww -+ Grovw  Poww —du?

Proof. Let X = ag, + bg, be a non-zero tangent vector at p with a,b € R. It follows from
the definition that X is a third order contact direction if and only if f, = f, = fu. =

fuv = fo =0, (fuuua S fuuu, fuuu) 7& 0 and

fuuu fuuv 0
fuuv fum} ( Z ) = 0 )

fUUU fvvv O
for either f =d, or f = h,. Note that this last equation is equivalent to
fuuv _ _abQ
fU/UU N A a2b ’

fvvv _ag
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for some A € R, A # 0. In order to simplify the expressions we introduce the notation
Oapy, Which are defined by

O v B —ab?
Ouww | a®b
Ovvv _a3

Then we can express shortly our conditions by f, = fos = 0 and fus, = Aoas,.
On the other hand, we recall that for f = d, we have
fo = —={garz —9),
fag = —(9gap, T — ) + ¥ap;
fopy = —(Gapy, T — 9) + Papy,
while for f = hy,

foz - <gaav>a
faﬁ = <gaﬁav>7
faﬁ’y = <gaﬂwv>'

Assume we have a third order contact line with f = d,. Then,

Ja 0 0 r—4g 0
9o Pap 0 -1 = 0 R
Gopy Papy Oapy A 0

which implies that the matrix has determinant equal to zero. For f = h, we take (v, 0, \)
instead of (x — g, —1, \).

Conversely, if the determinant of the matrix is zero, then there is (X, Y, Z) # 0 such
that

G 0 0 X 0
Gap Pas 0 Y = 0
Gopy Papy Oapy Z 0

IfY #0, we take x = —X/Y +gand A = —Z/Y, which gives a third order contact line for
[ = d,. Otherwise, Y = 0 implies, necessarily X # 0 so that we can define v = X/|| X||
and A = Z. This gives a third order contact line for f = h,. 0

We see that third order contact lines are defined by means of a cubic differential form
and can be interpreted as some kind of “third order principal directions”. The singular
points corresponds to the “third order umbilics” (that is, points p € M where g(M) has
a third order contact $?%? with some hypersphere or hyperplane of R7). In general, this
cubic differential form is not always totally real (as it happens with principal lines of a
surface in R?). However, in the case that it is, we find that for a generic immersion the
singularities are hyperbolic and the phase portrait of the 3-web is described in Theorem
7.2, in analogy with the classical Darbouxian classification of principal foliations near
generic umbilics.

Corollary 8.2. Let g : M — R” be a generic immersion. Let p be a third order umbilic
such that the third order contact lines are defined by a totally real cubic differential form
near p. Then, p is hyperbolic in the sense of Definition 7.1.
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Proof. Given a map g : M — R”, we denote by j'g : M — J*(M,R7) its 4-jet extension.
We also denote by U C J*(M,R") with the following property: p € M is a third order
umbilic of ¢ if and only if j'g(p) € U. Tt follows that C U is an algebraic subset of
codimension 2 in J*(M,R7).

We also denote by U; the subset of U such that j*g(p) € U, if and only if p is not a
simple singularity of the cubic differential form which defines third order contact lines.
Analogously, we define Us as the subset of U where the characteristic polynomial of the
cubic differential form has not simple roots.

In both cases, U; is an algebraic subset of J*(M,R7") of codimension 3. In fact, the
equations of U are functions which only depend on the derivatives of g up to order 3, whilst
the equations of U; involve in a non-trivial way the 4th order derivatives. This implies
that codimf; > codimU. The result follows now from Thom transversality theorem by
requesting transversality to both U; and Us. U

This construction can be generalized easily to any k. We just need to consider an
immersion g : M — RY, with N = % — 3. Then, the k-th order contact lines
are defined by means of a symmetric differential form of degree k, whose singularities
correspond to the k-roundings of M in RY (see [8] for more details).
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