MEASURE THEORY

Oscar Blasco






Contents

Abstract Measure

1.1 Basicnotionsonsets . . . . .. ... ... ... ... ...
1.2 Basic notions on set functions. . . . . . . . ... ... ...
1.3 Outer measures. . . . . . . . . . ...
1.4 Extension of measures. . . . . . . . . ... ...
1.5 Borel-Stieltjes measureson R. . . . . .. .. .. ... ... ..
1.6 Measurable and non-measurable sets. . . . . . . ... ... ..
1.7 Exercises . . . . . . . ..o

Measurable and Integrable functions

2.1 Measurable functions . . . . . ... ..o
2.2 Some types of convergence. . . . . .. ... L.
2.3 Integrable functions. . . . . .. .. ..o
2.4 EXercises . . . . . ...

The product measure and Fubini’s theorem

3.1 The product measure . . . . . . .. ...
3.2 Fubini theorem . . . . . ... ... ... ... ... ..
3.3 Applications . . . . ...
3.4 EXercises . . . . ...

The Radon-Nikodym Theorem

4.1 Complex and real measures. . . . . . ... .. ... .. ....
4.2 The theorem and its proof. . . . . . . . . . ... ... ... ..
4.3 Applications . . . . . ..o
4.4 EXercises . . . . . . ...

11
15
17
23
26

29
29
35
38
20

57
o7
63
64
68






Chapter 1

Abstract Measure

1.1 Basic notions on sets

Definition 1.1.1 A non empty family of subsets of X, say A C P(X), is
called an algebra if

(i) @ € A,

(i) If A€ A then X \ A€ A,

(i1i) If A, B € A then AU B € A.

Definition 1.1.2 A non empty family of subsets of X, say ¥ C P(X), is
called a o-algebra if

(i) @ €3,

(ii)) If A€ X then X \ A€ X,

(11i) If A, € ¥ for allm € N then U, A, € X.

Definition 1.1.3 A non empty family of subsets of X, say M C P(X), is
called a monotone class if for all monotone sequence of sets A, € M,
increasing A, C Ani1 (respect. decreasing A,y C A,), then U, A, € M
(respect. N, A, € M).

Definition 1.1.4 A non empty family of subsets of X, say R C P(X), is
called a ring if

(i) @ € R,

(i) If A,B € R then A\ B € R,

(i1i) If A, B € R then AUB € R.
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Remark 1.1.1 Let ¥ C P(X). ¥ is a o-algebra if and only if ¥ is a mono-
tone class and an algebra.
Let A C P(X). A is an algebra if and only if A is a ring containing X .

Example 1.1.1 (1) The trivial o-algebras are P(X) and ¥ = {@, X }.

(2) Let M = {A,, :n € N} UX where Ay = &, A, C Apyq foralln € N
and U, A, = X. This is a monotone class but not necessarily a ring.

(3) Let X =0,1) and A = {finite unions of intervals [a,0),0 < a <b <
1} is an algebra but not o-algebra.

If the intervals in the previous family are assumed to have 0 < a < b < 1
then it is a ring but not an algebra.

(4) Let X be non empty and numerable. R = {A C X : card(A) < oo} is
a ring but not algebra.

Definition 1.1.5 Let A,, € P(X) forn € N. The upper limit (respect. lower
limit) of the sequence is defined by

limsup A4, =Ny, U2, Ag

(respect.
liminf A, = U2, NP2, Ag.)

A sequence is said to have limit if limsup A,, = liminf A,,. Such a set is
called lim A,,.

Remark 1.1.2 Any monotone sequence has a limit. If A, is increasing
(respect. decreasing) then lim A,, = U, A, (respect. lim A,, = N, A,,).

Proposition 1.1.6 Let R be a ring. If A, B € R then A A B € R and
ANBeR.

ProOOF: Note that A A B = ((AUB)\A)U((AUB)\ B) and ANB =
AUB\ (A A B). .

Proposition 1.1.7 Let ¥ be a o-algebra. If A, € X for all n € N then
NpA, € X, limsup A,, € ¥ and liminf A, €

Proor: Write N, A, = X \ U, (X \ A,) and apply the properties of an
o-algebra. .
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Definition 1.1.8 A pair (X, X)) given by a non-empty set X and a o-algebra
over X 1s called a measurable space.

We shall give several methods of constructing measurable spaces. The
proofs are rather straightforward and left to the reader.

Definition 1.1.9 (Induced o-algebra) Let (X,X) be a measurable space and
letY C X. Then Xy ={ANY : A€ X} is a o-algebra over Y.
IfY € ¥ then ¥y ={ACY, A X}

Definition 1.1.10 (Image of a o-algebra ) Let (X, X) be a measurable space
and let f : X — Y be a function. We define

fE)={BcCcY:fB)ex}
Then (Y, f(X)) is a measurable space.

Definition 1.1.11 (o-algebra generated by a family) Let F C P(X). We
denote o(F) the smallest o-algebra containing F, which is called the o-algebra
generated by F.

It is elementary to see that o(F) = N{X : X o-algebra ,F C X}.

Remark 1.1.3 (1) If ¥, C Fy C o(F;) then o(F;) = o(F2).
(2) F1 C o(F2) and Fy C o(F1) if and only if o(F1) = o(Fa).

Definition 1.1.12 (Borel o-algebra ) Let (X, 1) be a topological space and
let G be the collection of open sets for the topology T. The o-algebra o(9)
is called the Borel o-algebra and denoted B(X). The elements in B(X) are
called Borel sets.

Remark 1.1.4 Closed sets, G5 sets (numerable intersection of open sets) or
F, sets (numerable union of closed sets) are examples of Borel sets.

Using Remark 1.1.3 one easily sees the following facts:

If F denotes the collection of closed sets in T then B(X) = o(F).

If (X,d) is a separable metric space (or a metric space where any open
set is a numerable union of balls) and € = {B(x,r) : x € X,r > 0} then
B(X)=0(E).

Proposition 1.1.13 Let X = R and let us consider the following collections
&1 = {(a,b) : a < b}, & = {(a,b] : a < b}, €3 = {[a,b) : a < b} and
Es={[a,b] : a <b}. Then B(R) =0o(E;) fori=1,2,3,4.
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PROOF: Notice that any open set is a numerable union of open intervals.
Hence Remark 1.1.3 shows that B(R) = o(&;).
Let us observe that (a,b] = N,(a,b+ 1), [a,b) = U,(a — L,b) and [a,b] =

Nu(a— 2,0+ 1) to get the other cases. n

Proposition 1.1.14 Let n € N and X = R" and consider & = {(ay,b;] x
(ag,ba] X ...(@p,by] s a; < bji=1,...,n}. Then B(R™) =o(E).

Proor: We sketch the proof for the case n = 2.

Consider Jo = {(n,n + 1] x (m,m + 1] : n,m € Z} and g, the collection
of intervals resulting of dividing each square of the previous family into four
of the same area.

Now for each = € R? there exists a unique sequence of intervals I, (z) € Jy
such that x € I(z) for all k € N, I (z) C I(x) and Area(Ix(z)) — 0 as
k — oo.

Given an open set G we can consider the family F = {J € Updy : J C G}.
Of course G = UjegJ and with a little effort it can be seen that only a
numerable number of sets is needed. Since ¥ C € then the proof is finished.

Definition 1.1.15 Let € C P(X). M(E) stands for the smallest monotone
class containing &, which is called the monotone class generated by E.

Theorem 1.1.16 (The monotone class theorem) Let A be an algebra over
X. Then o(A) = M(A).

PRrOOF: It suffices to see that M(A) is o-algebra . Since M(A) is a monotone
class we have only to show that it is an algebra.

Clearly @ € A C M(A). Now given A € M(A), to see that X\ A € M(A)
let us define ¥ = {A € M(A) : X \ A € M(A)} and show that X = M(A).
For such a purpose we shall see that ¥ is a monotone class and contains A.
Indeed, if A,, € ¥ is a monotone sequence then lim A4,, € X. Clearly if A € A
then X \ A € A € M(A). Therefore A C 3.

Given now A, B € M(A), we need to show that AU B € M(A). Let us
define I'y = {B € M(A) : AUB € M(A)}. Note that ['4 is a monotone class
(since (By), monotone sequence in I'4 has limit in I'4).

Now let us deal first with the case A € A. In this case I'y contains A
(since B € A implies AUB € A C M(A)). Therefore I'y = M(A) for all
Ae A
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Now let us consider A € M(A) \ A. To see that A C I'4 observe that
B € A belongs to I' 4 since we have that B € I'4 if and only if A € I'g and
this was shown to be true in the previous case. .

1.2 Basic notions on set functions.

Definition 1.2.1 Let A be an algebra over X, a set function p : A — [0, 00|
is called additive (or finitely additive) if pn(AU B) = p(A) + u(B) for all
A, B € A such that ANB = @.

w is called a measure over A if u(2) =0 and pu(U,A,) =302, u(A,) for
any sequence (A,) of pairwise disjoint sets in A such that U, A, € A.

wis a finite measure if p(X) < 0o. w is o-finite if there exist X,, € A
such that (X,) < oo and X = U, X,.

Proposition 1.2.2 Let u: A — [0,00] be a additive set function.
(1) If there exists A € A with p(A) # oo then u(2) = 0.
(2) 1 is monotone, i.e. if A,B € A and A C B then u(A) < u(B).
(8)If A, B € A and A C B with u(A) < oo then u(B\ A) = u(B)—pu(A).
(4) If p is a measure then p is subadditive, i.e. if (A,) C A and U, A,, € A
then pu(UpAyn) <3202 (Ay).
(5) If i is a measure and (A,) C A is increasing and U, A,, € A then

,u(lign An) = (U Ay) = hTILn 1(Ay).

(6) If p is a measure and (A,) C A is decreasing, p(A;) < oo and
N,A, € A then
pllim A,) = (N, Ay) = lim pu(A4,,).

PROOF: (1) Observe that u(AU @) = u(A) + u(2).

(2) and (3) Note that u(B) = u(A) + u(B\ A).

(4) Define B; = A, and B, = A, \ Uj_{ A, for n > 2. Now (B,) is a
sequence in A of pairwise sets such that U, A, = U, B, and

HUnAn) = p(Unn) = 3 p(B) < 3 (A,

(5) Put By = Ay and B, = A, \ A,_1 for n > 2. Note that (B,) is a
sequence in A of pairwise sets such that A,, = U}_,By. Hence

pA) = 32 (B = 3 u(Ba) = w(UnBy) = p(Un ),

k=1
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(6) Put B, = A; \ A,. Then (B,) is an increasing sequence in A, U, B, =
A\ Ny A, and wu(By,) = (A1) — p(A,). Now applying (5) we get the corre-
sponding result. .

Definition 1.2.3 A triplet (X, %, ) given by a non-empty set X, a o-algebra
over X and a measure over X 1s called a measure space.
It is said to be finite or o-finite if the measure is finite or o-finite over .
It is said to be complete if for any A € ¥ with u(A) =0 and B C A then
B € X and hence u(B) = 0.

Remark 1.2.1 If (X, X, p) is a o-finite measure space then X can be splited
into a sequence (X,) of either disjoint or increasing sets in ¥ such that
X = U, X, and u(X,) < oc.

Example 1.2.1 (Counting measure) Let X # &, ¥ = P(X) and v(A) =
card(A).

Example 1.2.2 (Dirac mass) Let X # @ and a € X. Put ¥ = P(X) and
do(A)=14ifa € A and §,(A) =0 if a ¢ A.

Example 1.2.3 (Induced measure) If (X, %, ) is a measure space and 'Y €
Y, we define py(B) = n(BNY) for all B € ¥. Hence (Y, Xy, puy) is a
measure space.

Example 1.2.4 (Image measure) If (X,3, u) is a measure space and f :
X — Y is a function, we define f(u)(B) = u(f~*(B)) for all B € f(X).
Hence (Y, f(X), f(1)) is a measure space.

Theorem 1.2.4 Let (X, X, 1) be measure space. Let us define
N={NePX):NCB,BeX uB)=0}

Put ¥ = X UN and ji(A) = p(A) for A= AUN for some A € ¥ and
N € N. Then (X,X, i) is a complete measure space such that ¥ C ¥ and
a(A) = u(A) for all A € X.

(X, %, i) is called the completion of (X, %, ).
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PROOF: To see that > is o-algebra observe first that @ € N. Now if
A= AUN for some A € ¥ and N € N where N C B for B € ¥ and
p(B) = 0 then we have

X\A=(X\(AUB)U(B\ (NUA)) e X.

If A, = A, UN, where A, € ¥ and N,, € N for all n € N. Hence
UnA, = (U, 4,) U (U,N,) € X

Let us now show that i is well defined on X. Indeed, if AUN = A'U N’
where A, A’ € ¥ and N, N’ € N where N C Band N' C B’ for B,B' € &
and pu(B') = p(B) = 0 then

pu(A) < p(A"U B') < p(A') and p(A") < p(AUB) < p(A).

It is elementary to see that i is a measure over Y. If HC AU N with
A(AUN) = p(A) = 0 then H € N C ¥. This shows the completeness and
the proof is finished. .

Next proposition is immediate and left to the reader.

Proposition 1.2.5 Let (X, %, 1) be a measure space. A € X if and only if
there exist Ay, Ay € 3 such that Ay C A C Ay and u(As \ A;) = 0.

1.3 Outer measures.

We would like to be able to extend measures defined in an algebra A
to a bigger family, for instance to the generated o-algebra or even to P(X).
Let us give a procedure which allows to get an extension preserving some
properties.

Proposition 1.3.1 Let (X, %, u) be a measure space. We define
p(A)=inf{u(F): AC E,E € ¥}

for any A € P(X). Then
(i) p* is an extension of i,
(i1) p* is monotone, i.e. if A C B then u*(A) < p*(B) and
(iii) p* is subadditive, i.e. p*(UpA,) < >00 ¥ (A4y).
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PROOF: (i) is immediate.
(ii) If AC Band F € ¥ with B C E then A C E. Thus, p*(A) < u*(B).
(iii) Given (A,) C P(X) we may assume that p*(A,) < oo for all n € N.
Given € > 0 there exist £, € X, A, C E, such that p*(A4,) + 5 > pu(E,) >
1 (A,). Hence

w(UnAy) < u(UnEy) <ZN <> W (A) +e

Motivated by these properties we give the following definition.

Definition 1.3.2 Let X # &. A monotone and subadditive set function
A P(X) — [0, 00] with A(&) = 0 is called an outer measure.

Proposition 1.3.3 Let A : P(X) — [0,00] be an outer measure. Then X is
a measure if and only if \ is additive.

PROOF: Assume \ is additive, and take (A,) a sequence of pairwise disjoint
sets. Since

ZAAk = MUp_ 1 Ak) < MURA,) <X

k=1 n
passing to the limit we get the result. .

Let us now give a procedure of constructing outer measures from measures
defined on algebras which generalize the method in Proposition 1.3.1.

Proposition 1.3.4 Let A be an algebra over X and p: A — [0,00] a mea-
sure on A. Let us define

Then i* is an outer measure which extends .

PrOOF: The facts p*(@) = 0 and that p* is monotone are immediate.
Given (A,) C P(X) we may assume that p*(A4,) < oo for all n € N,
Given n E N and ¢ > 0 there exist E,, € ¥, A, C UiE, such that

(AR + 5 > 2 (B gy > 1 (Ay). Hence
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To see that u* extends u note first that if A € A then u*(A) < p(A). On
the other hand if A C U;F; for (E;) C A we have A = U;(AN E;). Hence

A) < mANE) <3 uE
This gives that p(A) < p*(A) and the proof is finished. .

Remark 1.3.1 Observe that in the case of A being a o-algebra the proce-
dures of Propositions 1.3.1 and 1.5.4 coincide.

Remark 1.3.2 The procedure in Proposition 1.5.4 does not need neither A
to be an algebra nor i to be a measure. This actually can be also done for F
semiring, which is an family of sets with the properties

(i) o €9,

(i) If A,B € F then AUB € F and

(i) If A,B € F,A C B then B\ A C U}_,Cy, for a finite family of
pairwise disjoint sets Cy € F and for premeasures u : F — [0, 00], which are
set functions with the properties

(1) (@) =

(i) If A, B € F are disjoint then u(AU B) = pu(A) + w(B) and

(i1i) If A, A, € F formn € N and A C U, A, then u(A) <3, u(A,).

Let us now give a procedure to obtain measures from outer measures.

Definition 1.3.5 Let A be an outer measure on X. A set A is called \-
measurable if, for all E € P(X),

AE) = MENA) +MEN(X\ A),

(or equivalently \(E) > AN(ENA)+ XE\ A) .)
We denote by Xy the family of all \-measurable sets.

Theorem 1.3.6 (Caratheodory’s theorem) Let A be an ouler measure on
X. Then (X,Xy, py) is a complete measure space, where uy denotes the
restriction of A to X.

Proor: We first prove that 3y is an o-algebra .
Obviously @ € 3, and if A € ¥, if and only if X \ A € %,.
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Assume A, B € 3. Let us see that AU B € ¥,. For each F € P(X) we
have, since (AUB)NE = (ANE)U(EN(X\ A) N B), that

MAUB)NE)+AM(X\(AUB))NE) <
AMANE)+AMEN(X\NANB)+AMEN(X\A)N((X\B)) <
MANE)+AMEN(X\A) =AE).

Therefore ¥, is an algebra.
Before proving that X, is an g-algebra let us observe that for any E €
P(X) we have that Ag(A) = A(EF N A) is a measure on X,.
Indeed, if A; and Ay € ¥y and A; N Ay = & then, denoting E' = (E N
A;) U (E N As), we have
Ae(AJUAy) = AM(ENA)U(EN A
= ME' NA)+MNEN(X\A))
= MENA)+ANENA,)
= Ap(41) + Ag(A4y)

If (A,) is a sequence of pairwise disjoint A\-measurable sets we have for
alln e N

Ap(UnAyn) > Ap(Un_ Ag) = ZAE

Hence passing to the limit as n — oo we get the result.

In particular, for £ = X we have that \ is countably additive on X,.

To see that ¥, is o-algebra we need to show that countably union of
pairwise disjoint of A-measurable sets (since any union of elements in an
algebra can be written as a union of pairwise disjoint sets in the algebra) is
A-measurable. Given now such a sequence (A,) we have for each N € N

ME) = MEN (UL AR) + AEN (X \ U, Ar))
> MU (BN AR)) +AEN (X \ 2 Ar))
= ﬁf: MENAR) +MEN (X \ U, AL))

Taking limits as N — j: 1vve get
AME) > i MENAR) +MEN (X \ U, Ar))

k=1

= BN (U A0) + AE N (X \ U, A)).
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To finish the proof we need to show that u, is complete. Note that
A(A) = 0 implies A € X,. Hence the monotonicity of A gives also the
completeness. .

1.4 Extension of measures.

Theorem 1.4.1 (Hahn’s extension theorem) Let A be an algebra on X and
p a measure on A. There exists a measure i defined on the o-algebra o(A)
which extends p.

Moreover if p is o-finite the extension is unique and o-finite.

PROOF: Let us consider the outer measure from Proposition 1.3.4, that is
p(A) =inf{> u(A;): ACUA;, A € Ai € N}
i=1

We now apply Caratheodory’s method to get the o-algebra of ¥,.. If we
prove that o(A) C X+ and we define /1 the restriction of p* to o(A) we have
the result.

Actually we only need to show that A C ¥,-. Let A € A and £ € P(X).
For each € > 0 we have a sequence (4,) in A such that £ C U, A,, and

p(E) <D p(A,) < pi(E) +e.

Hence

pENA) +pr(EN(X\A) < @5 (Un(An N A)) + 17 (Un(An N (X A))

<
< N (AN A+ (AN (X A)
ZU(AR NA)+ Zﬂ(An N(X\4))

> u(An) < p(E) +e.

We show now that i es unique if p is o-finite on A, say X = U,X,, where
X, €A, X,, C X411 and p, (X)) < 00. Assume that there are two measures
p1 and pig on o(A) which extend p. Denote by p,(A) = w1 (AN X,) and
pon(A) = p (AN X,) for any A € o(A). For each n € N denote

My ={A € a(A): pun(A) = pan(A)}.
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Using that p;,, are finite we have that M,, is a monotone class (see (5) and
(6) in Proposition 1.2.2) which clearly contains A. Therefore y;,, = 2, and
hence p; = pp on o(A).

Now /i is o-finite because it extends p. .

Remark 1.4.1 Take X = [0,1) and the algebra A given by finite unions
of intervals [a,b),0 < a < b < 1. Consider pu the measure on A such that
w(@) =0 and p(A) = oo for any @ # A € A.

We can get two different extensions to o(A). The counting measure v and
the measure py defined by py(2) = 0 and py(A) = oo for any @ # A € o(A).
They are different since v({1/2}) =1 and u1({1/2}) = oo.

Theorem 1.4.2 Let A be an algebra on X and p: 0(A) — [0,00) a measure
such that there exists X, € A of finite measure such that X = U,X,,. Then
for each € > 0 and each A € o(A) with (A) < oo there ezists B € A such
that p(AAB) < e.

Proor: Using the uniqueness in Hahn’s theorem we have that

p(A) = inf{> pu(A,): AC U,A,, A, € A}

for all A € o(A).
Now given € > 0 and A € o(A) with u(A) < oo there exists a sequence
(Ay) in A such that A C U, A, and p(A) <32, u(An) < p(A) + 5.
Take now N € N such that 32 v, #(Ax)5 and define B = Up_, A, € A.
Clearly u(AAB) < p(URni14k) + p(UnAn \ A) <e. .

Lemma 1.4.3 Let 1 be a measure on ¥ and p*(A) = inf{u(F): AC E,E €
Y} If A € P(X) then there exists E € ¥ such that A C E and u(E) = p*(A).

PROOF: In the case p*(A) = oo take £ = X. If u*(A) < oo we can select,
for each n € N, E,, € ¥ such that u(E,) < p*(A) + +. Then £ =N, E, € &
and p(E) = p*(A). .

Theorem 1.4.4 Let (X, 3, ) be a o finite measure space. Then the com-
pletion (X, X, i) coincides with (X, X, fi,»).
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PROOF: Recall that from Proposition 1.3.1 we have that
w(A)=inf{u(F): AC E,E € ©}.

Let us see that X C X,-.
For each A € ¥ and E € P(X), select, using Lemma 1.4.3, £} € ¥ with
E C Ey and pu(Ey) = p*(E) . Hence

W (EOA) 4t (BN (X\ A)) < By 0 A)+ (B0 (X A)) = p(Ey) = i (E).

On the other hand if B C N for some N € ¥ and p*(N) = u(N) = 0 then
p*(B) = 0. Since any p*-nul set is p*-measurable then the set N associated
to (X; X, ) is contained in X ,«. This shows that ¥ C X«
Since p* restricted to ¥ coincides with p we get also that i = p* on .
Conversely, assume first that A € 3,- and p*(A) < oo. Take E € ¥ such
that A C £ and pu(FE) = p*(A). Hence

pw(E) = pw(ENA)+p (EN(X\A))
= pr(A)+p (BN A)
= p(E)+pu(E\A)

Therefore p*(E \ A) = 0. This allows to get B € ¥ with £\ A C B and
w(B) =0. So E\ B C AC E and this gives that A € 3.

The case p*(A) = oo can be done by writting A = U,(A N X,,) where
X, € ¥ and pu(X,) < co. Since AN X, € 3, for all n € N we obtain, from
the previous case, that 4 € X. .

1.5 Borel-Stieltjes measures on R.

Throughout this section I denotes an interval in R with not empty inte-
rior, int([l) # &, and let xy € int(T).

Definition 1.5.1 Given a measure p on B(I) which is finite on bounded
intervals contained in I we define F,, : I — R as the function F,(x) =
p((xo, x]) forx € I,x > x¢ and F,,(x) = —p((z, z0)) forz € I,z < xy.

Proposition 1.5.2 If y: B(I) — [0,00] is a measure such that u(J) < oo
for all bounded interval J C I, then F), is increasing, right continuous and
FH(JI0> =0.

Moreover F, is continuous at x if and only if p({x}) = 0.
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PROOF: We shall see that if zq, 29 € I with 21 < x5 then F),(z2) — F,,(21) =
p((x1,2]) > 0. Hence F), is increasing.
Indeed, note that if zo < x; < x5 then

Flu(w2) = Fu(z1) = p((0, 72]) — plzo, 71]) = p((1, 22]),

if 1 <z < x5 then

Flu(z9) — Flu(z1) = p((xo, z2]) + plx1, m0]) = pl(x1, 22]),

and if 21 < x5 < xg then

F(w2) = Fu(1) = —p((w2, vo]) + (1, 20]) = p( (w1, 22)).

To see that F), is right continuous we fix x € I and a sequence decreasing
(x,) C I such that z,, > = and lim, z, = x. Since lim,(z,x,] = @ then
lim, F,(z,) — F,,(z) = lim,, p((x, z,]) = 0.

To see the last part, observe that for an increasing sequence (x,,) C I such
that z,, < x and lim,, z,, = = we have lim,, F},(z,) — F,(z) = lim,, p((z, z,]) =

p({r}) .

Definition 1.5.3 An increasing and right continuous function F : I — R is
called a distribution function over I. For such a function we define for each
A C I the set function

)\F<A) = 1nf{§: F(bk) — F(ak) CA C Uk(ak,bk],ak,bk S mt([)}

Our aim is, given a distribution function F' to find a measure p such that
F = F,. For such a purpose we first need the following lemma.

Proposition 1.5.4 Let F': [ — R an increasing function. If we have(a,b] C
UR_, (ag, bi] C I where a1 < as < ...a,, and a,b,ax € I for k =1,...,n, then

F(b) — F(a) < Z F(by) — F(ag).
k=1
PrOOF: We may assume that (a,b] N (ax,bx] # @ for all k and,since (a, b]
must be contained in one of its connected components, also assume that

U=y (@, be] = (any, b)), -
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We shall prove it using induction. The case n = 1 is obvious.

Let us assume the result is true for any family of m intervals for m < n.

Put n, = max{k : ay < a} and ny = min{j: b < b;}.

We may assume that n; > ng, since ng > ny implies that (a, b] C (an,, bn,)
and the result is clear.

We now have two possibilities:

If (ang, bug] N (@ny, by, ] # @ then by, > a,, what gives

F(b) = F(a) < F(bn,) = Fany) < F(bn,) = Fan,) + F(bny) — F(an)-

If (ang, bng) N (@ny, by, ] = @ then (byy, an,| C Uktn, i, (ak, bg]. Using now the
induction assumption we have

Flan,) = Fba,) < > F(be) — Flax)

k#ng,n1

and therefore

F(b) — F(a)

IA A
=
S
S
N
|
=
S
2
+
=
S
2
=
S
S
S
N
+
=
S
S
S
3
—
S
S
S

A
[+
!
5
|
g
S
N

Theorem 1.5.5 If F' is a distribution function over I then
(i) Ar is an outer measure,
(ii) Arp((a,b]) = F(b) — F(a) for all a,b € int(I) and
(11i) any borel set is A\p-measurable.

PrOOF: (i) Using that @ C (a, a] then A\p(@) = 0.
Let (A,) C I with >, Ap(A,) < co. For each € > 0 we find (a}, b}] such
that A, C Ug(a?,b}] and

S F() — Flaf) < Me(Aa) + o

Hence



20 Chapter 1. Abstract measure

(i) Clearly if A = (a,b] then Ap(A) < F(b) — F(a). Assume now that
(a,b] C Ug(ag, bx] where ay, by, € int(I).

Given ¢ > 0, since F is right continuous there exists @’ > a so that
F(a') — F(a) < § and there exist b}, > by, such that F(b,) — F(by) < z5r for
all k € .N.

Since [a/, b] C Uy (ax, b},), using compactness, we have [a’,b] C Uy, (ay, b},)
for some N € N. Now we can apply Proposition 1.5.4 to get

F(b) z_j F(ay) <2Fbk (ak)—{—g

Hence F(b) — F(a) < S0, F(by) — F(ag) + €.

(iii) Tt suffices to see that (a,b] is Ap-measurable.

Let £ C I with Ap(E) < oo (the other case is obvious) and € > 0.
Let us take E C Ug(ay, by] where ag, by € int(l) and Y32, F(by) — F(ag) <
Ar(E) + €. Now

Ar((a, 0] N E) + Ap((1'\ (a,0]) N E)
(

< > Ar((a, ] N (ag, be]) + Ap((2\ (a,8]) N (ax, b)) ZAk

Observe now that if (a,b] N (ag, bx] # @ then coincides with the interval
(max(a, a), min(b, by)]. We have four situations, namely

Case a < a; and b < by,

Hence (a,b] N (ag,bx] = (ax,b] and (I \ (a,b]) N (a,bx] = (b, bx] what
implies that

A = F(b) — F(ax) + F(be) — F(b) = F(br) — F(ax),

Case a < a;, and by, < b.

Hence (a, b] N (ag, bg] = (ax, bx] and (I'\ (a, b]) N (ax, by] = @ what implies
that
Case a, < a and b < by.

Hence (a,b] N (ag, bx] = (a,b] and (I \ (a,b]) N (ax, br] = (ag, a] U (b, by]
what implies that

A = F(b) = F(a) + (F(a) = F(ar) + F(be) — F(b)) = F(b) — F(ax),

Case a, < a and by < b.
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Hence (a,b] N (ax,br] = (a,bx] and (I \ (a,b]) N (ax, bx] = (ax,a] what
implies that

Therefore

Ar((a, BN E) + Ap((1\ (a,0]) N E)

Definition 1.5.6 Given a distribution function F' over I we denote by Mg
and mpg the family of A\p-measurable sets and the measure A\p restricted to
Mg obtained by using the Caratheodory method. These are called Lebesque-
Stieltjes measurable sets and the Lebesque-Stieltjes measure respectively. The
case I = R and F(x) = x corresponds to the Lebesgue measure space and it
is simply denoted (R, M, m).

Theorem 1.5.7 Let F': [ — R be a distribution function. Then there exists
a unique Borel measure mp : B(I) — [0,00| verifying that mg((a,b]) =
F(b) — F(a) for all a,b € int(I). (This is called the Borel-Stieltjes measure
associated to the distribution function F'.)

Proor: Consider the outer measure Ar and let p be the measure Ap re-
stricted to B. Note that any interval can be decomposed as I = U,, A,, where
A, = (an,b,] (and eventually Ay = {a} in the case I = [a,b] or I = [a, x0])
and, of course u(A,) < co. Therefore we can use the uniqueness of the Hahn
theorem to conclude the result. .

Remark 1.5.1 Let us list some properties of mp which are left to the reader.
(1) F is continuous at x if and only if mp({zx}) = 0.
(In particular m(N) = 0 for all numerable set in R. )
(2) mp is always o-finite and mp is finite if and only if F is bounded.
(3) For any a,b € int(I) we have mp((a,b)) = F(b~)—F(a), mg([a,b)) =
F(b™)—F(a™), and mp(|a,b]) = F(b)—F(a™), where F(a™) = lim,_,,- F(z).
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Let us now characterize the Legesgue measure on R by means of its in-
variance under translations.

Theorem 1.5.8 Let p be a Borel measure over R which is invariant under
translations and finite over bounded intervals in R. Then p = cm where
= 11(0,1]) and m is the Lebesque measure restricted to B.

PROOF: Let us first see that u((a,b]) = c¢(b — a) where ¢ = pu((0,1]).

Since (a,b] = a + (0,b — a] it suffices to see that u((0,z]) = cx for any
x > 0. Since x = lim,, g, where ¢, € Q, and (g,) is an increasing sequence,
then it is enough to prove that p((0,q]) = ¢q for any ¢ > 0 and ¢ € Q.

Now writing ¢ = * where m,n € N and observing that

:\M

]uu(n o

we have that p((0,]) = >0, ,u(( —1 E1) = mp(0,1]). Finally to see that
(0, £]) = £ simply Tote that 1 = % and then £((0,1]) = nu(0, 1]).

Now let A be the algebra generated by {(a,b] : @ < b} which is easily
seen to coincide with finite unions of intervals (a,b] or (a,00) where —oo <
a < b < oo. Using that R = U(—n,n| and pu(—n,n| = 2nc we can apply
the uniqueness of the Hanh theorem to conclude that = ¢m (because both

measures coincide on A). .

Let us now use general theory to get information on Lebesgue measurable
sets. Recall that Theorem 1.4.4 one has that the complection of (R, B, mp)
coincides with (R, M, mpg). In particular, F is a Lebesgue measurable set if
and only if there exist Borel sets A, B such that A C E C B and m(B\ A) =
0. We can improve this result as follows.

Theorem 1.5.9 Let E C R, F(x) = x and write \p = X\. The following are
equivalent:
(1) E is a Lebesgue measurable set.
(2) For any e > 0 there exists an open set G with E C G and \(G\E) < e.
(8) For any e > 0 there exists a closed set F with F C E and \(E\F) < €.
(4) There exist A € F,(countable union of closed sets) and B € Gj
(countable intersection of open sets) with A C E C B and m(B\ A) = 0.

PROOF: (1)=(2) Assume m(FE) = A(E) < co. There exist (ay, b such
that £ C Uk(ak,bk] and ok b — ap < /\(E) +

£
5
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Define G = Uy (ax, bx + 57 ). Hence
MG) =m(G) < Y by — ap + g < m(E) +¢.
k

Therefore A(G'\ E) = m(G \ E) <m(G) —m(E) < e.

Assume now m(E) = A(E) = oo. First consider £ N (—n,n) find open
sets G, with £, C G, and m(G, \ E,) < 3, and then define G = U,G,
which satisfies £ C G and m(G \ E) < «.

(2)==(1) For each n € N, let G,, be an open set with £ C G, and
m(G, \ E) < +. Define G = N,,G,, and N = G\ E. Clearly A(N) = 0 and
EcCaG.

Therefore F = R\ G € Band R\ E = FUN. Hence R\ E € M and
also £ € M.

(1)<=(3) It follows from the equivalence between (1) and (2)

(1)==(4) Using that (2) and (3) holds we have a sequence of open sets G,,
and closed sets F), such that F,, C E C Gy, m(G,\ E) < 5~ and m(E\ F},) <
5. Define A = U, F, and B = N, G,. We have m(B\ A) <m(F,\ G,) < %
for all n € N.

(4)==(1) It follows from the fact that M is the complection of B. =

1.6 Measurable and non-measurable sets.

Let us now construct some examples of sets in B and M.

Example 1.6.1 A non numerable Borel set with measure zero: The Cantor
set in [0,1].

PROOF: Let us define the following family of open sets: First divide the
interval [0, 1] into three subintervals of the same measure. Select the open
interval in the middle. Now divide each of the remaining intervals into three
equal parts and select each open intervarl in the middle. Repeat this process.

Hence in the first step we select J; = (%, %), in the second step we select
Jy = (5,2) U (5,3), and in the third step we get J3 = (3, %) U (5, 57) U

979 277 27 277 27
17 18 25 26

In this way we obtain a sequence of sets J, = U?Slll,k where [}, are
disjoint open intervals of length 37%.
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Now define the Cantor set by C' = [0, 1] \ UgJ;. Another description of C
is given by C'= {z = Y02, == 1 &, € {0,2}}.

Let us list some of its properties:

(1) C is non empty and compact.

(2) int(C) = 2.

(3) C' is non numerable.

(4) m(C) =0.

Clearly : € C and [0,1]\ C is an open set contained into [0, 1] what gives

(1).

To see (2) notice first that for each m € N we have that C'\ UJ",J; is
a union of closed intervals of length 3. Now if x € int(C) then we would
have B(x,e) C C for some ¢ > 0. Taking m such that 37 < & we would
contradict the first observation.

Using the description in terms of ternary decompositions one gets that

card(C) = card(2Y) = xo. This shows (3).

Finally

Remark 1.6.1 card(B) < 2X° and card(M) = card(P(R)) = 2x1
Example 1.6.2 A non Lebesque measurable set: The Vitali set in [0, 1].

PROOF: Let us introduce in [0, 1] the equivalence relation: xRt if and only
if v —y € Q. Consider the set of equivalence classes [0, 1]/R.

Let us select a representant of each equivalence class and define the set
E ={e€|0,1] : eis a representant }.

The set E verifies that

0,1] C Uregr-1,1(E + 1) C [-1,2]

and Uyegni—1,1](E + r) is a countable union of pairwise disjoint sets.

Indeed, on the one hand, if x € [0, 1] there exists e € E such that x —e €
Qn[-1,1] and if x € E+r for some r € QN [—1,1] then 1 <z < 2.

On the other hand 7 # ro implies that (E + ry) N (E + ry) # &, since
€1+ r1 = eg + 1y gives [e;] = [es] and then e; = es.



1.6. Measurable and non-measurable sets. 25

Let us now show that F is not Lebesgue measurable. In case it is mea-
surable one has

1< Y mE+r) <3,

reQn[—1,1]

and this leads to a contradiction, since m(E + r) = m(E) for all r. .

Remark 1.6.2 For any A C M with m(A) > 0 there exists E C A such
that E is not Lebesgue measurable.

PROOF: Same argument as in the case [0, 1] works for the set AN[0,1]. =

Example 1.6.3 A Lebesgue measurable set which is not a Borel set.

PROOF: Let us first construct the Cantor function in [0,1]. Define the
following sequence of piecewise linear functions:
fo(x) =2
fiz) =3 if v € (3,3) and then hnearly with f1(0) =0 and f1(1) =1
folz) = Lifz € (3,2), fo(z) = 3 if z € (L,2) and then linearly with
£1(0) =0 and fi(1) =1
In this way, inductively we construct f,(z). This take the constant value
in the set I,,; and it is piecewise linear in the complement of J,.
Define f(x) = lim,, f,,(x).
We now prove that it is increasing, non constant, continuous in [0, 1] and
derivable with f'(z) = 0 for all z € [0,1] \ C, where C' is the Cantor set.
Since f is pointwise limit of increasing functions is increasing. Let = ¢ C.
Then there exists ng for which x € I,,,; then f,(y) = f(y) for all n > ng and
y € L1 So f'(z) = 0.
To see that f is continuous we shall show that f is uniform limit of
continuous functions. Due to the construction we have

€
ok

sup [fal@) — ful@)] < S sup [fule) — fon(o)]

0<a<1 jimn, 0<2<1

m—1

Z sup |fe() — fri1(2)]

k=n 0<z<gp

YIS T
2k+1 2 3k+1

k=n
100
622

VAN

IN

1
9k

IN
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Now we construct g : [0,1] — [0,2] given by g(z) = = + f(x). We have
that g is a homeomorphism. Of course g is strictly increasing and continuous,
and hence there exists ¢~! continuous and strictly increasing.

Taking into account that ¢(Iy;) = ¢y + Iy we get that

m(g(C)) = m(g([0,1]\ UpJy))
= m([0,2] \ g(UrJk))

= 2- ijm(g(Jk»

= 2—22 (ckg + Iky)
k1=
2k1

= 22> mlliy)

k I=1

= 2-m([0,1]\C) = 1.

We then have that ¢(C') is a Borel set (using the fact, to be proved in
Exercise 1.7.5, that ¢(B([0,1])) € B(]0,2])) and m(g(C)) > 0. So we can find
E ¢ M([0,2]) with E C g(C'). Now consider A = g~!(F)). This is a Lebesgue
measurable set (since A C C) but A ¢ B([0, 1]) (since g(A) = E ¢ B([0,2])).

1.7 Exercises

Exercise 1.7.1 (i) Let R be a ring. Show that (R,A,N) is a ring in the
algebraic sense.

(i) Let M be a non-empty family of sets in X and R(M) the ring gener-
ated by M. Show that any set in R(M) can be covered by a finite union of
sets in M.

Exercise 1.7.2 Let f : X — Y be a function, A an algebra over Y. Let
o(A) denote the o-algebra generated by A and f~1(A) = {f71(A) : A € A}.
Then o(f~*(A)) coincides with f~1(o(A)).

Exercise 1.7.3 Let (X, %, u) be a measure space and let (A,,) be a sequence
in X such that A; intersects at most one other set in the sequence. Show that

Z ) < 2p(U52, Aj).
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Exercise 1.7.4 Study whether or not the following set functions are outer
measures.
(1) Let X = (a; ;) be a matriz in My and define \(A) = card{j : a;; € A}.
(i1) Let X =N and define A\(A) = limsupw.
(i1i) Let X =7 and define A\(A) =0 for A =@,
a

AA) = 1 if A is finite, where a = sup{|n|:n € A} ,
a

AA) =1 if A is infinite.
(iv) Let X be a metric space with distance d and let o > 0. Define

A = supeo {3 (5(A0))" s A = Ude, 6(Ay) < e},

k=1

where 0(Ax) = diam(Ay) = sup{d(z,y) : x,y € Ax}.

Exercise 1.7.5 Let X,Y be topological spaces and let g : X — Y be contin-
uous. Show that the B(Y) C g(B(X)).

Exercise 1.7.6 Let I be an open interval in R and F' : [ — R a continuous
and strictly increasing function. Show that the Borel-Stieljes measure defined
by F coincides with the measure image by F~1 of the Lebesque measure on
the Borel sets in F(I).

Exercise 1.7.7 Describe the Lebesque-Stieltjes measure mp associated to the
following functions:

(1) F(z) = [z],

(1) F(x) = Xjo,00) (%),

(i1i) F(z) = (z — 1)7.

Exercise 1.7.8 Let F(z) = =tx(01) + (log(z) — 1)X[1,00)-
(1) Find an unbounded Borel set A with 0 < mp(A) < oo.
(i1) Find an open set G such that 0 € G' and mp(G) < 0.

Exercise 1.7.9 Let mp be the Lebesgue-Stieltjes measure (0,00) associated
to F(x) = a® for some a > 0 and let A =5, (n, "2;1).
Find the values of a so that mp(A) < cc.
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Exercise 1.7.10 Let ¢(t) = >0, nx(m%)(t).
Find F' for the Lebesgue-Stieltjes measure associated to F' to coincide with
the measure image by ¢ of the Lebesque measure m, that is mp = ¢(m).

Exercise 1.7.11 Let F : (0,00) — R be given by F(t) = log(t). Show that

(i) mp = exp(m) where m is the Lebesgue measure and exp(x) = e*.

(i) mp is invariant under dilations.

(#3) If 1 B((0,00)) — [0, 00] is a measure finite over bounded intervals
and invariant under dilations then = C'mp for some constant C' > 0.

(iv) Find an unbounded open set G C (0,00) such that 0 € G’ and
mp(G) < 00.



Chapter 2

Measurable and Integrable
functions

2.1 Measurable functions

Definition 2.1.1 Let (X,X) be a measurable space. A function f : X —
[0,00] is called measurable if the sets E, = {z € X : f(z) > a} € ¥ for all
a > 0.

Some equivalent formulations are given in the following proposition.

Proposition 2.1.2 Let (X,X) be a measurable space and f : X — [0, 00].
The following are equivalent
(i) f is measurable.
(1) {zr € X : f(z) < a} €X forall a > 0.
(1)) {z € X : f(z) <a} €% forall a > 0.
() {r e X : f(x) >a}eX foralla>0.
(v){x € X: f(x) =00} € X and f~*(B) € X for all Borel set B C RT.
(i) {x € X : f(x) =00} € X and f~HG) € ¥ for all open set G C RT.
(vii) {x € X : f(x) =00} € X and f~([a,b)) € ¥ for all0 < a < b < oo.

PROOF: (i) <= (ii) It follows from {x € X : f(z) < a} = X \{z € X :
f(z) > a}.

(17) <= (7i1) It follows since {x € X : f(x) < a} = Upen{zr € X : f(x) <
a—itand{reX: f(z)<a}=Menfr e X: flz) <a+1}

(i17) <= (iv) It follows from {x € X : f(z) > a} =X \{z € X : f(z) <
at.

29
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(i) = (v) Write {z € X : f(z) =00} = Mpen{z € X : f(x) > n} € %.
Define R = {B € B([0,0)) : f~1(B) € &}.
This is o-algebra and contains (a,b] for all 0 < a < b since

fHab))={reX: flz) >a}n{zeX: f(z) <b}eX.

(v) = (vi) It is obvious.

(vi) = (vii) Note that [0,b) is open in [0,00) and [a,b) = Np>p,(a —
1/n,b) for 0 < 1/ng < a.

(vii) = (1) It follows since

{reX: f(z)>al={re X: f(x)=c0}U(U{z € X : f(z) € [a+1/n,n)}).

Definition 2.1.3 Let (X,X) be a measurable space. A function f : X —
0, 00) is called a simple function if it takes a finite number of different values.
In particular, f = 3", a;xa, where A; = f~'({a;}) are disjoint sets and
a; > 0 are different fori=1,2,...,n.

Note that f is measurable if and only if A; € X fori=1,2,....n..

Remark 2.1.1 Let us denote by & the set of simple measurable functions.
This is a vector space and also we have that if s1,80 € & then s1.s9 € 9,
max(sy, s2) € 8 and min(sy, se) € 8. In general limy, s, ¢ 8 for a sequence
(8n) C 8, for instance f = Y.0° | NX[nnt1/2) 95 not simple, but it is limit of
simple functions.

Theorem 2.1.4 Let f: X — [0,00] be a measurable function. There exists
a sequence s, of simple functions, such that 0 < s; < s9 < ... < f and
lim,, s,(z) = f(x) for allz € X.

Moreover, if f a bounded function then lim, s,(x) = f(x) uniformly in
re X .

PROOF: For each n € N we denote by E,; = f([%%, 5)), for k =
1,2,..,n2" and E, o041 = f71([n, 00]) and define

n2"41 E—1

=y

k=1

XEn,k'
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Let us show first that s,(x) is increasing for all x € X. Fix n € N and
x e X.
If f(x) > n+1then s,(z) =n < spu(z) =n+ 1.
Ifn < f(x) < n+1 then s,(z) = n and s,11(z) = 2]“,;11 for some
k > n2"*t 4+ 1. Hence s,(7) < spy1(7).
If f(z) < n then there exist k,j so that f(z) € [EL £)n [, 4q).
k

[\
3

. . 2 ;
Hence either 22 = k — 1 or 5% = k. In the first case s, (z) = 52 = =4
Sp+1(x) and in the second case s,(z) = % = 2];31 < g;—fl = Spe1(x) .

Let us now show that lim sp(x) = f(x).

The case f(x) = co we have s,(z) =n for all n € N.
Assume f(x) < oo. Take ng = no(z) € N so that f(z) < ng. For all
n > ng we have that there exists k& € {1,2,..,n2"} such that f(x) € E, .
Hence for all n > ng we have
k—1 1

< .
2n 2n

f(x) = sn(x) = f(2) =

Note that if f is bounded ng is the same for all x and the previous estimate
holds uniformly in z € X. This finishes the proof. .

Definition 2.1.5 Let (X3,%;) and (X2, X2) be measurable spaces. A func-
tion f: X1 — Xy is called (X1, Xo)-measurable if f~1(A) € Xy for all A € 3.

For ¥y = B(X3) where (Xa,T) is a topological space, a function f: X —
Xy is (31, B(X3))-measurable (usually called simply measurable) if and only
if f7H(A) € Xy forall Ae .

If X and'Y are topological spaces, f : X — Y is said to be Borel measur-
able if f~1(G) € B(X) for all open set G C X.

For X =Y =R a function f : R — R is called Lebesque measurable if it
is (M, B)-measurable, or equivalently f~'((a,b]) € M for all a < b.

Remark 2.1.2 Given a measurable space (X,>) and a function f : X —
[0,00]. Considering [0,00] as the compactification of the topological space
R* then f is measurable (according to Definition 2.1.1) if and only if f is
(32, B([0, 00])-measurable (according to Definition 2.1.5).

FEquivalently f is measurable if and only if Xoo = {x € X : f(x) = o0} €
Y and flx\x. is (3, B(R"))-measurable.

Let us establish some simple results about measurability on composition
of functions.
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Lemma 2.1.6 (i) Let (X1,%4), (X2, %) and (X3,%3) be measurable spaces
and functions f : X; — Xy and g : Xo — X3. If f is (X1, 32)-measurable
and g is (Xq, X3)-measurable then g o f is (X1, X3)-measurable.

(i) Let (X1,%1) be a measurable space,let Xo and X3 be topological spaces.
If f: X7 — X5 is measurable and g : Xo — X3 is continuous then go f is
measurable.

(7ii) Let (X1,%1) and (X2, Xs) be measurable spaces and let Y be a topo-
logical space. If fi : X1 — R"™ and fy : X1 — R™ are measurable and ¢ :
R" x R™ — Y is continuous then h : X —'Y given by h(zx) = ¢(f1(x), f2(z))
s measurable.

PROOF: (i) and (ii) are immediate.
(iii) Consider ¢ : X — R™ x R™ given by ¥(z) = (fi1(x), f2(x)) and note
that
(a1, b1] X .. X (@, by] x (al, 0] x ... x (@, b.])

m)m

= (f1) " (a1, ba] X oo X (@, 0a]) O (f2) 7 ((ay, B1] X oo X (ay, D))
Since any open set in R” x R™ = R™"™ is numerable union of sets (ay, b1] X
e X (ap, by] X (al, 0] x ... x (al,, ] we have that 1 is measurable and then

m’’m

h = ¢ o too. .

Let us recollect several operations on functions which are stable under
measurability:.

Proposition 2.1.7 Let (X;X) be a measurable space and let X > 0 and
fy9,{fn} be measurable functions.

Then (with the convections 0-00 =0, 1/0 = 0o and 1/oo =0) \f, f+g,
f.g, max{f, g}, min{f, g} 1/f, sup,, fn, inf, f,, limsup,, f, and liminf, f,
are measurable functions.

Proor: Write Xoo = f7'({oc}), X' = g7'({o0}), fi = flx\x.. and
g1 = 9|X\X’oo Hence

{f+9>a} =X UX U{fi+a >a},
{fg>a}={f=00,9>0tU{g=00,f>0;U{figx >}
Now, using (iii) in Lemma 2.1.6 we have that ¢(fi(x), fo(x)) for ¢(t,s) = t+s

or ¢(t,s) = ts are measurable. Hence we obtain the measurability of f + g
or fg. The other cases follow from

M >ak={f >3}
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(5>a)={f=0}uf0<s <}

{max(f,g) <a} ={f <a}n{g<a}.
{min(f,g) > a} ={f > a}U{g > a}.
{sup fu < a} = NMa{fu < a}.

{i%f fn>a} =U{fn > al.

The limsup and liminf follows from the previous ones. .

Remark 2.1.3 The supremum of measurable functions needs not be mea-
surable.
Let E be the Vitali set in [0, 1] and write xg = sup x{z}-
zeE

Definition 2.1.8 Let f : X — R be a function, then fT = max(f,0) and
f_ = —mm(f, 0)
Clearly, f* = x>0y, [~ = —fxyeop, f=fT—f" and [f| = fT+ [~

Proposition 2.1.9 Let (X,3) be a measurable space and f : X — R. The
following are equivalent.

(i) f is (3, B(R))-measurable.

(it) {x : f(z) > B} € X forall € R.

(i1i) f+ and f~ are measurable.

PROOF: (i) = (ii) {z: f(z) > B} = f1((B,00)) € X.
(i1) = (4i7) Let a > 0 then {z : f*(z) > a} = {x: f(z) > a} € ¥ and
{z:f(x)>a}t={z: flx) < —a}=X\Nu{z: f(z) > —a—1/n} € X.
(ii1) = (i) Let G be an open set. Then f~1G) = (f7) (G N (0,00)) U
(f) H=GnN0,0)) € 2. .

Proposition 2.1.10 Let (X,X) be a measurable space and f : X — C. The
following are equivalent.

(i) f is (3, B(C))-measurable.

(it) Rf and Sf are measurable.

(111) | f| is measurable and there exists a measurable function o : X —

T ={z:|z| =1} such that f = |f|c.
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PRrOOF: (i) = (ii) It follows from composition since z — R(z) and z —
3(2) are continuous.

(1) = (did) If follows from Lemma 2.1.6 that |f| is measurable, since
|f| = \/(§)‘Ef)2 + (3f)2. Take now E = {z : f(x) = 0} € ¥. Consider
m: C\ {0} — T given by m(z) = 5 and define a(z) = 7(f(z) + xp(z)). We
can apply Lemma 2.1.6 to get that « is measurable and, of course, f = | f]|a.

(171) = (i) Using ¢ : Cx C — C given by (21, 22) — 2122 we get that the
product of measurable functions is measurable and gives the result. .

Let us list several operations which preserve measurability, whose proofs
are left to the reader.

Proposition 2.1.11 Let (X;¥) be a measurable space and let A € K and
fr9,{fn} be measurable functions from X into K where K =R or K = C.

Then

(i) \f, f+g, f.g, 1/f are measurable.

(i) For K = R, max{f, g}, min{f, g} sup, fn, inf, f,, limsup, f, and
liminf, f, are measurable functions.

(i11) If lim,, f,(z) = F(x) for all x € X then F is measurable.

Definition 2.1.12 Let (X, %) be a measurable space. A measurable function
f X — C is called a simple function if it takes a finite number of different
values. In particular, f = 31", a;xa, where A; = f~1({as}) € ¥ are disjoint
sets and a; are the non zero values for i =1,2,...,n.

Corollary 2.1.13 Let f : X — C. Then f is measurable if and only if
there exists a sequence (s,) of simple functions such that |s,| < |f| and
flx) = Jim sp(x) forallx € X.

PROOF: Since the limit of measurable functions is measurable we simply
need to prove the "only if” part. Assume f = u+1iv be measurable and write
also v = ut —u” and v = vT —v~. We can apply Theorem 2.1.4 and find
increasing sequences (r,,), (t,), (p,) and (g,) of non-negative simple functions
converging to ut,u~,v" and v~ respectively.

The functions s,, = r,, —t,+i(p, —qn) are simple complex-valued functions
and converge to f. Also we have

50] = /(rn —ta)2 + (Pn — 40)?
< 1) + (on+ 00)?
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< Jwt +u)? 4 (vt +o)?

= Va2 +? =|f].

2.2 Some types of convergence.

Definition 2.2.1 Let (X, %, ) a measure space. We say that a property P
holds almost everywhere with respect to (X, %, u) (in short p-a.e.) if there
exists the set A € X u(A) = 0 such that the property holds in X \ A.

Let us point out some facts to see the difference between complete and
not complete measure spaces regarding the behaviour ”a.e.”

Remark 2.2.1 (X,%, ) a measure space. Let f be a measurable function
and f = g p-a.e. Then g needs not be measurable.

Indeed, the example can be produced for non complete measure space.
Consider (R, B, m) the Borel measure space on R. There exists A € M\ B
with m(A) = 0 such that there is B € B satisfying A C B and m(B) = 0.
Now define f =1 and g = xr\p + 2XB\a- We have that f = g m-a.e since

{f(z) #g(x)} = B, but g7 ({0}) = A ¢ B.

Remark 2.2.2 (X,X, 1) a measure space. Let f, be measurable functions
and lim,, f, = f p-a.e. Then f needs not be measurable.

Indeed, let (R, B, m) be the Borel o-algebra on R. As above tak A € M\B
with m(A) = 0 and B € B such that A C B and m(B) = 0. Now define
fo=0and f = xa. We have that lim,, f,, = f m-a.e. since {f(x) # 0} C B.

Proposition 2.2.2 Let (X, %, ) be a complete measure space.

(i) If f: X — [0,00]( or C) is measurable and f = g p-a.e. then g is
measurable.

(i) If fn + X — [0,00]( or C) is a sequence of measurable functions and
lim f,, = f p-a.e. then [ is measurable.

PROOF: (i) Assume f: X — [0,00] and f(z) = g(x) for z ¢ Aand A € X
with u(A) = 0. Given a > 0 we have that

{z:g9(x)>at={reA:gx)>alU{z ¢ A: f(x) > a}.
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Since {x € A : g(z) > a} C Athen {x € A: g(z) > a} € ¥ and also
{r ¢ A: f(x) > a} € X, which gives the result.

The case f: X — C is done in a similar way.

(ii) Assume f(z) = lim f,(z) for all x ¢ A and A € ¥ with u(A) = 0.
Denote X7 = X \ A and X; the induced o-algebra. The restrictions of f,
to X, are measurable with respect to »; and then f restricted to X; is
measurable with respect to ¥;. Define g(z) = f(x) for z € X; and g(z) =0
for x € A. Obviously g is measurable and f = ¢ p-a.e., hence using (i) we
get that f is measurable. .

Theorem 2.2.3 Let (X, X%, 1) be a measure space and (X, 3, i) its complec-
tion. Then f : X — [0,00] (respect. f: X — C) is measurable with respect to
Y if and only if there exists g : X — [0,00] (respect. g : X — C) measurable
with respect to X3 such that f = g p-a.e.

PROOF: Assume that f: X — [0, oc] is measurable with respect to 3. Then
using Theorem 2.1.4 we get (s,) simple functions measurable with respect to
Y. and we can write, with sy = 0,

[ = Z(Sn —Sp-1) = ZCiXEi
n=1 i=1

where ¢; > 0 and E; € ¥ for all i € N.

We now choose A;, B; € ¥ so that A; C E; C B; and u(B; \ A;) = 0.
Define g = >-7°, ¢ixa,. It is measurable with respect to 3. If N = U;(B;\ 4;)
we have that f(x) = g(x) for z € X \ N (since « ¢ N implies that for each i
one gets ¢ ¢ B; or x € A;) and u(N) = 0.

The case f: X — C follows from the previous one in the usual way and
it is left to the reader.

Assume now [ = g p-a.e. for some g : X — [0, 0] (respect. g : X — C)
measurable with respect to 2. Using that g is also measurable with respect
> and Proposition 2.2.2 we get that f is measurable with respect £. =

Corollary 2.2.4 f : R — C is Lebesque measurable if and only if there
ezists g : R — C Borel measurable such that f = g m-a.e.

Definition 2.2.5 Let (X, 3, 1) be a measure space and B € X.
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A sequence (fy,) is said to converge uniformly in B to f if
lim sup | f(z) — fu(2)| = 0.
re€B

A sequence (fy,) is said to converge almost uniformly to f if there exists
A € 3 with u(A) = 0 such that f, converges to f uniformly in X \ A, i.e.

lim sup | () — fu(2)| = 0.

n00 g A

Remark 2.2.3 The almost uniform convergence is weaker than the uniform
convergence.

It suffices to take a sequence uniformly convergent to a function and mod-
ify the limit function in a set of measure cero to get an almost uniform limit
which is not uniform.

Remark 2.2.4 The pointwise convergence is weaker that the almost uniform
convergence.

Take fr, = Xpnt1) i (R, M, m). Of course f,(x) converges pointwise to
zero, but for any set A € M with m(A) = 0 we have that for eachn € N there
is T, € [n,n+1] ¢ A (otherwise there exists k € N such that [k,k+1] C A).

Hence SUD,¢ 4 |[n(z)] = sup,, | fu(z,)] = 1.

Theorem 2.2.6 (Egorov’s theorem) Let (X, %, 1) be a finite measure space.
Let f, : X — [0,00] be finite a.e. measurable functions (i.e. u({f, = oo}) =
0) and let f(z) = lim, f.(z) a.e is measurable and finite a.e. (i.e.u({f =
oo}) = 0 and there exists C' € X, u(C') = 0 such that lim,, f,(x) = f(z),z ¢
C). Then for any 6 > 0 there exists A € ¥ with u(A) < § such that f,
converges to f uniformly in X \ A.

PROOF: We can assume that f,, f take values in R and that f,(z)
converges to f(x) for all x € X. In other case, we put 4, = {f, = oo},
B = {f = oo} and C with u(C) = 0 such that lim f,(z) = f(z) if z ¢ C.
We work in X; = X \ N where N = (U, A,,) UBUC.

Let us first prove that Vd,e > 0 there exists A.s € ¥ and n.s € N such
that p(A:s5) <0 and |f(x) — f(z)| <e, for all x ¢ A5 and m > n.;.

Indeed, write

An(e) ={z € X :|fm(x) — f(z)| > € for some m > n}.
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It is a decreasing sequence A,,41(¢) C A,(e) and N, A,(c) = 2.

Since p(X) < oo then lim, p(A,(e)) = 0. Therefore there exist ny =
nes € Nand A.5 = A, (¢) such that u(A,,(c)) < 6. Note that |f,,(x) —
fx)] <eif x ¢ A.s and m > ny.

Now, given £ € N and 6 > 0, we apply the previous result for £ and
d being ¢ = 4+ and 2% to get By € X, ny € N for which u(By) < 2% and
| fm(z) — f(z)| < 7 for 2 ¢ By and m > ny,. Finally take A = U, By,. We
have pu(A) < 6 and f,, converges uniformly in X \ A.

Indeed, given n > 0 we first get ko for which 1/k < n for k > ko. Now for
all m > ny, and x ¢ A this implies z ¢ By and then |f,,(x)— f(z)| < 1/k <n.

Remark 2.2.5 If u(X) = oo then Egorov’s theorem does not hold.

Take (R,B,m) and f, = Xpoo). Clearly f,, — 0 pointwise, but if A €
B and p(A) < oo then AN [n,00) # & for all n € N. This shows that
supga | fu(T)] > 1 for alln € N and (f,) does not converge uniformly in A.

2.3 Integrable functions.

Definition 2.3.1 Let (X, 3, 1) a measure space and let s : X — [0,00] be a
simple function. We define

/ sdp = Z%M(Ei)
X i=1

where a; are the different non zero values of s.

We say that s is p-integrable (or simply integrable) if [y sdu < oo, which
is equivalent to u(E;) < oo for a; > 0.

We use the convection 0-00 = 0 and then we can write Y1 | c;ju(E;) even
when a; = 0.

Let us see that actually the definition is independent of the decomposition
of s.

Proposition 2.3.2 Let s be a simple function with non zero values «; for
i=1,..,n, say s =3 aixg,. Assume that also s = 377" BixF; for B; > 0
and F; € X for g€ 1,...,m. Then

/X sdp =" Biu(Fy).
j=1



2.3. Integrable functions. 39

PRrROOF: Assume first that F; are pairwise disjoint. For each ¢ € 1,...,n
consider M; = {j € {1,....,m} : 5; = a;} Hence M, are pairwise disjoint,
{1,....m} = U M, and E; = Ujep, F;. Therefore

ﬁ:laz-u(Ei) = Zozz > u(F

= JEM;

= Z Z Biu(Fy)

i=1jeM;
= Z ﬁjN(FJ)
j=1

Now we show the general case.
For s = Byxr + Boxr, where Fy, Fy € 3 not necessarily disjoint.
We can write

s = (61 + B2)XFink + BiXrnr + BoXr\F -

Applying the previous case

/X sdp = (B1+B2) p(F1r O Fo)+B1p(Fy \ Fo)+Bop(Fa \ F1) = Bip(Fr)+B2p(Fh).

For s = Bixr + Boxr + PBsxr where Fi, Fy F3 € ¥ not necessarily
pairwise disjoint.
We can write

s = (ﬁl + ﬁ? + 63)XF1QF20F3
+ (61 + Bo)X(mnmn\ms + (B1 + B3)x(minmnm + (B2 + B3) X (mnm)\m
+  BiXm\(FuRs) + BaXm\(Furs) + B3X B\ (FLuR)-

Applying the case of disjoint sets

/sd,u:
X

+ 52 + 53)M(F1 N F2 N F3)

(B

(Br+ B2)pu((Fy N Fy) \ F3)

(61 + Bs)u((Fy N F3) \ Fy)

(B2 + Bs)u((Fy N Fs) \ FY)

Gip(Fy \ (Fy U Fy)) + Bop(Fo \ (Fy U F3)) + Bap(Fs \ (Fy U Fy))
Bipa(Fy) + Bopu(F2) + Bap(Fs).

+ o+ o+ o+
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Now ifs = 327" | Bixr, where F; € ¥ not necessarily pairwise disjoint. This
general case follows same argument with a rather more complicate notation.
Set Ejj = F,NFj for i # j and F; = I, N F, N...NF;, for different
115000y 25

We can write

1,502,085

s = ZﬁiXFi\(U#iFj)
=1

+ Z(ﬁl + ﬁj)XFi,j\U(i’,j’);é(i,j)Fz’/,j’

i#]
+ Z (Bix + P +ﬁlé)XFZ‘N'M\U<i’1’i’z,ig>¢<i1,i2,i3>Fi’1ﬂé»‘a
(41,i2,3)
_|_
n
+ (Z Bi)XFin..nF, -
=1

Now using the result for disjoint sets and adding up the measures the
result is complete. .

Definition 2.3.3 Let (X, X, 1) a measure space and let f : X — [0, 00] be a
measurable function. We define

/fd,u:sup{/ sdp:0<s<f, s simple}.
X X

We say that f is p-integrable if [y fdu < oo.
For each E € ¥ we define [ fdu = [y fxrdy.

Proposition 2.3.4 Let f,g : X — [0,00] be measurable functions, X > 0
and E, F € .

(i) If f < g then [ fdu < [ gdp.

(i) If E C F then [y fdu < [rgdp.

(i) If s is a simple function, E € 3 then

/ sdp=> a;u(ENE;) = sup{/ tdp - 0 <t <s:t simple}.
E pt E
(iv) Jx Mdp = A [y fap.

PROOF: (i) and (iv) are obvious.
(i) and (iii) follow from (i). .
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Theorem 2.3.5 (The Lebesgue monotone convergence theorem) Let f, :
X — [0, 00] be measurable functions such that f,(x) < fui1(x) andlim, f,(x) =
f(x) for allz € X. Then

/deu— hm/ frndpu.

Proor: Using Proposition 2.3.4 we have
[ tudie < [ fndp < [ pap
b's b's X

Define M = sup,, [y fodp = lim, [y fodp.

Of course M < [y fdu. Let us show that [y fdu < M.

We may assume M < oco. For each simple function s = -7 | a;x g, such
that 0 < s < f and each 0 < ¢ < 1 we consider the sequence

Ap={r € X : fu(z) > cs(x)}

which form an increasing sequence of measurable sets in X.

Observe that X = U,A,. Indeed, there exists ng so that f,(z) > cs(z)
for all n > ng. If s(z) = 0 we can take ny = 1 and if s(z) > 0 then
f(z) = lim,, f,(x) > cs(z) and we can apply the definition of limit.

Since

[ oesan< | paap< [ faap <,
An An X

and lim, p(A, N E;) = p(E;) and therefore lim, [, csdy = [x csdp we get
that [y csdp < M. Since this holds for all s < f and 0 < ¢ < 1 we have

Jx fdp < M. n

Corollary 2.3.6 (The Fatou Lemma) Let f, : X — [0,00] be measurable
functions. Then

/ (liminf f,)dp < lim inf/ fndp.
X n—oo n—oo X

PROOF: Define g, = inf{fy : & > n}. They are measurable functions,
In < g1 and g, < f, for all n € N,
Applying Theorem 2.3.5 we have
/(liminffn)d,u = /(lim gn)dp = lim / gndp
X X

n—oo n—oo

= liminf/ gnd,ughmmf/ frndp.
X n—oo Jx

n—oo
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Proposition 2.3.7 Let f,g: X — [0, 00| be measurable functions, o, 3 > 0
and E, F € .

(i) Ix(af + Bg)dp = a [y fdu+ B [x gdp.

(i) If ENF = @ then [pop fdp =[5 fdp+ [z fdp.

(ii) If f < g then [y fdu < [x gdp.

(w) p({fz € X : f(z) > a}) < L [ fdu for all a > 0.

(v) If W(E) = 0 then [ f = 0.

(vi) [x fdp =0 if and only if f =0 p-a.e.

(vii) If f is p-integrable then p({z € X : f(z) = oo}) = 0.

PRrROOF: (i) follows from Proposition 2.3.2 for simple functions. The general
case then follows by combining Theorem 2.1.4 and the Lebesgue monotone
convergence theorem.

(it) Note that fxsor = fxe + fxr and apply (i).

(iii) For each s simple function with 0 < s < f one has 0 < s < g. Then
the result follows from the definition.

(iv) Note that axg, < fxg, where E, = {x € X : f(z) > a} and
integrate.

(v) Let s simple with 0 < s < f. Then [psdy = Y1, a;u(E N E;) = 0.
Then [ fdp = 0.

(vi) Assume f = 0 p-a.e. Hence pu({z : f(z) > 0} = 0 and then, using
(iv) we get

| fdn= [ gdu+ [ fdp=0
X {£>0} {f=0}

Conversely, assume pu({z : f(z) > 0} > 0. Since {z : f(z) > 0} =

Unen{z : f(z) > £} we have p({z : f(z) > nio}) > () for some ng. Hence

1 1
/deMZ/{f>n10}fd/uL>no,u({x:f(x)>no})>0.

This gives the direct implication.
Conversely, assume f = 0 p-a.e. then if Ey = {z : f(x) > 0} we have
p(Ey) =0 and f = fxg,. Now using (iv) we get that [y fdu = [g, fdu = 0.
(vii) The set {x € X : f(z) = 00} = Mpen{z € X : f(z) > n}. Hence
(iii) gives that

1
ple € X fla) =oo}) < [ fdp
n.Jx
for all n € N. Passing to the limit we get u({x € X : f(z) =00}) =0. =
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Corollary 2.3.8 Let f, : X — [0,00] be measurable functions. Then

=" [ fadp
/X (;f )du ngl | Tndn
Proor: Apply Theorem 2.3.5 for ¢, = >3 _; f- .

Proposition 2.3.9 Let f: X — [0,00] be a measurable funtion.
Define

:/fdu, Eey.
E

(i) v is a measure on .

(i1) v is finite if and only if f is p-integrable.
(111) If W(E) = 0 then v(F) = 0.

() If v is finite then ué?io v(E) =0.

ProoF: (i) Let {E,} be a sequence of pairwise disjoint measurable sets.
Since fxug, = >oneq [XE, We have that

(LenEn) = [ Fxomadn =3 [ Predn= >

(i) It is obvious.
(iii) follows from (iv) in Proposition 2.3.7.

(iv) Note that (1}%[1 . v(E) = 0 means that for all € > 0 there exists § > 0
“w —

so that p(E) < ¢ implies v(F) < e.
If v(X) < oo then for each € > 0 there exist a simple function s such that

/fduﬁ/ sdp+ -
X X 2

Now for s = >""" ; a;x g, we have that

/sdu ZaluEﬂE Zal

=1

Take § < . Now if p(F) < § then [, fdu < e. .

221 1 @i
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Definition 2.3.10 Let f : X — C be a measurable function. f is said to be
p-integrable if [y |f|dp < oco.
Moreover if f = u+ v is p-integrable we define

/ fdu:/ u+d,u—/ u_d,u+i/ v+du—i/ v dp.
X X X X X
Remark 2.3.1 In particular

/fdu:/udu+z'/ vd.
X X X

Lemma 2.3.11 Let f : X — R be a measurable function f = f1 — fo for
some fi; X — RT which are p-integrable. Then fis p-integrable and

/de,u:/xfld,u—/Xﬁdﬂ-

PrOOF: Using that |f| < |fi| + | f2| one gets the integrability of f.
Now notice that f© — f~ = f; — fo. Hence f* + fo = f~ + f; and using
the linearity of the integral for non-negative functions one obtains

J frdus [ fodn= [ frdp+ [ pdp.

/deuz/xfldu—/xfadu-

Therefore

Proposition 2.3.12 Let f and g be p-integrable functions and let o, 3 be
complex numbers. Then af + (3¢ is p-integrable and

/X(Oéerﬁg)du = oz/dequﬁ/ngu.
PROOF: Since |af + Bg| < |a||f| + |8]lg] and

[ Jat + Boldy < ol [ \fldys+ 1] [ lgldp < oo.

It suffices to show the result for real valued functions. The case of complex
values follows immediately from the previous one using that if f = u + w

then
/fd,uz/ud,u%—i/ vdp.
b's X b's
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Hence for f = u+iv, g = v + ', a = a+ib and § = d' + b’ one has
af + Bg = (au — bv) + (a'v' — V') + i(av + bu) + i(a’v" + b'u').
Now use the result for real valued functions to get

/ (af + Bg)du = / (au — bv)du +/ (a'u" — V" )dp
X X X
+ z/ (av+bu)d,u+i/ (a'v" + V'u')du
X X
= a/ udu—b/ vdp—}—a'/ u'du—b'/ v'du
X X X X
+ ia/ vdu+ib/udu+ia’/ vdu—f—z’b'/ud,u
X T X x

= (a+1b) /X(u +iv)dp + (a’ +ib') /X(Ul +iv')dp.

Assume first that « € R and f : X — Ris p-integrable. Since g™ = 1(|g|+g)
and g~ = 3(|g| — g) for any real-valued function, af = (a* —a™)(f* — f7)
and |af| = (o™ + a7 )(fT + f7) then we conclude that

(af)f =a"ff+a 7, (af)"=af +a f
These give
[ @pan = [ ottty
— / atfT+a frdu
X
= ot [ (5= fdu—an [ (FF =)
= a/X fdpu.

Let f,g: X — R be p-integrable. Then f+¢g= (f*+g")—(f"+97)
and we can apply Lemma 2.3.11 to conclude that

/X(f+g)du=/xfdu+/ngu-

Proposition 2.3.13 If f is p-integrable then | [y fdu| < [y |f|dp.
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PROOF: Assume that f: X — R, and write f = f* — f~. Then

[ gl =1 [ grdp— [ prd < [ frau [ pan= [ fld

In the general case, assume [y fdu = z € C\ {0}. Take a = % and
observe that

[ gdpl = [ gap= [ ardu= [ Rafap< [ Jafidu= [ |fidp

Theorem 2.3.14 (The Lebesgue dominated convergence theorem) Let f, :
X — C a sequence of measurable functions and f(x) = lim, f,(x) for all
x € X. If there exists g > 0 p-integrable such that |f,(z)] < g(x) for all
x € X then f is p-integrable and
lim [ 12— fldp = 0.

X

n—oo

In particular lim, .« [y fadp = [y fdp.

PROOF: Since |f| < g we have that f is p-integrable. Observe now that
|fu — f| < 2g and write h,, = 29 — |f, — f|. Using Fatou’s Lemma we have

/ 2gdp < liminf/ hndp :/ 2gdp — limsup/|fn — fldp.
X X X

This shows that limsup [ |f, — f|dx = 0. Now using Proposition 2.3.13 we
obtain that lim, . [y faudp = [ fdu. .

Corollary 2.3.15 (Bounded convergence theorem) Let (X, %, 1) be a finite
measure space. Let f, be a sequence of measurable functions such there exists
M > 0 for which |f,(x)] < M for alln € || and x € X. If lim,, f,, = f then

PRrROOF: Note that constant functions are u-integrable for finite measures .
So the result follows from the dominated convergence theorem. .

Remark 2.3.2 If u(X) = oo then sup,, |fa| < 0o and lim,,_., f,, = f do not

imply [y fdp = lim, . frdpu.
Take f, = %X(O,n)' We have that f, < 1, f, — 0 as n — oo but

Ji0,00) fndm =1 for all n € N.
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Definition 2.3.16 We define the equivalence relation [ ~ g if f = g p-
a.e. and we denote by L'(u) the set of equivalence classes of u-integrable
functions.

Let us denote ||f||1 = [x |fldu.

Proposition 2.3.17 (L'(u),||.||1) is a Banach space.

PROOF: Let us first show that L'(x) is a vector space.

This actually shows that |[f + g[|i < [|f]lx + ||g]]:-

Obviously [[af[1 = |all|f[h-

The other property to get a norm is that [y |f|dyu = 0 implies that f =0
p-a.e.

Let us show the completeness. It is equivalent to show that >0° , || fa||1 <
oo implies that the series > 02, f,, converges in L'(u).

Now using that >0 || fulli = [x 1 fnldp < 0o we get that the series

o 1 | ful < o0 is convergent p-a.e, and hence there exists A € X such that

S0 fu(z) is convergent for all = gé A.

Define f(z) = 302, fu(z) for z ¢ A and f(z ) = 0 for z € A. Observe

first that f is u-integrable, since [y |fldpu < [y 302 | fuldp < oc.
Now
hmek z)) =0,z ¢ A and
|ka z)| <2[f(z)],x ¢ A.

Therefore, from the Lebesgue dominated convergence theorem,

iy [ 1 f fhde= Jim [ 13 i~ Sl =0

Corollary 2.3.18 Simple integrable functions are dense in L'(u).

Proor: Using Proposition 2.1.13 we get that if f is pu-integrable there exists
a sequence of simple functions such that s, — f pointwise and |s,| < |f].
Now, the dominated convergence theorem gives lim,, o [x |f—5n| =0. =
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Proposition 2.3.19 Let f: X — C be p-integrable. Then

(i) (llgno/ |fldu =0, i.e. foralle > 0 thereisd > 0 such that u(E) < ¢
wWE)—0JE

implies [ |f]dp < e.
(ii) For all € > 0 there exists B € ¥ with u(B) < oo and [y\ 5 [fldp < e.

PROOF:
(i) Note that, using the dominated Lebesgue theorem, for each ¢ > 0
there exist a simple function s such that

1= sl < 2.
X 2

Now for s =37 ; a;xg, we have that

[ Ik <3 laslu(B B) < (sup_ o)

=1,..n

Hence if 6 < 5——=—— and u(E) < 0 we get that [ |f|du < e.

2sup;—1,..n |evi
(ii) Take s, simple functions such that s, converges to f and |s,| < |f]
and apply the dominated convergence theorem. Given € > 0 there is ng so
that [y |f — sn|dp < €. Take B = U™ | E; where s,, = >.I"; a;Xg,- One has
that p(B) < oo since s, is p-integrable and

[ Afldn < [ 1f = sugldu < =
X\B X\B

Definition 2.3.20 A sequence {f.} of p-integrable functions is called equi-
integrable if for every e > 0
(a) there exist 6 > 0 such that implies that

u(E) <6 =sup [ |foldu<e
neNJE
(b) and there ezists B € ¥ with u(B) < oo and
sup [ |fuldp < =
neN JX\B

Remark 2.3.3 In particular if | f,| < g for some p-integrable function g the
sequence { fn} is equi-integrable from (iii) and (iv) in 2.5.19.
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Next theorem provides a converse to the Dominated convergence theorem.

Theorem 2.3.21 (Vitali’s theorem) Let f, be a sequence of p-integrable
functions converging to f. The following are equivalent:

(i) {fn} is equi-integrable
(i) f is p-integrable and lim,, . [y |fn — f|du = 0.

ProOOF: (i) =)(ii) Given 0 < € < 1 there exist § > 0 and B € ¥ with
p(B) < oo such that

Sup/ |fuldp < e, sup/ |fnldp < € whenever u(E) < 0.
n JX\B n JE

Hence, using Fatou’s lemma, [y [f|du <liminf, [\ 5 [fuldp <e.

Therefore [y |f — fuldp < 2+ [ |f — fuldp.
Now from Egorov’s theorem (since p(B) < 0o) we can find A C B, A € &

and p(A) < 6 such that f,, converges to f uniformly in B\ A.
Putting everything together we obtain

S =fadan < [ 1F = faldu+ [ 1F = fuldp
B B\A A
< / |f — [uldp +Sup/ |f — fuldp
B\A n JA
Applying Fatou’s Lemma again and p(A) < § we can say that
S = falan< [ 1 = fuldu+ 2.
B B\A

Using that lim, sup,cp\ 4 [fn(®) — f(2)| = 0 we have |f,, — f| < Mxp\a
for some constant M > 0. So we can use the bounded convergence theorem
and get lim,, [\ 4 |f — fuldp = 0.

Finally this shows that lim,, [y |f — fa|dp = 0. This also gives that f is
p-integrable since [y |fldu < [y |f — fuldp + [x | foldp < oo after choosing
n such that [y |f — fuldu < 1.

(ii) =(i) Note that

[ dudil < [ 1= flau | [ fau

for all n € N and E € Y. Hence for each € > 0 there exists ng € N, §p > 0 for
which [y |fn — fldu < e/2 for all n > ng and | [ fdu| < /2 if u(E) < do.
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For each for k < ng, Proposition 2.3.19 provides 6 > 0 such that
| [& frdp| < e/2 if u(E) < 0. Now take 6 < min{dy, dp} to conclude part (a)
in the definition of equi-integrability.

On the other hand, from Proposition 2.3.19 again we choose By € ¥ with
1(Bo) < oo and [y\p, [fldu < /2 and By € X for 1 < k < ng such that
p(Bg) < oo and [x\p, |fk|du < e. Denote B = U2, By.. Therefore

sup | fuldp < sup / |f = foldu+e/2 <e
X\Bo X\Bg

n>ng n>ng

and
sup [ | fuldp <.
n JX\B

2.4 Exercises

Exercise 2.4.1 Let (X,Y) be a measurable space y (A,) be a sequence of
measurable sets such that U,enA, = X.

i) Gien a functions f defined on X such that f, = fxa, is measurable
with respect to the o-algebra 3, = {ENA, : E € ¥} for alln € N. Show
that f is 3- measurable.

ii) Assume A, are pairwise disjoint and let f, be ¥, -measurable functions
defined on A,. If f is defined on X in such a way that f(x) = f.(x) for
x € A,. Show that f is Y- measurable.

iii) Assume A, is increasing sequence of measurable sets and let f, be
Y., -measurable functions defined in A, and such that f,(x) = foi1(x) for
x € Ay,. If [ is defined in X such that f(z) = fu.(x) for x € A,. Show that

f 1s X-measurable.

Exercise 2.4.2 Let (X,Y) be a measurable space, S € ¥ and ¥g the o-
algebra induced over S. Let f be a map from X into a topological space
Y and let y € Y. Show that f is Y.g-measurable if and only if f given by
[ = fxs+yxx\s s X-measurable.

Exercise 2.4.3 Let (X,3) be a measurable space and let f: X — [0,00] be
Y -measurable. Show that f =>"0° chxa, for certain ¢, > 0 and A, € X.
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Exercise 2.4.4 Let (Y, 7) be a topological space and (fo)acs a family of maps
from X into Y. Show that there exists a minimum o-algebra over X such
that f, are measurable and get its description. (It is called the o-algebra
generated by (f,) and denoted o(fy : v € J).)

Exercise 2.4.5 Let (R,X) be a measurable space where ¥ = {B C R
B numerable or X\ B numerable}. Find a characterization of the X-measurable
functions f: R — R.

Exercise 2.4.6 Let (X,X) be a measurable space and f,g : X — [0,00] be
Y-measurable. Show that the set {x € X : f(z) = g(x)} belongs to 3.

Exercise 2.4.7 Show that the set of points where converge a sequence of
complex measurable functions is measurable.

Exercise 2.4.8 Let I be an open interval in R and f: I — R.
i) If f is piecewise monotone then f is measurable.
it) Assume f is derivable. Show that f' is Borel-measurable.

Exercise 2.4.9 Let (X,) be a measurable space and f: X — R™ given by
f = (f17 f27 (XY fn)

Show that f is X-measurable if and only if f; are X-measurable for all
1< <n.

Exercise 2.4.10 (i) Show that f : R — R is Lebesgue-measurable if and only
if f? is Lebesque-measurable and {z : f(x) > 0} is a Lebesgue-measurable set.
(11) Give a non-measurable function f such that f? is measurable.

Exercise 2.4.11 Let (X, X, u) a measure space, A € 3, X4 the o-algebra
induced over A and pa measure concentrated on A.

(i) Let f be X-measurable (from X into either [0, 00] or C).

Show that f is pa-integrable if and only if [,|f|dp < oo. Moreover if
E e X then [ fdua = [pna fdp.

(ii) Let f a Xs-measurable function and fo = fxa the X-measurable
extension defined on X.

Show that f is pa-integrable if and only if fo is p-integrable. Moreover if

E € Xy then [g fdpa = [gna fodp.

Exercise 2.4.12 Let (X,3) be a measurable space and let (u,) be a sequence
of measures on it. Define (E) =Y ,en tin(E).
Describe the p-integrability in terms of the p,-integrability.
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Exercise 2.4.13 Let (X,X, u) be a measure space and let ¢ : X — Y be
a map. Show that g : Y — R is ¢(u)-integrable if and only if g o ¢ is
p-integrable. Moreover

/ngcbduszgdcb(u)-

Exercise 2.4.14 Let (X,Y) a measurable space, a € X and §, the Dirac
mass concentrated in a.
(i) Describe the 0,-integrability and find the integral with respect to d,.
(i) Let u be defined over P(N) given by p =300, 27"9,.
Describe the p-integrability and the integral with respect .
Calculate [y fdu para f(n) = n.

Exercise 2.4.15 Let (X, >, 1) be a measure space and let f, : X — [0, 0]
be measurable functions. Show that

i) Jx(supkenfi)dp < Ygen [x frdp

i) If fir-fin---finn =0 for any (ji, 2, .-.Jns1) then

> /kad,u < n/X(SUPkeka)dﬂ‘

keN

What does it mean for fi, = xa,.?

Exercise 2.4.16 Let f: R" — [0,00) be Lebesque-measurable. let u be the
measure defined on M(R™) by u(A) = [, f(z)dx. Show that g : R* — C
1s p-integrable if and only if g - f 1s Lebesque integrable. In such a case,

Jgdp = [ g(x)f(x)dz.

Exercise 2.4.17 Study the p-integrability of f, calculating its integral when-
ever it does exist:
a) (Z,P(Z),v), v the counting measure and f(n) = e~ "l forn € Z.

), 1), the counting measure and f(n) = E2° for n € N.

P(Z

T(N ) n+1

)7 ( 7OO>)7N)7 d,u(x) =e¢ “dr and f = Z?LO:I NX[n—1,n)-

(R), i), dp(z) = |sen z|dz and f(z) = Lx7\(0}-

(R?), 1), = ¢(m) where ¢(t) = (e cos t,e"Msen t) and

2

S— N—
—~
(@]

E
® g

2ee
—~ N TN
)
[\
S

=
NERoE ] >

=
8
I

~
—~~
\‘CD'_‘

B([0,3]),m) and f(x) = sen TX[0,5]nQ + COS TX[0,5]nR\Q-
B([0. ™
2

NS
—
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Exercise 2.4.18 Study the mpg-integrability de f for the Lebesgue-Stieltjes
measure mg, computing its integral when possible:

a) I =(0,00), F(x)=(x— 1), f(x) =2* (o € R).

b) I =(0,1), F(z) = —[%], f(z) = 2* (« € R).

¢) I=(0,1), F(z) = Sy by o) (@), f(2) = 2.

d) I =R, F(z) = J0,00) |sen t|dt, f(x) = iXR\{O}-

) 1= (0,00), F(a) = =™, f(x) = T3 nn-1(0).

1) 1= (0,00), Fz) = log , f(x) = & “X(0.1) + & X(100), (@5 > 0).

Exercise 2.4.19 Find the following limits:

lim e "cos nxsen —dx.
n—oo fg n
. 2z 9
b) lim enx “dx.
n—oo 1

c¢) lim e na” élog xdz.

n—oo

d) g OO/ sen(
e) hm/ ‘“"(1—1— ) dz, (a>0).

n—oo 0

))dx.

131 t
lim — » —arctag —.
Pl g 2 nretes

Exercise 2.4.20 Let (X, X, u) be a measure space and f,g : X — R p—integrable
functions. Discuss whether or not the following functions are also p-integrable.
(Give conditions to get afirmative answers and also counterexamples for the
negative ones).

12, f3, arctag £, \1f1+/lal, £.9. VFg, sen(n). JIFE+ 19l o

[/1%(a € R).

Exercise 2.4.21 Let (X, %, 1) be a measure space and let f : X — [0, 00] be
pu—integrable. Show that {x € X : f(x) > 0} is a countable union of sets of
finite measure.

Exercise 2.4.22 Give an example where the inequality of Fatou’s lemma is
strict.

Exercise 2.4.23 Let ((—m, 7], B((—m,x]), m) be the Lebesque measure space
over B((—m,x]). Consider T = {z € C: |z| = 1}, B(T) and the measure
p = ¢(m) where ¢(t) = €. Show that
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(i) p is an invariant under rotations probalility measure, i.e. (u(T)=1)
and p(ANA) = p(A) for |A| = 1.

(ii) A measurable function f : T — C is p-integrable if and only if g(t) =
f(o(t)) is m-integrable. Moreover [ fdu = i T gdm.

Exercise 2.4.24 Let T be a C'-curve defined in R" and let ¢ : [a,b] — R
be a parametrization of I'. On the borelians of I' we define the measure m.,,
given by mpr = ¢(u) where p corresponds to the measure over [a,b] with
density ||¢'||, i.e. du = ||¢'||dm.

(i) Show that mr is independent of the chossen parametrization.

(i) Characterize the mr-integrability and show that for integrable func-
tions one has )

[ Fdme = [ fo@)le'@)llde

Exercise 2.4.25 Let s € C and f : (0,00) — C given by f(z) = 25 te ",

Show that f is integrable if and only if Rs > 0.

(Recall that T'(s) = [ig,00) 2° ¢ "dx).

Exercise 2.4.26 Let a,s € C and f : (0,00) — C given by f(x) = x%e™*.
(i) Find the values of a and s for f to be integrable.
Find the integral in the cases a > 0 and integrable f.
(ii) Show that if Rs > 1 then

s—1

> 1 1 T
E(s)=> :F(s)/(o,oo) el‘—ldx'

s
n=1 n

Exercise 2.4.27 Let z € C and f : (0,00) — C given by f(t) = cos zte .
Show that f is integrable for all z € C and compute its integral.

Exercise 2.4.28 Prove, justifying the computations, that
1 o
/ r dr = Z n".
0 n=1
Exercise 2.4.29 Show, using the image measure, the following well-known

change of variable result. Let X : R — R be of class C', strictly increasing
and bijective and let g : R — R be integrable. Then

L(ge X)Wt = [ g@)(X " (x))d.
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Exercise 2.4.30 Let f : X — [0,00| be measurable and let p be a finite
measure. Show that f is p-integrable if and only if Y-, p({x € X : f(z) >
n}) < oo.

Exercise 2.4.31 Let f, f,, be non-negativeintegrable functions such that
a) im f, = f a.e.
b) Tim | fudpt = [ fp
Show that lim [ |f, — f|ldu = 0.






Chapter 3

The product measure and
Fubini’s theorem

3.1 The product measure

Definition 3.1.1 Let (X, %) and (Y, X2) be measurable spaces. We define
R={Ax B: A€, B e Xy} the family of measurable rectangles and

A:{E:UZ:PA]CXBkZAkXBkGfR,(AkXBk)ﬂ(AlXBl):@,]{?%l}

the elementary sets in the product X x Y.
We denote by ¥1 ® X9 = o(A) = 0(R) the product o-algebra over X x Y.

Proposition 3.1.2 The family A is an algebra over X x Y.

PRrROOF: Of course @ € A.
Let £ € R, say E = A x B where A € ¥; and B € Y,. Note that

(X xY)\(Ax B) = (X\A)x BYU(X\ A) x (Y\B)U(Ax (Y\B)) € A.

Observe now that the intersection of two rectangles is a rectangle, since
(AxB)N(A"'x B')= (AN A’) x (BN B'), what gives that

(X % V) \ (U'_ (A x By)) = NPy (X x Y)\ (4 x By) € A.

Finally any finite union of pairwise disjoint elementary sets is elementary.

Using U, A; = U;j—1(A; \ UjZ1 B;) one concludes the result. .

57
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Proposition 3.1.3 Let n =k +1, k,l € N. Then B(R") = B(R*) ® B(R!).
PRrROOF: Recall that B(R™) = o(&) where
E={(a1,b1] X ... X (ap,by) s a; < bj,i=1,2,....,n}
and B(R*) ® B(R!) = o(R) where
R={AxB:AcBRF),BecBRY}.

Hence it suffices to see that & C B(RF) ® B(R!) and R C B(R").
Obviously € C R.
Now, given A x B € R we have

Ax B=(AxRHYN(R* x B).
We shall only see that A x R! € B(R") for all A € B(R*). Define
Y ={AcBR":AxR e BR"}.

Clearly it is a o-algebra and contains the open sets, so the proof is complete.

Definition 3.1.4 Let E be a subset of X xY, x € X andy € Y. We
call x-section (respect. y-section) of E the sets E, = {y € Y : (x,y) € E}
(repect. EY ={z € X : (z,y) € E}.)

Let f: X XY — Z be function, v € X andy € Y. We call the z-section
(respect. y-section) of f the functions f, :' Y — Z (respect. f¥: X — Z)
where f,(y) = fY(x) = f(x,y).

Proposition 3.1.5 Let Z be a topological space or Z = [0,00], E C X XY,
reX andyeY. Then

(i) if E € 31 ® X9 then E, € ¥y and EY € ¥,

(i) if f: X XY — Z is X1 ® Yg-measurable then f, is Xo-measurable
and fY is ¥1-measurable.

PrOOF: (i) Let ¥ ={F € ¥, ® ¥y : E, € ¥o}. It is clear that (U, E,), =
U(E,), and (X xY)\ E), =Y \ E,. Hence X is o-algebra.

On the other hand, if E = AxB € Rthen £, = Bforr € Aand £, = &
for z ¢ A. Hence R C . This shows that ¥ = ¥ ® .
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Similarly the case of y-sections.
To see (ii) note that, for each open set G C Z,

lyeY: fo(y) €G} = {(z,y) € X xY : f(z,9) € G})o

and apply part (i). .

Theorem 3.1.6 Let (X, X1, u) and (Y,3q,v) be finite measure spaces and
let E € X1 ® Xy. Then
(i) © — v(E,) is X1-measurable and y — p(EY) is Xg-measurable, and

(i) [x v(Ex)dp = [y p(EY)dv.
PrROOF: Case 1.- Assume F = A x B € R. Obviously

v(E,) = v(B)xa(r), p(EY)=pu(A)xsy),

and

u(AW(B) = [ v(E)dn= [ p(E)dv.

Case 2.- E = U}_; A x By, where Ay x By, are pairwise disjoint. Then

=Y v(By)xa,(z Z (Ar)xs, (Y

k=1

and

> uAB) = [ v(E)du= [ p(E)dv.

In general, define
Y ={F €%, ®%,: satisfies (i) and (ii)}.

We shall prove that > is a monotone class. Since it contains A we will have
M(A) =X =31 ® 3y and the proof will be finished.

Let {E,} be an increasing sequence in Y. Taking into account that
v((Ey),) (respect. p((E,)Y)) are increasing sequences of Yp-measurable (re-
spect. Yj-measurable) functions and converges to v((U,FE,).) (respect. to
v((UnEn)Y)) we get that U, E, verifies (i).

Using also the monotone convergence theorem we have that

lim [ V(E)du = [ v((U.E).)dp



60 Chapter 3. Product Measure

li7rln/y,u(Ey)du:/Y,LL((UnEn)y)dy.

Hence [y p((UpEn)Y)dv = [x v((UpnEr)z)dp and U, E, € 3.

Let {E,} be an decreasing sequence in 3. Taking into account that
v((Ey)z) (respect. u((E,)Y)) are decreasing sequences of ¥p-measurable (re-
spect. Yj-measurable) functions and, using that p and v are finite, converges
to v((N,Ey)z) (respect. to v((N,E,)Y)) we get that N, E,, verifies (i).

Since v((Ey)z) < v(Y) for all z € X and all n € N (respect. u((E,)Y) <
u(X) for all y € Y and all n € N), then, using the bounded convergence
theorem we have that

lim [ W(E)du = [ v((O.E).)dp

lim /Y W(EY)dy = /Y (N B )dv.

Hence [y p((NpEn)Y)dv = [x v((MpEr)z)dp and N, E, € 3. .

Corollary 3.1.7 Let (X, %y, 1) and (Y, X, v) be o-finite measure spaces and
let B € Y1 ®Xy. Then
(i) © — v(E,) is ¥1-measurable and y — p(EY) is Yo-measurable.

(ii) [y V(E.)dp = [x p(E")dv.

PrRoOOF: Write X = UX X, with X,, € ¥; for all n € N, u(X,,) < oo and
XoNXy =@ifn #n,and Y = UX_,Y, with Y,, € 3, for all m € N,
v(Yy,) <ooand Y, NY, =@ if m#m'.

Let n,m € N and define p,(A) = p(AN X,) and v,,(B) = v(BNY,,).
Since (X, X1, pin) and (Y, X, 1, are finite measure spaces, then x — v, (E;)
is 31-measurable and y — p,(EY) is 3s-measurable and also

/ v(E, NY,,)du = / p(EY N X,)dv.
Xn

m

Now v(E,) = Y00 v (E,) and p(EY) = 300 un(EY) and hence © —
v(E,) is ¥j-measurable and y — u(EY) is Yo-measurable.

Moreover

/X v(Ey)dp = i
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= ZZ/ u(EY O X,)dv

n=1m=1
oo

= Z/Y/LEyﬂX)d

Definition 3.1.8 Let (X,Xq, 1) and (Y,Xs,v) be o-finite measure spaces.
We define the measure

peu(B) = [ vB)dp= [ p(E)dv

for all E € ¥ ® Y.
Then (X X Y,%1 ® X9, u @ v) is a o-finite measure space.

Remark 3.1.1 p®v(A x B) = u(A)v(B) for all A € ¥ and B € ¥s.
Remark 3.1.2 Let E € ¥ ® X5. Then

/XxYXE(x’y)dN@V_/ /XEde dp() / /XEvdM dv(y).

Remark 3.1.3 The o-finiteness is necessary for the iterated integrals to co-
incide.

Indeed, let X =Y =1[0,1], p = m be the Lebesque measure and let v be
the counting measure. Take E = {(x,x) : 0 <z < 1}. Note that E, = {x}
and EY = {y}, and hence v(E,) = 1 and pw(EY) = 0, for all z,y € [0,1].
Therefore 1 = [y v(Ey)du # [y w(EY)dv = 0.

Definition 3.1.9 In the case X =Y = R, ¥; = ¥y = B(R) and p =
v = m the Lebesque measure on B(R), we define the Lebesque measure on
B(R) ® B(R) = B(R?) as the product measure m @ m and it is denoted ms.

Inductively m,, = m @ m,,_1 is defined on B(R™) for all n € N. It follows
from the unicity of the Hahn theorem that m, = my ® my for any n =k + (.

Remark 3.1.4 The space (R?, B(R?), my) is a o-finite not complete measure
space.

Indeed, let E and C' be the Vitali and the Cantor sets in [0, 1] respectively.
Then E x C ¢ B(R?) (due to the fact (E x C)Y = E for anyy € C) but
E x C c|0,1] x C and m»([0,1] x C') = 0.
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Definition 3.1.10 We denote by (R?, M(R?),my) the complection of the
space (R?, B(R?),my) and it is called the Lebesque measure space in R2.
Similarly (R™, M(R™), m,,) for all n € N.

Remark 3.1.5 Due to the fact that m @ m is not complete in M(R) @ M(R)
(see Remark 3.1.4) then M(R) @ M(R) # M(R?).

Theorem 3.1.11 Let T : R" — R"™ be a linear transformation and A €
M(R™). Then T(A) € M(R") and m,(T(A)) = |det(T)|m,(A).

PRrROOF: Case 1: T is a bijection and that A € B(R").

Note that, since [|T'(z) — T(y)|| < ||T||||x — y||, one get the continuity.
Define now ¥ = {A € B(R") : T(A) € B(R")}. Clearly it is a o-algebra
which contains the open sets. Hence ¥ = B(R").

On the other hand u(A) = m,(T(A)) defines a measure on B(R™) such
that p((ay,b1] X ... X (an, b)) = mu(T((a1,b1] X ... X (an, by]))

Note that (aq,b1] X ... X (an, by] = (a1, ..., , an)+(0,b1 —aq] X ... x (0, b, —ay).
Hence its measure equals m,,(T((0,b; — a1] x ... x (0,b, — a,])).

Since T' is continuous we may assume that b; —a; € Q for ¢ = 1,....n.
Standard arguments show that m,,(T'((0,b; —a;] X ... X (0,b, —a,])) = (by —
ar)...(by, — an)my, (T((0,1] x ... x (0,1])).

Hence we simply need to see that if @), = (0, 1] x ... x (0, 1] then

M (T(Qn)) = [det(T)]. (3.1)

Any automorphism in R"” can be decomposed into products of automor-
phisms of the following types:

(i) (T'(e1), ..., T(ey)) is a permutation of (eq, ..., e,),

(i1)T'(e1) = awey and T'(e;) = e; for i = 2, ...,n, or

(iii) T(e1) = e1 + €2 and T'(e;) = ¢; for i = 2, ..., n.

Hence it suffices to show (3.1) for these cases.

In the first one T'(Q,,) = @, and det(T) = %1, in the second case T(Q,,) =
0,a) X @Q,_1 and det(T) = « and in the third case T(Q,) = {(z1,71 +
T, X3, ..., Ty) 1 0 < x; < 1} and det(T') = 1. Since T(Q,) = As X Q,—2 where
clearly ma(Ay) = 1 we get the result.

Case 2: T is not bijection and A € B(R").

The image T'(A) would lie in a proper subspace. Hence the result follows
by showing that any subspace has measure zero. Actually, due to the previous
case, by composing with automorphims we may assume that T'(A4) C {x €
R" : z; =0} = {0} x R""! which is clearly of measure zero.
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Case 3: A € M(R"). Now the measure u and |det(T)|m, are o-finite
measures such that coincide on the generating family and then coincide on
B(R™). Now their complections must coincide and the result extends then
to Lebesgue measurable sets. .

3.2 Fubini theorem

Theorem 3.2.1 Let (X, %, p) and (Y, X2, v) be o-finite measure spaces and
let f: X xY — [0,00] be ¥y ® Xo-measurable. Then
(i) © — [y fedv is Xq-measurable and y — [y fYdu is Xo-measurable.

(i) [xuy fdp @ v = [x(Jy fodv)dp = [y ([x fYdu)dv.

ProOF: For f = xg this coincides with Corollary 3.1.7.

For simple functions f = >0, a;xp, we have f, = Y%, a;v((F;),) and
fv =" a;u((E;)Y). Hence fY and f, are ¥; and YXy-measurable respec-
tively. Moreover

d = i E;
| fduov =3 apev(E)

i=1

iilai/XV((Ei)m)d,u: /X(/Y fedv)dpu
o e = [,

For a general ¥; ® Yp-measurable function f : X x Y — [0,00], take
a sequence of simple functions s, which increases to f. For each x € X
and y € Y we have that (s,), and (s,)? are ¥y and ¥;-measurable simple
functions which increase to f, and fY respectively. To obtain (i) and (ii) we
simply need to apply the monotone convergence theorem several times.

Note that [y (s,).dv and [y (s,)?du increase to [y f.dv and [y fYdu re-
spectively. Hence x — [, f.dv and y — [y fYdu are 3 and X -measurable
respectively. Moreover

hm/ / )edv)dp = / /fxdu du,
hm/ / Sp)Ydp)dy = /Y(/X fYdu)dv,

coincides with

and
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which both coincide with

lim Spdp @ v = / fdp @ v.
XxY

n JXxY

Theorem 3.2.2 (Fubini theorem) Let (X, %, 1) and (Y,35,v) be o-finite
measure spaces and let f: X XY — C be u ® v-integrable. Then

(i) fu is v-integrable u-a.e. and fY is p-integrable v-a.e.

(ii) x — [y fodv is p-integrable and y — [y fYdu is v-integrable.

(i) [xyxy fadp@v = [x(Jy fodv)dp = [y ([x fYdp)dv.

PROOF: Assume first that f : X x Y — [0,00) is u ® v-integrable. We can
apply Theorem 3.2.1 and get

S v = [, fetwyin = (] fran)av < o

Hence [y fodv < oo p-a.e. and [y fYdu < oo v-a.e. and z — [y f.dv and
y — [x fYdp are p and v-integrable respectively.

The general case follows from the previous one applied to the decomposi-
ton f=u" —u" +iwt —iv. .

Corollary 3.2.3 Let (X, %y, 1) and (Y, X, v) be o-finite measure spaces and
let f: X xY — C be X1 ® Xg-measurable.
If [v(fy |f(z,y)|dv(y))du(z) < oo then f is p @ v-integrable and

/Xfodu@)V:/X(/Yfzdy)d'u:/y(/xfydﬂ)d’/-

PROOF: Apply Theorem 3.2.1 to the function |f| to get that it is p ® v-
integrable and then apply Theorem 3.2.2. .

3.3 Applications

Definition 3.3.1 Let n € N, n > 2, and denote ||z|| = /23 + .22, the
open unit ball by B, = {u € R" : ||u|| < 1} and the unit sphere by S,,—1 =
{u e R": ||ul]| = 1}.



3.3. Applications 65

Clearly any x # 0,2 € R™ can be decomposed as x = ru where r = ||z|| >
0 and u = x/||z|| € Sp—1, what allows us to say that R"\ {0} = (0, 00) X S,,_1.

Let us denote by w : B, \ {0} — S,_1 the continuous projection defined
by m(x) = Hil

We denote by (Sp—1,B(Syn-1),0n_1) the measure space defined by the im-
age measure of n-times the Lebesque measure on the B(B, \ {0}), that is
On-1(A) = nmy,(A) where A= {ru:0<r<1ue A}

Theorem 3.3.2 (Integration in polar coordinates) Let n € N, n > 2 and let
f:R" — [0, 00] be Borel measurable.

Then the Lebesgue measure space (R™\ {0}, B(R™\ {0}),m,) coincides
with ((0,00) X S,_1,B((0,00)) @ B(S,_1), 7" 'dr ® o,_1) and

/ x)dmy,(z / / (rw)do,_y (u))r"dr.
n 0,00) JSp— 1

PROOF: To see the coincidence between B((0,00)) ® B(S,—1) and B(R™ \
{0}) it suffices to show that rectangles A x S,,_1 and (0,00) x B belong to
B(R™\ {0}) for A € B((0,00)) and B € B(S,,—1), and that for any open set
G C R” one has that G\ {0} € B((0,00)) @ B(Sp—1) -

Since R™\ {0} is homoeomorphic to (0, 00) X S, then any G C R™ open
is a product of to open sets and hence belongs to B((0,00)) ® B(S,_1). On
the other hand, defining

Y1 ={AeB((0,0): Ax S,_1 € BR"\ {0})},
¥ ={B € B(S, 1):(0,00) x Be BR"\{0})},

we have og-algebras containing the open sets, so ¥; = B((0,00) and 5 =
B(Sp_1).

To see that m,, = ™ 'dr ® do,_; it suffices to see that both measures
coincide on rectangles [r1,r2) X B where B is open in S,,_; (due to the fact
that both are o-finite and they would coincide on A) and the extension to
the o(A) is unique.

Given [ry,75) X B € (0,00) X S,,_1 one gets (ry,r3) X B = 7"21%\7’13 and
then

A

mn([r1,m2) X B) = (ry —r])m,(B)
= (/ r"Ydr)o,_,(B)

T1

= " dr @ do,_1([r1,72) x B).
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Since both measures coincide then for simple functions f = >, a;x g,
we have

dm, = / dm,,
/R”f m R"\{O}f "
= Z@i/ xEdm,

i=1 R™\{0}

= gai /Ooo 7"”1(/5711 XE, (ru)do, 1 (u))dr
= /OOO rnl(/snl flru)do,—1(u))dr

The standard argument using the monotone convergence theorem gives
the general case. .

Corollary 3.3.3 Let ¢ : [0,00) — [0,00] be a measurable function and f :
R"™ — [0, 00| be the radial function f(x) = ¢(||x|]). Then

/ fdm, = nv, /OO o(r)r"tdr
R" 0
where v, = m,(By,).

PrOOF: Applying the previous theorem we get

/Rn fdm, = /OOO prl /Sn_l f(ru)do,, = nm(B,) /OOO o(r)r"tdr

Proposition 3.3.4 I'(1) = [, e Pdmy(t) = /7

PROOF: Note that I'(1/2) = [t /2e~tdt = 2 [° e~ dt. Using Fubini we
have

(/R e Pdmy(t)? = /R e 1 g ()
= 2 —*d
v2/0 re T

o0
= 112/ e 'dr=uvy =
0
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Proposition 3.3.5 Let n € N. Then v, = 1“(%:-21)
2

PROOF: Write

B,={r e R": ||z|| < 1} = {(t,2)) € RxR" ' : ||/|| < 1,]t| < /1 — ||2/|]2}.

Hence

o= [ (e R < T[] ()
= [y 2Vl ()
= (n—1)v, /01 r"22V/1 — r2dr
= (n—1)v, /01 "7 /1 — tdt

n—1 §

= (= DB )
A A b L)
= (n 1)Un_1 P(% i 1)

Applying this formula again one gets
Lzre)

2 2

o+ 1) =(n—-1)(n—-2)v,_2

vy = (n— v,

Since I'(p + 1) = pI'(p) we obtain

which, for £ = n — 1 and using Proposition 3.3.4 gives v,, = F(%fl)
2

Definition 3.3.6 Let (X, X, ) be a o-finite measure space. Given a mea-
surable function f : X — [0,00] we define the distribution function of f by

Ap(t) = p({z € X : f(z) > t}).
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Theorem 3.3.7 Let ¢ : RY — R* be a derivable function with $(0) = 0 and
¢(t)>0. If f: X — [0,00] is a measurable function then

J ot @Ndute) = [ 9 OA (b,

PrOOF: Consider the function F(z,t) = f(x) — ¢ defined on X x (0,00). It
is measurable with respect to the product o-algebra. Consider the density
measure v(E) = [ ¢'(t)dm(t) on B((0,00)). Then

pov{(x1): Flz,t)>0)) = /Xu({t:f(a:) >t > 0V)du
- /(0700) n({f(x) > t})dv

Jootr@nte) = [([ - d@aman= [~y 00 @

Corollary 3.3.8 Let (X, X, 1) be a o-finite measure space, 1 < p < oo and
f measurable. Then [y |fIPdu = [5° ptP~ s (t)dt.

3.4 Exercises

Exercise 3.4.1 Let X, Y be non empty sets, and let M C P(X) y R C P(Y)
such that X e M y Y € R. Show that c(M x R) = c(M) ® o(R).

Exercise 3.4.2 Let (X, %1, p) and (Y, 2o, ) be o-finite measure spaces. De-
note by X eY their complections and by XY the completion of X @Y with
respect the product measure. Does it hold that X®Y =X&Y.?

Exercise 3.4.3 Let (X, %1, 1) and (Y, 35, v) be o-finite complet meausure
spaces and let (X ® Y, X1Q%,, u®v) be the complection of (X x YV, ®
Yo, n@v).

Show that if A € ¥,0%, and p@v(A) = 0,then v(A,) = 0 p-a. e. and
n(A,) =0 v—a.e.

Deduce then that Fubini’s theorem holds true for non negative 3@ D,-
measurable functions or for S ® 22-integrable functions.
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Exercise 3.4.4 (Integration by parts) Let p be a o-finite Borel measure on
[a,b] for —oo < a < b < oco. Given p-integrable functions f, g, we define, for
T > a,

Flz)= [ fdu,  Gx)=[ gdp.

[a,x] (a,x]

Show that , if we write F'(a~) =0, then

Juy [@C@)uta) = FOGO) = || Fla )gla)du(o)

[a,b]

Exercise 3.4.5 Let (X,X, u) be o-finite measure space and f : X — [0, 00|
be a measurable function. For E C Y we define

R(f,E)={(x,y) € ExRXR: 0<y< f(x)}

and F(y) = p{z € E: f(x) > y}) , y > 0 (called the distribution function
f over E).
Show that, for the Lebesgue measure m over R, we have

[ fdn= (@ m)(R(E) = [ Fypdm(y)

and for 0 < p < oo one has
/ frdp = /ooptple(t)dm(t).
X 0

Exercise 3.4.6 Let (X,%, u) be o-finite measure space, I = (a,00) where
—o00 <a< oo and f: X — I measurable with distribution function F.
(i) Let ¢ : I — R be C' non decreasing function with ¢(a™) = 0. Then

/X<b(f)du=/ooo ¢ (t)F(t)dt.

(i) Let ¢ : I — R be a non decreasing continuous function such that
#(a™) =0. Then

[ odi= [ F(t)dm(e).

Exercise 3.4.7 Let (N, P(N),v) be the measure space for the counting mea-
sure v. Let (X,%, 1) be a measure space. Define, for E € ¥ ® P(N), the
measure

wS(E) =3 u(E,).

n=1
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Show that f defined from N x X into [0,00] (or into C) is measurable if
and only if the sections f, are YX-measurables for all n € N.

Show that f is pu ® v-integrable if and only if the series >0 [ | fuldp is
convergent. In such a case

[, Fdwey) Z/fndu /andﬂ

Exercise 3.4.8 Let f,g : [0,7/2] — R be given by f(z) = 5 and g(z) =
sin?(x).

(i) Describe pn = f(m) and v = g(m).

(ii) Compute p @ v({(x,y) € R* : y < 42%}).

Exercise 3.4.9 Let f : R¥ x N — R be given by
F(@,y) = neiX e mya)<2y-

Let 11 be a measure over N such that p({n}) = 5. Find the values of 3
for f to be my, ® p-integrable, where my, is the Lebesque measure over RF. For
such values calculate the integral [gr. fdmy @ p.

Exercise 3.4.10 Study the integrability on R? the following functions:
(i) f(z,y) = wx[om)x[o,a] (x,y) for a> 0.

(i) f(x,y) = iy

(iii) f(xay) 2(z 2+22§1(n22$;2+m2)XR2 {(0, 0)}(27,3}).

(iv)f (x,y) = xz(m2+g§)s(;’;?y2+m2) Xe2\((0.0)) (%, y) for m > 0.
Exercise 3.4.11 Let X =Y = N and u the counting measure. Study the
p @ p-integrability of f =322 = 27")X{mn)} — 2on(—2 4+ 27")X{(n+1,0)}-

sen(HzH) 1

Exercise 3.4.12 Let f: RF\ {0} — R be given by f(x) = IE=EDE

Show that it does not exist [{,<1y f(x)dx but it does exist the principal
value imeo [ <|z<1y f(z)dz. Compute such a value.

Exercise 3.4.13 Find the values of « for the following functions to ve inte-
grable and compute the value of their integrals.

- dx
() e TtieTpy
(”)f{||x\|<r} HiUHadl’
k+1,.2
11 i i matn e VA dx.
(ii1) f{||a;|\<1}

[l

)
(i0) [apy<ry 2t da.
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Exercise 3.4.14 Find out the integrals I, = [p |v1..2|dmy(z) and J), =
Js,, lur..ug|doy_1(u), where By, is the closed unit ball of R* and Sj_q the
sphere ||z|| = 1.

Exercise 3.4.15 Compute the integral [,(8 + aqyz1 + ... + agzy)dmy, where
A={zeRr:|lz—a|l|<r},ae R a;,€R yr>0.

Exercise 3.4.16 Find out in terms of the I' function the value of the integral
k
Jrr ate i ¥ D dmy () for a; >0 andn € N .

Exercise 3.4.17 Compute the Lebesgue measure of the set A, = {x € R":

Use it to show that [i, o1, n e~ (@it tzn)? g — T/241)

n!
Exercise 3.4.18 Compute the Lebesgue measure of the following sets.
(i) Ay ={z € R" : 3%, |x;] < 1}
(i)B, = {x € R" : 3%, |z;* < 1}.
(111)C,, = {x € R" : max|z;| < 1}.
(w) D, ={z e R" : |zj| + |z,| < a,j=1,2,..,n — 1} fora>0.

Exercise 3.4.19 Compute the measure of the following sets:

(i) A={(z,y,2,u): (w+y)° + (z+u)’ <Lz —yl+ |z —ul <1}

(i) B = {z = (a',27) € R*7 : [|/|| < 1, [|2"]|||2"]] < 1}.

(1i) A= { v+ ...+ v, : 0< N, < 1,5 =1,2,...,n}, where vy, ..., v,
are linearly independent vectors in R™.

(w) B={r € R":a; <zw; < f;,j=12,..,n} where vy,...,v, are
linearly independent vectors in R™ and x.v denotes the scalar product and
a; < B; for all j.






Chapter 4

The Radon-Nikodym Theorem

4.1 Complex and real measures.

Let us start with the following result to motivate the next definitions.

Proposition 4.1.1 Let (X,X%,u) be a measure space and f : X — C be
p-integrable.

Then v(E) = [ fdu for E € ¥ defines a complez-valued set function on
> with the following properties:

(i) V(U2 Ey) = >0 v(Ey) for any sequence {E,} of pairwise disjoint
measurable sets.

(i) If u(E) =0 then v(E) = 0.

(m) hm I/( ) =0, i.e. for alle > 0 there is § > 0 such that p(F) < §

implies | ( )| <e.

ProoF: (i) Let {E,} be a sequence of pairwise disjoint measurable sets.
Let us write fxugp, = Yoo fXE, = lim, >0, fXE,. We have that g, =

Yot fxe, = fxur_ B and |gu| = i [fIxe, = |flxup_ B, Since [gn| <
|f|, the dominated convergence theorem implies that

(UnenEn) / fxue,dp = Z/ fxe,dp = Z v(Ey).

(ii) It is obvious.
(iii) Given € > 0 take a simple function s such that [ |f — s|du < 5.

73
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Now for s =37 ; a;xg, we have that

| [ sl < 3 ludn(E E) < sup Joul)a(E)

i=1 z:l,...n

Hence if 6 < 5——=—— and u(E) < 0 we get that | [ fdu| < e.

28Up;—1,. ., |l

Definition 4.1.2 Let (X,Y) be a measurable space. A complex measure is a
set function p : ¥ — C such that for any sequence {E,} of pairwise disjoint
sets i X

WU B = 3 ().

Remark 4.1.1 (i) Observe that the convergence of the series Yoo | u(FEy)
for any complex measure p and any sequence {E,} of pairwise disjoint sets
i X is unconditional, since any permutation converges to the same sum.

(ii) The condition (@) = 0 follows from the definition.

(i5i) If (X, 3, 1) is a measure space and f : X — C is p-integrable then
Proposition 4.1.1 shows that v(E) = [ fdu is a complex measure.

Actually there exists i a non negative measure such that [v(E)| < pq(E)
for all E € . It suffices to take pi1(E) = [z | fldp.

Let us see first that this last remark holds true for any complex measure,
that is there exists always a non negative measure A such that |u(E)| < A(E)
for all £ € 3.

Definition 4.1.3 Let u : ¥ — C be a compler measure and E € ¥, we
define the variation of u on E, as

[l (B) = sup{}_ [1(En)| : E = Uyl By, En € 5, By N Eyy = @ for n # m}.
n=1

Remark 4.1.2 If p is a complex measure, A C B and A, B € % then
|l(A) < |ul(B).

Theorem 4.1.4 Let i : % — C be a complex measure. Then

(i) (X, %, |n]) is a measure space.

(i) If X is a non-negative measure such that |u(E)| < M(E) for all E € X
then |p| < A
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PROOF: (i) Let us see first that |u| is a non-negative measure. Of course
|| (&) = 0 since u(@) = 0.

Let {A,,} be a sequence of pairwise disjoint sets in ¥ and A = U°_, A,,.
Assume now that A = U | E,, where {E,} are pairwise disjoint sets in X.
Note that E, = Uy _E, N A, and A,, = U E, N A,,. Therefore

i WEN < 53 |u(B 0 Al

n=1m=1

= ZZ (E,NA)

2_:1 |u|(A

IN

This shows that |u|(A) < 00 |p](An)-

Let us now see the converse. We may assume |u|(A) < oo and then, from
Remark 4.1.2, |p|(Ag) < oo for all k.

Given k € N and € > 0 there exist £, € X pairwise disjoint such that
Ay = Up2 By and [pf(Ar) < 202 [(Enr)| + /2%

T herefore7 since Uy, 1 B, = A, we have

kimwm S5 Inl nk|+26/2’“<mr (4) +

k=1n=1

(i) Observe that for any partition £ = U, E,, we have

i_ojl [W(En)| < 2 ANE,) = \(E).

Hence |p|(F) < ME). .

Lemma 4.1.5 Let vy, 15 be compler measures and oy, a0 € C and E € X.
Then aqvy + asvy 18 a complex measure. Moreover

a4 o[ (B) < aa[[n|(E) + |azl[va| (E).

Proposition 4.1.6 Let (X,X%,u) be a measure space and f : X — C be
p-integrable and v(E) = [p fdu. Then |v|(E) = [g|fldp for all E € X.
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PROOF: From Theorem 4.1.4 we have |v|(E) < [g|f|du for all E € X.
Assume now that s is a simple p-integrable function, say s = > | a; x4, and
denote v4(E) = [z sdp.

Therefore for £ € ¥, choosing the partition, £ = U [ (ENA;) U (EN
(X \ UL 4y), we get

> 1A N E)| = X loulin(As 1 B) = [ Jsldu < [ws(B).
i=1 i=1

In general, given € > 0 take a p-integrable simple function s so that
Jx |f — sldu < €/2. Now for any F € ¥,

VI(E) < v = vl(E) + vl (E)
< [ 15 = sldpt [ Jsldp
E E
< [0 =sldu+ [ Is = fldu+ [ |flap
X E E
< et [ |flan
E
This concludes the result. "

Lemma 4.1.7 Let 21, 2, ..., 2z, € C. There exists S C {1,2,...,n} such that

1 n n
= MCTESD SENED SIEN!
k=1 k=1

keS

PROOF: Let 2z, = |z|e?. For each § € [—m, ) define S(0) = {k €
{1,2,...,n} : cos(0 — 0) > 0} and f(0) = X p_; |zx|cos™ (0 — 6).

Cleatly f(0) = Ykes) |21|cos(Ok — 0) = R(Xkes) € 21)-

Hence f(0) < |Zres) €2l = | Lresio) 2

Integrating over [—m, ) we have

™

/” J0)d0 = 3 |al [ cos™ (6, — 0)db

- k=1 -
= S lal [ cost(6)do
k=1 -

k=1
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On the other hand, since f is continuous, say that « is a point where it
attains the maximum, we have

| 1O <2nf@) =27 ¥ xl,

keS(a)

which concludes the proof. .

Lemma 4.1.8 Let i1 be a complex measure. If |u|(E) = oo there exist A, B €
Y such that AU B = E with |u|(A) = oo and |u(B)| > 1.

PrOOF: There exists {E,,} such that F' = U, E, with >, |u(E,)| = co. Let
N € N be such that

Zlu n)| > w1+ [p(E)]).

Applying Lemma 4.1.7 to z;, = p(FEy) one can take A = UpegFEy and B =
E\ A.

Hence

A)l = IkZSu(Ek)I > — kZIM Ep)| > 1+ [u(E)|.

Also |u(B)| > [(E) — p(A)] > 1.

Now, since |u| is a measure, then |u|(A) = oo or |u|(B) = . .

Theorem 4.1.9 If i is a complex measure then |u|(X) < oco.

ProoF: If |u|(X) = oo then, applying consecutively Lemma 4.1.8, we can
find a sequence of pairwise disjoint sets E, € ¥ with |u(E,)| > 1. Hence
E =U,E, € ¥ and u(E) =X, n(E,) but the series can not converge since
p(E,) does not converges to zero. .

Given a p-integrable function f : X — R we have that v(F) = [ fdu
can be decomposed as v = vt — v~ where v (E) = [ fTdu and v~ (E) =
[ /- dp.

We shall see that this decomposition is actually true for any real measure.
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Definition 4.1.10 A complex measure p such that u(E) CR for all E € ¥

is called a real measure. For such a measure p we define pt = ‘“‘% and

ut = MT_“ Both are non-negative finite measures and
p=p" —p and |p| = pt —p

Proposition 4.1.11 Let (X, X, u) be a measure space and let f: X — R be
a p-integrable function. If v(E) = [p fdu for all E € ¥ then

v HE) = [ frdu, v (B) = [ fdp.
E E
Proor: This follows from Proposition 4.1.6. .

Theorem 4.1.12 (Jordan decomposition theorem) Let jn : ¥ — C be a func-
tion set. Then u is a complex measure if and only if there exist {u;}i_, finite
non-negative measures such that p = pq — po + 13 — tpg.

Theorem 4.1.13 Let i be a real measure and E € 3. Then
pt(E) =sup{u(F): FC E,F €%},
p (E)=—inf{u(F): F C E,F € X}.
PROOF: Since v = —p verifies that v = = and
sup{v(F): FCE,FeX}=—imf{u(F): FCE,F X},

it suffices to see the part corresponding to u™.
Let FeXand F C E, u(F) < p™(F) < ut(F). Hence

pt(E) > sup{u(F): FC E,F € ¥},

Given € > 0 there exists {A,,} pairwise disjoint such that £ = U,A,, and

u[(E) < 0% [n(An)] +e.
Write S = {n : u(A4,) > 0}, F' = UpesAy, and G = UyggA,. Of course
EF=FUG and FNG = @. Observe that

WI(E) < Y 1A +2 = ¥ u(A) = ¥ p(An) + 2 = u(F) = (@) +<.
n=1 nes né¢s

Since p(E) = pu(F) + u(G) we get that ut(F) < u(F) + &, what finishes
the proof. .
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Lemma 4.1.14 Let pu be a real measure and E € .. Then there exists F' € X
and F C E such that u*(E) = u(F).

PrOOF: Take F, € ¥ with F,, C E such that g™ (E) > pu(F,) > p™(E) — 5.
Define F' = limsup F,, = Np2, U2, Fj, C E.
Of course u(F) < ut(E), p(F) = lim,_ p(Us2,, Fy) and

o0

(B2, F) = p(Fn) + 3 p(Fon \ UZg Fgj).-
k=1
Now observe that
1
“garr T () < p(Fa)

= p(Fotr \ U;?;(%Fnﬂ‘) + M(Uf;oanﬂ')
< (P \ U2 Fayg) + 1 (E)

Therefore — 5t < p(Fppp \ Uf;éFnJrj) and then

N 1 &1 1
(U, Fr) > u(E™) — on 2 otk u(E) — on1
The proof is completed by taking limits. .

Theorem 4.1.15 (Hahn decomposition theorem) Let p be a real measure.
There exist A,B € ¥ with X = AU B, AN B = & such that u(E) > 0 for
all EC Aand u(E) <0 for all E C B.

PROOF: Let us apply Lemma 4.1.14 for £ = X and find A € ¥ such that

pt(X) = u(A). Write B= X\ A.
If £ C A then

u(A) = p(E) + p(A\ B) < u(E) + p(X) = p(E) + p(A).

This shows that u(E) > 0 for all £ C A.
On the other hand, if &' C B,

u(A) = p"(X) = p(AU E) = p(A) + u(E).

This shows that p(E) <0 for all E C B. .
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4.2 The theorem and its proof.

In this chapter we want to find out conditions on two measures p and v on
a o-algebra ¥ to get that v has a density with respect to p, i.e. v(F) = [ fdu
for all F' € ¥ and some non-negative measurable function f.

Definition 4.2.1 Given two measures . and v on a measurable space (X, X)
we say that v is absolutely continuous with respect to p (or p-continuous ),
to be denoted v << p if w(E) = 0 implies v(E) = 0.

If p is a measure and v is a complex measure we also say that v is -
continuous if v(E) =0 for all E € ¥ such that p(E) = 0.

Theorem 4.2.2 Let p and v be measures with v(X) < co. Then v <<
if and only if lim,g)—o V(E) = 0, i.e. for any € > 0 there exists § > 0 such
that if W(E) < 6 then v(E) < e.

PROOF: Assume that there exists ¢ > 0 and FE,, € ¥ so that u(E,) < 1/2"
but v(E,) > e.

Take £ = limsup F,,. Let us see that u(E) =0 and v(E) > ¢.

Since v(X) < oo and U2, Ey is decreasing then

v(E) =lmv(UZ, Ey) > €.

On the other hand p(Us2, Ex) < 352, u(Ex) < 1/2™. Hence u(E) < 1/2"
for all n, and then p(F) = 0. .

Remark 4.2.1 The finiteness of v is necessary.
Consider i the Lebesque measure on [0,1] and v(E) = [ +dm(t). Clearly
E,, =[0,1/n] verifies that u(E,) converges to 0, but v(E,) = oo for all n.

Theorem 4.2.3 Let (X,%, ) and (X, X, v) be finite spaces. Then v <<
if and only if there exists a p-integrable function f (and p-a.e. unique) such
that v(E) = [ fdu for all E € 3.

PROOF: Let us see first the uniqueness. Assume that there are f, g mea-

surables and non-negative such that [ fdu = [z gdu for all E € ¥. Then

Jg(f —g)du=0forall E € ¥ and f — g is p-integrable. Hence f = g p-a.e.
To see the existence let us consider

G ={g: X — [0, 00] measurable : / gdp <v(E),E € X}.
E
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Define A = {[y gdu : g € G}. Clearly is a non-empty set bounded by v(X).
Put M = supA and select g, € G such that [y g,du > M —1/n.

Note first that f, = max{gi, g2, ...,gn} € G. By induction, assume that
fno1 € G and since f,, = max{g,, fn_1} we have

E En{fn-1>gn} En{fn—1<gn}
S V(Em{fnfl zgn}>+l/<Em{fnfl zgn}) :V(E>

Define now f = sup,, f,. Using the monotone convergent theorem we get
that [ fdu = lim,, [5 fndp < v(E). This proves that f € G.

Since M — 1/n < [y gndp < [y fodu < [y fdu < M for all n € N, we
obtain M = [ fdpu.

Our aim is to show that [, fdu = v(F) for all E € ¥. Since v(E)— [y fdu
is a non-negative measure, it suffices to see that v(X) = M.

Assume that v(X) > M. Using that pu(X) < oo we get € > 0 so that
v(X) > [¢(f +¢e)du. Define now a(E) = v(E) — [g(f + €)du. We have that
« is a real measure. Consider A, B the Hahn decomposition of the measure
a. Therefore v(E) > [p(f + &)du, for E C A and v(E) < [p(f + &)du for
E cC B.

Define g = fxp + (f +¢€)xa. We have that g € G. Indeed,

/Egdu:/Emed,ujL/EmA(f—{—s)dugu(EﬂB)—{—y(EﬂA):I/(E).

This gives that [y gdu = [y fdp +epu(A) < M. Hence u(A) = 0 and, using
that v << p, we have that ¥(A) = 0 which implies & < 0. This leads to a
contradiction because v(X) < [y (f + €)dp. .

Remark 4.2.2 The Radon-Nikodym theorem does not hold without assump-
tions on the measures |1 and v.

Take  the counting measure on [0, 1] and v the Lebesque measure on [0, 1].
Since there are no p-null sets besides & we have v << u, but m(F) = [ fdu
for all E € B([0,1]) leads to f(z) = [,y fdp=m({x}) =0 for all x € [0,1].

Theorem 4.2.4 Let (X,%, u) and (X, X, v) be o-finite spaces. Thenv <<
if and only if there exists a measurable function f: X — [0,00| (and p-a.e.
unique) such that v(E) = [p fdu for all E € ¥.
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Proor: Let us write X = U,,X,, = U,Y, where X,, € X are pairwise
disjoint and Y;, € ¥ are pairwise disjoint, u(X,,) < oo and u(Y,) < oo for
all n,m € N. Hence if X,,,, = X,, NY,, we have X = U, m)en2 Xy,m Where
(X m) < 00 and v(X,,,,) < oo.

For fixed n,m € N we can consider (X, X, i) and (X, X, vy,,) where
pmn(E) = w(ENXpp) and vy, o (E) = v(ENX,,,) for all E € ¥. Note that
Vnm << nm because p(E N X,,,) = 0 implies v(E N X,,,) = 0. We can
then apply Theorem 4.2.3 to get f,,,, such that, for all £ € X,

V<E N Xn,m) = / fn,md,un,m-
E
Define f = > ¢, myen2 fnmXX,,- It is measurable and

]/(E) = Z V(EﬂXmm)

(n,m)EN?

= > /fnmdunm

(n,m)eN?

= / Z JnmXXp mdpt

(n,m)eN2

= /Efdu.

The uniqueness follows from the fact that f = ¢g p-ae. in X, ,, for all
(n,m) € N* and hence f = g p-a.e. .

Theorem 4.2.5 Let (X, 3, ) be a o-finite space and (X, X, v) any measure
space. Then v << p if and only if there exists a measurable function f :
X — [0,00] (and p-a.e. unique) such that v(E) = [p fdu for all E € X.

PROOF: We may assume that there is Ey € 3 such that v(Ey) < oo, other-
wise f = oo. We first deal with u(X) < co. Define

C={FeX:v:¥Xg—|[0,00]| o-finite},

where Xp = {ENA: A€ X} Observe that C # & since Ej € C.
Let S = sup{u(F) : E € C}. Note that S < p(X). Take E, € C with
lim, u(E,) = S. Consider X; = U, FE,. Clearly X; € €, hence u(X;) = S
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since p(E,) < p(X;) < S for all n € N. Using Theorem 4.2.4 there exists
f1: X1 — [0, 00] measurable with respect ¥ x, such that

V(AN X)) :/ fidu
ANXy

for all A € .
Let us define f(z) = fi(z) for z € X; and f(z) = oo for x € X \ X;. We

have that f is »-measurable and
W(E) = / Fidu + v(E N (X \ X))
ENXy

Now if w(EN (X \ X1)) > 0 then v(EN (X \ X1)) = 00 = [ fdu, since
v(EN (X \ X1)) < oo implies that Xo = X3 UEN (X \ X;) € € and
n(Xz) > S.

On the other hand if u(E N (X \ X;)) =0 then v(EN (X \ X;)) =0 and
then v(E) = [gnx, fidp = [ fdp.

Therefore v(E) = [ fdu for all E € X.

To see the uniqueness, assume f, g are measurable functions satisfying
v(E) = [g fdu = [ggdp for all E € ¥. Since v is o-finite on X x,, using the
uniqueness of Theorem 4.2.4 then there exists A € Xx, with yu(A4) = 0 such
that f(z) = g(x) for all z ¢ A.

Note that for all E' € ¥ we have

WEN(X\X) = [ fdp= | -

EN(X\X1)

Hence if p(X \ X;7) = 0 then f = g p-a.e. and in the case u(X \ X;) >0
we have as above that

v(X\ Xy) =oo=/ fduz/ gdyp.
X\Xl X\Xl

This implies that f = g = 0o p-a.e. in X \ Xj.
Indeed, if u({z € X \ X; : f(z) < oo} > 0 gives n € N so that u({z €
X\ X;: f(z) <n} > 0. Hence

v({x e X\ X1 f(x) <n} <nu{z e X\ Xi: f(zr)<n}<oc

and then Xo = X U{zr € X\ X;: f(z) <n} € Cand u(X3) > S.
The case p is o-finite follows from the previous case in the usual way.



84 Chapter 4. The Radon-Nikodym Theorem

Theorem 4.2.6 Let (X,%, 1) be a o-finite space and v a complex measure
on Y. Then v << w if and only if there exists a p-integrable function f :
X — C (and p-a.e. unique) such that v(E) = [ fdu for all E € X.

Proor: Using the Jordan decomposition theorem we can write v = v; —vy+
1v3 —iv4 where v; are non-negative finite measures. Note that v << p implies
v; << pforv=1,2,3,4. Hence using Theorem 4.2.4 we find f; pu-integrable
such that v;,(E) = [ fidu for all E € X. Therefore f = f; — fo+ifs —ify
verifies the result.

The uniqueness follows from the same argument as in the previous cases.

4.3 Applications

Definition 4.3.1 Let (X,X) be a measurable space and j1 a measure (or a
complex measure) over X. Given A € 3, we say that u is concentrated in A
if W(E)=u(ENA) forall E € 3.

In other words, for non-negative measures, p is concentrated in A if and
only if = pa, or p(X \ A) =0.

Example 4.3.1 (i) A density measure v(E) = [ fdu is concentrated in
supp(f) ={x € X : f(x) #0} orin X \ N for any N € ¥ with u(N) = 0.
(ii) Let 1 be a measure, A € ¥ and let ¢ : X — Y be a function with
d(A) € ¢(2). If p is concentrated in A then the image measure ¢(u) is
concentrated in ¢(A).
(#i) . is concentrated in {x}.

Definition 4.3.2 Let pu and v be measures (or complex measures) on a mea-
surable space (X,X). We say that they are mutually singular, denoted pn L v,
if there exist disjoint sets A, B € % such that p is concentrated in A and v
s concentrated in B.

Example 4.3.2 (i) If f; and fy are measurable functions and p(supp(fi) N
supp(fa)) = & then the density measures dvy = fidp and dve = fodu verify
that vy L vs.

(i1) Let p be a real measure, then p™ L p_.

(7ii) 0, L m for any x € [0, 1] where m stands for the Lebesgue measure
in [0, 1].
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Theorem 4.3.3 (The Lebesgque decomposition theorem) Let (X, ) be a mea-
surable space. If p and v are o-finite measures then there exist two unique
measures v, and vs such that v = v, + vs where v, << p and vs L .

PROOF: Let us begin assuming v(X) < co. Using that v << v + p we can
apply the Radon -Nikodym theorem and find a p-integrable function f such
that, for all £ € X,

W(E) = /E Fdp + /E fdv.

Define v4(E) = v(E N A) where A = {x € X : f(z) > 1} and v,(F) =
v(EN B) where B={z € X : f(z) < 1}.

Obviuosly v = v, + vs.

If u(E) =0 then

B~ [ i [ o=

Hence [pnp(1 — f)dv = 0 since v(E N B) = [pnp fdv, which shows that
v(ENB)=v,(F)=0since 1 — f >0in EN B. Therefore v, << p.
On the other hand,

V(A) = /Afdqu/Afdz/ > u(A) + v(A).

Hence vy is concentrated in A and p(A) = 0, which shows that v, L p.

Let us show now the uniqueness. Assume v = v, + v, = v, + v, where
Vg << i, Vs L p, v, << pand v, L p.

Consider the real measure o = v, — v, = vs — V.. It is clear that a << p.
Let us see that o L p.

If vy is concentrated in A and p in B for some A, B € ¥ and ANB = @ and
also v/ is concentrated in A" and p in B’ for some A’, B’ € ¥ and AANB' =&
then we obtain that « is concentrated in AU A" and p in B N B’. Hence,
since u(EN(AUA")) =0, we get that a(E) = a(EN (AU A")) =0 for all
E € ¥, which gives that v, = v/, and v, = v..

Let us now show the o-finite case. Write X = U,X,, where X, are
pairwise disjoint measurable sets with v(X,,) < co. Let us write v = Y7, 1,
where v,(F) = v(E N X,). Using the previous case we can find (v,), and
(Vn)s such that v, = (,)a + (Vn)s where (1), << p and (v,)s L p.

Define now v, = Y2 (vy)q and v = 300 1 (V) s

Clearly v, << p and vy L pu since v, is concentrated in U, A, and pu is
concentrated in N, B,, where A, N B,, = @ for all n € N.
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To show the uniqueness observe that if v = v, + vs = v, + v, where
Vo << i, vs L p, v, << p and v, L p then we also would have that
(Va)n(E) = v (EN X,) and (V)),(F) = v.(EN X,) verify that (v,), << u,
(Vs)n L p, (V) << pand (v)), L p. Therefore (v,), = (V)), and (vs), =

(.)n. This gives that v, = v}, and vy = V.. n

Using the Jordan decomposition theorem and the Lebesgue decomposi-
tion theorem for non-negative measures we easily get the following corollary.

Corollary 4.3.4 Let (X,Y) be a measurable space. If u is a o-finite mea-
sure and v is a complexr measure on X then there exist two unique complex
measures v, and Vs such that v = v, + vy where v, << p and vs L p.

Definition 4.3.5 Let (X, X, u) be a measure space and let f : X — [0, 00]
be measurable. A non-negative number M is called an essential bound for f
if f <M p-a.e., that is p({x € X : f(x) > M}) =0.

It is said to be essentially bounded if it has some essential bound.

A measurable function f: X — C is said to be essentially bounded if |f]
is.

Recall thaf f =~ g if f = g p-a.e. Hence if f is essentially bounded and
g =~ f then g is essentially bounded as well. We denote by L>(u) the space
of equivalent classes of complex-valued essentially bounded functions.

We write ||f||loo =Inf{M >0: f <M p—a.e.}.

Proposition 4.3.6 Let (X, 3, u) be a measure space. Then (L*(p),|]-]]o0)
1s a Banach space.

PRrOOF: Clearly ||f||lc =0 gives f =0 p-a.e. and [|Af]]oo = |Al||f]|co-
Let us see the triangular inequality. Observe that

{5+ 90> M fllee +Mlglloc} < {IF1 > [[f1loc} U {lgl > llgllec},

hence u({[f + g > [|fllcc +lglloc}) = 0 and then [|f + gl[oc < [[f]loc + [9]loo-
To see the completeness. Let {f,,} be a Cauchy sequence in L>(u).

Given € > 0 there exists ng € N and N, ;, € ¥ with (N, ) = 0 such that
|fu(x) — fr(x)| < e/2 for x ¢ N, and n, k > ny.

Hence {f,(z)} is a Cauchy sequence in C for all x ¢ U,, g>noNn g Define
f(x) = limy, o fu(x) for & Uy kongNpk and f(z) = 0 for € Uy g>no Nnk
where ((Up k>no Nnk) = 0.
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Therefore, taking limits as k — oo, one gets |f.(z) — f(z)| <e/2 < € for
T & Up k>ngNn i and n > ny.
This implies that ||f, — f|l« < € for n > ngy and the proof is complete.

Theorem 4.3.7 Let (X,X, ) be a finite measure space. Then the dual of
LY(u) is isometrically isomorphic to L™ ().

PROOF: Let @ : L>(u) — (L'(n))* be defined by ®(f) = ¢ where ¢;(g) =
Ix fadp.

Observe first that if f € L>(u) and g € L'(u) then fg € L'(u) since
|fg| <||flllg|, which says that ¢ is well defined. From the properties of
the integral, it is linear and verifies |¢(g)| < ||f|lcol|g|l1- Therefore ¢ €
(L ()"

Also it follows from the properties of the integral that & is linear and
from the previous estimate ||P(f)|] < ||f]]oo-

Therefore ® is a continuous injective linear map with ||®|| < 1.

Let us show that it is surjective and ||®|| = 1.

Assume first that u(X) < co. Given ¢ € (L'(u))* we can define v4(FE) =
d(xg) for any F € ¥ (since xg € L'(u)).

We first see that v, is a complex measure. Indeed, if {E)} are pairwise
disjoint sets in ¥ then Y yg, converges in L'(x). Hence

s(UnEy) = ZXEk =Y olxm) = > ve(Er).

On the other hand |vs(E)| < ||¢||u(E), which implies that v << p. Using
now the Radon-Nikodym theorem we obtain f € L'(u) such that vg(E) =
Jx xefdp = ¢(xEg)-

Note that |v4(E)| = | [5 fdu| < ||¢||u(E) for all E € ¥. This gives
W6l(E) < ||6l|(E) for all E € 5.

Let us define Ey = {z € X : |f(x)| > ||¢||}. Observe that u(Ey) = 0,
since otherwise |vg|(Eo) = [, |fldp > ||#||n(Ep). This shows that f €
1(2) and ||| < |I@]].

Since ¢ is linear we get ¢(s) = [y sfdu for all simple functions s and by
approximation we actually get ¢(g) = [y fgdu for all g € L' (i), due to the
facts that ¢ and g — [y fgdu are both continuous maps. This shows that

O(f) = ¢ = ¢ and that [[f||o = [[of]] = [I¢]]
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To deal with the o-finite case, we split X = U, X,, where X,, are pairwise
disjoint and pu(X,,) < oo.

Given ¢ € (L*(u))* consider ¢,(g) = ¢(g9xx,). Applying the previous
argument to ¢, one gets f, € L®(u) such that ||fullee < ||dn]] < ||¢]| and
On = ®(fn) = ¢y, for all n € N.

Defining f = >_,cn faXx, We obtain a function such that ®; = ¢ and the
proof is finished. .

4.4 Exercises

Exercise 4.4.1 Let ui be the measure on (R, B(R)) given by u(A) = [, |z|dzx.
Show that p << m but limg)—o p(E) # 0.

Exercise 4.4.2 Let identify Q with (r,)nen and define, for n € N, f, :
R — R the non-negative Borel function such that [ f,dx = 1 which vanishes
in the exterior of the closed interval of length 2% centered on r,. Let p(A) =
Ja X fndx for a Borel set A.

i) Show that Y fn(x) < 0o m-a.e. x € R.

i1) Show that p is o-finite, p << m and that every non empty open set A
verifies that p(A) = co.

Exercise 4.4.3 Let 1 and n be o-finite measures over (X, A), such that
n << u and let g be the Radon-Nikodym derivative of n with respect to p and
let f be A-measurable.

Show that f is n-integrable if and only if fg es p-integrable and [ fdn =

J fgdu.

Exercise 4.4.4 Let X be a non numerable set, M the class of all numerable
or co-numerable sets in X and let p be the counting measure. Let n(E) =0
for numerable sets E and n(E) = oo otherwise.

Show that, although n << u, one cannot define the Radon-Nikodym
derivative in this case.

dA —
d(Ap)? 9 =

Exercise 4.4.5 Let A\, u,n be o-finite measures and let f =
dA dA

d(An)”? F T d(Atptn) ) _
Justify their existence and get an expression of F' in terms of f and g.
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Exercise 4.4.6 Let p1 be dp = eVt dzdy defined on the Borel sets of
R2. Let v :R? — {0} — S; the projection on the unit sphere and denote by
A =wv(p) the image measure.

Show that X is absolutely continuous with respect to the Lebesgue measure
o on Sy and compute %.

Exercise 4.4.7 Let (X, M) be a measurable space and let (P,) be a sequence
of probabilities over M. Find a probability P such that P, << P for alln € N.

Exercise 4.4.8 Let pu be the counting measure over (N, P(N)). Show that a
measure v over (R, B(R)), is absolutely continuous with respect to u if and
only if there exists a sequence {a,} of non-negative real numbers such that
v =731, a,0,. Compute g—: i this case.

Exercise 4.4.9 Let p be the restriction of the Lebesque measure m to the
o-algebra F generated by the vertical strips in the plane. If v(A x R) =
m(A x (0,1)). Show that v << u but it does not have integral representation.

Exercise 4.4.10 Let i be a probability measure and let v be a o-finite mea-
sure over R such that v << p. Show that the Radon-Nikodym deriwative of

f wverifies
. v(z—h,x+h
lim
h—0 pu(x — h,x + h

= f(z)

on a set of u-measure 1.

Exercise 4.4.11 Let (X,X) be a measurable space. Denote by L°(X) the
space of complex measurable functions and by M(X) the space of complex
measures over .

(i) Let p € M(X). Show that there exists a function h € L*(|ul), essen-
tially unique, such that dp = hd|u|. Moreover |h(z)| =1 u— a.e..

We say that [ € LY(X) is u—integrable (denoted f € L'(u)) if f.h €
LY(|u|) and, in this case, we define [y fdu = [5 f-hd|p| for all E € 3.

Show that

(ii) If p € M(X), f € L*(n) and E € ¥ then [ fdu = [y xefdu.

(iii) If p € M(X), f,g € LUX), fe L'(n) yf =g |ul—ae then
Ix fdp = Jx gdp.

(iv) If p € M(X) then T : L*(u) — C given by T(f) = [x fdu is linear.
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Exercise 4.4.12 Let )\, i be complex measures which are absolutely contin-
uous with respect to a o-finite measure v. Show that for all a,b € C one
has d(aX+b d\ d

dlad +bu) a— +bE

dv dv dv’

Exercise 4.4.13 Let A, 1, v be o-finite measures over (X, X)) such that A <<
woand p << v. Show the following chain rule

a\_dx dp

dv  dp dv’
Exercise 4.4.14 Let u, v be o-finite measures over (X, %) such that v <<
y p << v. Show that

dv dp 1
“dv  dv/du

vV — a.e.

Exercise 4.4.15 Let 1,1y be o-finite measures over (X1,%;) and let ps, vo
be o-finite measures over (Xa, ¥).

(i) If v; << pi(i = 1,2) then 11 @ v << g @ ps.

(i1) Compute j{:igz))

(#ii) Describe, in the general case, the Lebesque decomposition of v1 ® vy
with respect to py @ .

(1v) Show that 11 @ v << 1 ® g if and only if 11 << py and vy << po.

(v) Show that vy @ vs is mutually singular to py ® po if and only if vy is
mutually singular to py or ve is mutually singular with ps.

Exercise 4.4.16 Let a, 3 be real measures defined over (X,%) and let yu be
a o-finite measure. Show that

(1) |+ 6] < el + 18], (a+B)T <a™+ 67 and (a+0)” <a” + 7"

(ii) |+ B| = |a| + |B] if and only if o™, o~ are mutually singular with
respect to 31, 3~ respectively.

(7ii) If a is absolutely continuous with respect to p and [ is mutually
singular with respect to p then a is mutually singular with respect to (3.

() If a is absolutely continuous with respect to p and « is also mutually
singular with respect to p then o = 0.

Exercise 4.4.17 Let «, 3 be real measures defined over (X,%) and (Y,R)
respectively.
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(i) Show that there exists a real measure a ® 3 over ¥ ® R such that
a® B(Ax B)=a(A)B(B) for A€ and B € R.

(i1) Find the Hahn decomposition of a® 3 from the Hanh descompositions
of each factor.

(i11) Compute (a® )t (a® B)~ and |a® G| in terms of those of a y (.

Exercise 4.4.18 Let ¥ = B([0,1]) and pu(E) = m(E) +im(E N0, 3]).
(i) Describe |u| in terms of m.
(11) Show that

p(E) < (Rep)™(E) + (Rep)™ (E) + (Imp)™(E) + (Imp)~ (E)

and that the inequality can be strict.
(i1i) Find a Borel function h such that |h| =1 and pw(E) = [ghd|u| for
al E € 3.

Exercise 4.4.19 For each Borel set in R define

N(E) :/ sen37rtdt _ sen?’wtdt.
EN(0,00) 13 En(—c00) 13

(i) Show that 1 is a real measure and compute p(R).

(i1) Find the Hahn decomposition of R relative to p.

(111) Study the Radon-Nikodym derivative of |u| with respect to m and
compute it if possible.

Exercise 4.4.20 Show that, although p(E) = 0 implies v(E) = 0, in general
we do not have the €-0 condition of absolute continuity :

(i) (N, P(N)), the counting measure v and p = 300 50,

(it) ([0,1],B), dv(t) = tdt and the Lebesque measure p.

(117) (R, B), v(E) = Y ez In|m([n,n+1) N E) and the Lebesgue measure

i

Exercise 4.4.21 Let f(x) = /1 —x for © <1 and f(x) =0 for z > 1
and define n(E) = [ f(x)dx. Let g(x) = x* for x > 0 and g(x) = 0 for
r < 0 and define u(E) = [ g(x)dz. Get the Lebesque decomposition of n
with respect to .

Exercise 4.4.22 Find the Lebesgue decomposition of the Lebesque-Stieltjes
measure given by the distribution function F(z) = (E[z])? — (z — E[z])? with
respect to the Lebesgue measure.



