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Abstract

In this paper we prove a plenty of new results concerning summabililty properties
of multilinear mappings between Banach spaces, such as an extension of Littlewood’s
4/3 Theorem. Among other features, it is shown that every continuous n-linear form
on the disc algebra A or the Hardy space H* is (1;2,...,2)-summing, the role of the
Littlewood-Orlicz property in the theory is established and the interplay with almost
summing multilinear mappings is explored.

Introduction

Motivated by several matters related to linear functional analysis, such as integral equa-
tions, Fourier analysis and analytic number theory, the theory of multilinear forms and
polynomials on Banach spaces was initiated in the beginning of the last century with the
works of several outstanding mathematicians like Banach, Bohr, Bohnenblust, Hille, Lit-
tlewood, Orlicz, Schur, etc. In 1930, Littlewood [27] proved a celebrated theorem asserting
that
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for every continuous bilinear form A on ¢y X ¢y. One year later, Bohnenblust and Hille [6]
realized the importance of this result to the convergence of ordinary Dirichlet series and
extended Littlewood’s result to multilinear mappings in the following fashion:

If A is a continuous n-linear form on ¢y X - - - X ¢g, then there is a constant C,, (depending
only on n) such that
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These results can be regarded as the beginning of the study of summability properties
of multilinear mappings between Banach spaces. This line of investigation has been de-
veloped since then and more recently it has found its place within the theory of ideals of
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multilinear mappings outlined by Pietsch [36] in 1983. In this context classes of absolutely
summing multilinear mappings are studied as generalizations of the very successful theory
of absolutely summing linear operators. The theory has been successfully developed by
several authors (a list of references is omitted because it would grow very large) and even
applications to Quantum Mechanics have been recently found (see [35]). One of the trends
of the theory of absolutely summing multilinear mappings is the search for summability
properties in the spirit of those of Littlewood’s and Bohnenblust-Hille’s theorems (see,
e.g., [2, 10, 13, 17, 28, 33, 34]). In this paper we aim to give new contributions to this line
of investigation in several directions, which we describe next.

Two well known results related to the linear theory are Grothendieck’s theorem, that
asserts that every continuous linear operator from ¢; to ¢o is absolutely summing, and the
weak Dvoretzky-Rogers theorem, that asserts that the identity operator of any infinite
dimensional Banach space fails to be absolutely p-summing for any 1 < p < co. These two
important results can be considered as the roots of what has been known as coincidence
and non-coincidence results. The passage from the linear to the multilinear case has occa-
sioned the emergence of several coincidence and non-coincidence situations for absolutely
summing multilinear mappings (see [1, 7, 11, 12, 13, 30, 31, 32, 33, 34]). The scope of
the present paper is to prove new coincidence theorems, some of them generalizing known
results and some giving new perspectives to the subject.

Respecting the historical development of the subject we start in Section 2 by extending
the classical Littlewood 4/3-Theorem by proving that, given 1 < p < 2 and 1_ % + 1%,
any continuous bilinear functional A defined on ¢, X ¢, satisfies that (A(e;, Gk;)(s jk belongs
to £,(4y), where (e;); is the unit basis. Actually we prove a more general version of this
result, in which by taking p = 4/3 we recover Littlewood’s theorem. In Section 3 we
prove coincidence and inclusion theorems that will be useful in later sections. While the
role of the Orlicz property in the theory is well established, in Section 4 we show that
the Littlewood-Orlicz property can be used to get even stronger results. More precisely,
we prove that for suitable n,pi,po,...,pn, any continuous n-linear mapping defined on
a product of Banach spaces, one of which has a dual with the Littlewood-Orlicz prop-
erty, is absolutely (p;p1,...,pn)-summing. We also generalize a coincidence result due to
Pérez-Garcia (see Theorem 4.3). Inspired by this generalization, in Section 5 we develop
a general technique of extending bilinear coincidences to n-linear coincidences, n > 3. In
Section 6 almost summing operators are used to get some more summability properties of
multilinear mappings. Calling on the type/cotype theory we get for instance that for any
1 < p < o0, every continuous bilinear functional A defined on ¢, x F', where F' is a Banach
space whose dual has type 2, is absolutely (1;2, 1)-summing. Moreover, if 1 < p < 2 then

A is absolutely (rp;7p, 7p)-summing for any 1 < r, < %.

1 Notation and background

Henceforth E,..., E,, E, F will be Banach spaces over the scalar field K = R or C, Bg
represents the closed unit ball of E and the topological dual of E will be denoted by E’.
The Banach space of all continuous n-linear mappings from Ej x - - - x E,, into F' is denoted
by L(E,...,Ey; F). As usual we write L("E; F) if By = --- = E, = E. For the general
theory of polynomials/multilinear mappings between Banach spaces we refer to [22, 29].
Let p > 1. By £,(E) we denote the Banach space of all absolutely p-summable se-

quences (z;);2; in £ endowed with its usual £,-norm. Let £;)(E) be the space of those



sequences (7;)32; in E such that (¢(z;))32, € ¢, for every ¢ € E’ endowed with the norm
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Let £ (E) denote the closed subspace of £}(E) formed by the sequences (z;)72; € £ (E)
such that limy_, s H(x])jiknfg’(E) = 0.

Let A€ L(E,...,E,; F)andlet X;...,X,,Y be spaces of sequences in Fy, ..., E,, F
respectively. Whenever we say that A: X1 x -+ x X, — Y is bounded we mean that the
correspondence

((l’jl).(sz)h ) (x?);.;l) S Xl X oo X Xn —
A, @)52) = (Alag, 2] €Y

is well defined into Y (hence multilinear) and continuous.

For 0 < p,p1,p2,...,pn < 00, we assume that % < pil—k- . '+p—1n. A multilinear mapping
A€ L(Ey,...,Ey; F) is absolutely (p; p1,p2, - - ., pn)-summing if there exists C' > 0 such
that

(A5, 25, el < C T ley 8
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for all finite family of vectors z% in E; for i = 1,2,...,n. The infimum of such C' > 0
is called the (p;p1,...,pn)-summing norm of A and is denoted by m(,p, . p.)(A4). Let
Eq,...,E,; F) denote the space of all absolutely (p; p1,p2,...,pn)-summing
Thus,

H(p;m,pz,...,pn)(
n-linear mappings from Ey X --- X E, to F' endowed with the norm m

Aell, Ey,...,E,; F) if and only if

PiP1--sPn)*
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A: £ (By) x €2(Es) x -+ x 02 (Ey) — £,(F) is bounded.

It is well known that we can replace £} (E}) by £, (E}) in the definition of absolutely
summing mappings.

Absolutely (%;p, ...,p)-summing n-linear mappings are usually called p-dominated.
They satisfy the following factorization result (see [36, Theorem 13]):

Aellpy, p(Er,..., By F) if and only if there are Banach spaces G, . .., Gy, oper-
ators u; € II,(Ej; G;) and B € L(G1,...,Gy; F) such that

A=Bo(uy,...,up). (1)

Let us now recall some basic facts about Rademacher functions and its use in Banach
space theory. For each 1 < p < oo, we denote by Rad,(E) the space of sequences (xj)ﬁl
in E such that

n
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where (r;);en are the Rademacher functions on [0,1] defined by r;(t) = sign(sin2/nt).
The reader is referred to [21, 41, 42] for the difference between this space and the space
of sequences (xy,) for which the series Y 7 | @,y is convergent in LP([0, 1], E). It is easy
to see that Rads (FE) coincides with ¢'(E). Making use of the Kahane’s inequalities (see
[21, p. 211]) it follows that the spaces Rad,(E) coincide up to equivalent norms for all



1 < p < oo0. The unique vector space so obtained will therefore be denoted by Rad(E),
and we agree to (mostly) use the norm || - || peq(g) := || - | Rado(E) O Rad(E).

Recall also that a linear operator u: E — F' is said to be almost summing if there is
a C' > 0 such that we have

I i)y raaee) < C @)l ey

for any finite set of vectors {x1,...,z,,} in E. The space of all almost summing linear
operators from E to F is denoted by II, s(F; F') and the infimum of all C' > 0 fulfilling the
above inequality is denoted by ||u||q.s. Note that this definition differs from the definition
of almost summing operators given in [21, p. 234] but coincides with the characteri-
zation which appears a few lines after that definition (yes, the definition and the stated
characterization are not equivalent). Since the proof of [21, Proposition 12.5] uses the char-
acterization (which is our definition) we can conclude that every absolutely p-summing
linear operator, 1 < p < +o0, is almost summing.

The concept of almost summing multilinear mappings was considered in [8, 9] as reads
as follows: A multilinear map A € L(E1, ..., E,; F) is said to be almost summing if there
exists C' > 0 such that we have

(A, oo @) aacry < O T I rlley (s (2)
=1

for any finite set of vectors (:L‘;);”Zl C E; for i = 1,...,n. We write I, s(E1, ..., En; F) for

the space of almost summing multilinear maps, which is endowed with the norm
| Allas := inf{C > 0 | such that (2) holds}.

For the theory of type and cotype in Banach spaces the reader is referred to [21,
Chapter 11]. Recall that a Banach space E is said to have the Orlicz property if there
exists a constant C' > 0 such that
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for any finite family z1, zo, ...z, of vectors in F. In other words, F has the Orlicz property
when the identity operator idg is absolutely (2;1)-summing.

One should notice that, due to results by Talagrand (see [39, 40]), while the Orlicz
property is weaker than cotype 2, having cotype ¢ > 2 is equivalent to the existence of a
constant C' > 0 such that

1/q
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for any finite family x1, x2, ...z, of vectors in F.

A relevant property for our purposes is the following: We say that a Banach space F
has the Littlewood-Orlicz property if ¢{'(E) is continuously contained in the projective
tensor product ¢ @, E (for a related concept of Littlewood-Orlicz operator we refer to
[16, Section 4]). Of course, since ¢y @, E C lo(E), the Littlewood-Orlicz property implies
Orlicz-property.



In [18], J. S. Cohen introduces the space

0y (E) = {(ajn)ffl CE: Z |z (x)| < oo for each (z),)0e; € E;U/(E’)} ,

n=1

where 1/p + 1/p’ = 1 and the space of operators p-Cohen-nuclear u € L(E, F) such that

1(w(z5)) i1l oy < Cll(z3) i llew (e) (3)

for all finite family of vectors x1,z2,..., 2z, in E.
It was first shown that ¢, @, E C ¢, (E) (see [18, Theorem 1.1.3 (i)]) and, later the
space ¢, (E) was shown to coincide with ¢, ®, E (see [15, Theorem 1] or [4]) for 1 < p < occ.
The reader is referred to [3] for a description in terms of integral operators, where
lp (E) is denoted £, (E), and for a proof of £» (E) C Rad(E). Therefore we always have

(by @ E)) NLY(E) C Rad(E) C 5 (E).
The following result was obtained in [3, Theorem 9]:
ly @, E = Rad(F) <= FE is a GT-space of cotype 2 (4)

where F being a GT-space means that every continuous linear mapping from F to fo is
absolutely 1-summing. In particular every GT-space with cotype 2 has the Littlewood-
Orlicz property. The basic examples are £i-spaces and other examples of GT-spaces with
cotype 2 can be found in [37].

Let us end this preliminary section by mentioning that the complex interpolation
method, for which the reader is referred to [5, Theorem 5.1.2] or [41, Theorem 3.1], and a
complexification technique (see [33, Section IV.2]) will be applied several times in Section
5. The complexification technique will allow us reduce proofs to the complex case. Similar
applications of this interpolation-complexification argument can be found in [10, 24, 33].

2 An extension of Littlewood’s 4/3 theorem

Littlewood [27] proved that if A: ¢y x cg — K is a continuous bilinear form, then

(At en|)"" < cfa] 5)

gk

with ¢ = /2. Tt is well-known that the constant ¢ = /2 is far from being optimal, for
example in [19, Theorem 34.11] or [41, Theorem 11.11] it is proved that in the complex

case the best constant ¢ satisfying (5) is dominated by 21/4Ké/2, ie.,

c < 2K} (6)

where K¢ is Grothendieck’s constant (note that 21/4K é/ > < V2 in the complex case since
Kg < /2 in this case). To the best of our knowledge the best estimate known for this
constant is ¢ < K¢ [26, Corollary 2, p. 280].

In this section we extend Littlewood’s Theorem in the complex case to a more general
setting in which the estimate for the best constant remains K¢, that is, we improve the
result keeping the best known constant.



Given a matrix m;, we write

[mge) ey = (32 (3 Imsel)”’?) ™.
k J
If a and (3 are matrices, we denote by (3o a);; the product of 3 and a, that is
(Boa)jr= Z Bjia.
l
Theorem 2.1. Let A € L(%co;C). If a = (ajk)jx = (Alejsek))jp 1 < p < 2 and

% = % + ﬁ, then
(B o a)iklle, ) < KellAINBir) oo t2)

(S (I swatenenl)™) " < il (S1sr) ™

In particular, selecting 8 as the identity matriz,
p/a\1/p
(3= (DAt enr)™) ™ < Kol Al
k J

Selecting p = 4/3 we recover Littlewood’s Theorem, that is (A(ej, ex))ji € La/3(N?).

that is

Proof. From [34, Corollary 2.5] we know that

> 1Az z5)] < Kl AN @) lleg eo) |95l eo)-
j

Now write (k) = Aj; and y;(k) = Bji. Since the canonical basis of /1 is a norming set of
cp, from [21, p. 36] we know that

1/2 1/2
ey = sup (3 N3tl”) ™ andd 1w ey = suw (D2 1907)
J J

So, we have

1/2 1/2
33 AesBiAlenen)| < KallAllsup (D 1Al2) " sup (3 18412)

J Kkl k g l j
for a convenient choice of ¢; € C with |e;| = 1. Note that

(Air) = ((Njr)521) o, € boo(l2) and (Bj1) = ((Bj1)721) 1oy € Loo(£2)-

Hence

|3 nnesbinAlen en)| < Kall AN e e 1550 e ey
i ki
Using the duality (£1(f2))* = ¢ (¢2) and the inequality

‘ > (D BueiAle, 6k))%‘k’ < Kl AN ) s (e2) 11 (B50) | 0o (22)
Jk o1
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one obtains that

(zl:ﬁjzéjz‘l(ez,ek)) L= ((zl:ﬁjzsjfl(ezaek));il)j | € h(l),

j =
and also

S (S| sresateren)|) " < Kell NG e e
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Hence

S (]S st en])” < Kal AN e (7
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But from [23, Corollary 5.4.2 with p = 1 and ¢ = 2] we know that

(zk: (2| ;ﬁﬂA(el’e’f)DQ)m =2 (X1 ;ﬂmel,emf)l/z. ®)

It follows that
(B o a)jklle;en) < Kl ANNBjn) e en) and
(80 a)jkllesiery < KallANBie)ll oo (22).

Now complex interpolation gives that

(1(£2), L2(£1)) (o) = Lp((£2, £1)[0))

with

One concludes that

with

1
p 2 q 2 g 2 p’
So (Boa)jr € £y({y) and

106 0 a)jklle,e,) < Kl AN Bir) e )

that is
1/2

(; (z]: ‘ zl:ﬁle(el,ekﬂq)p/q)l/P < K¢l Al Sl]ip (; |ﬁjk|2)

Finally note that = 1/2 gives p =4/3 and ¢ = 4/3. O

Remark 2.2. As pointed out before, although our result holds in a more general setting,
the estimate K¢ for the best Littlewood constant we have just obtained in the complex
case improves the estimate 21/4Ké/2given in [19, Theorem 34.11] and [41, Theorem 11.11]
and equals the best known estimate.

Remark 2.3. Making p = 1 and ¢ = 2 we recover the so-called general Littlewood in-
equality that appears in [26, (2.10), p. 280].



3 Some general coincidence results
Defant-Voigt Theorem (see [1, Theorem 3.10]) stating that
L(EL R Ena K) = H(l;l,...,l) (El) s 7Ena K) (9)

is probably the first and most folkloric coincidence result in the theory of absolutely
summing multilinear mappings. The next result gives a slightly more general version.

Proposition 3.1. Letn > 2 and A € L(Eq,...,Ey;K). Then
A: Rad(Ey) x --- x Rad(E,) — {;
is bounded. Moreover ||A|| = ||A]|.

Proof. Let (x;) be finite sequences in E; for ¢ = 1,...,n. One can find a sequence (¢;) of
norm one scalars so that

Z}A(az},..., i ‘—ZA a;x j, s Tf).
j
Let
1) =Y itz
J
t;) :er(ti)xé,izl...,n—l, and

for t1,...,tn,—1 € [0,1]. Using the orthogonality of the Rademacher system and the Con-
traction Principle (see [21, page 231]) we have

ZA(ajx}j...,x?)

! 1 1

= [ [ A0, St Sttt
0 0

1 1 1
< |4 / / ( / Hfa(tl)lHlfn(th-..,tn1)||dt1> Wl st - ity

< )4] / / 1)1 | )t | 2 G Lt () - ity

= | AIN (@)l Rade | (@5l Rads - - - 12551 Rad 1 (27 1| Rads
< AN @5)5l Raa - 1)l Raa-

It is easy to see that ||A|| > ||A|| and we conclude the proof. O

The following result, which appears in [33, Proposition 3.3|, will be used several times
in this paper (we include a short proof for the sake of completeness):



Proposition 3.2 (Inclusion Theorem). Let 0 < ¢ < p < 00, 0 < g; < p; < oo for all
j=1,...,n. ]fq%+-‘-+i—1<i+'-.+i—% then

a4 = p1 Pn
H(Q;Q17--~7Qn)(E17 o En; F) C H(p;pl,...,pn)(Ela s 7En; F)

and Tippy,..pn) < T(qiqry.an)-
Proof By the monotonicity of the £,-norms we may assume _- —|— -+ —n — é = p% +- 4+
p—ln LetAGH(qq1 ..... )(El,.. ,E,; F) and (x )J 1 €4, ( ),k‘—l,...,n,begiven.
We Should prove that (A( G 27))52y € Lp(F ), and for that it suffices to show that
(aj.A( ]1,..., z7))52, €4 ( ) for every ()72, € ¢, where %—k% = %. Defining 71, ..., 7,
by - D —1—— ,,] =1,...,n, it follows that % = %—i—---—i—%. So by =4y, -4, . Given
(@)724 E lr, we write ()72, = (oz]l~-a");’°1 where (o/c);’o1 €l,,k=1,...,n. Since

(ag?);?il € ¢, and (:U?)}’il € () (Ey) it follows that ( k k) €l (Ey), k=1,...,n
Therefore

(o - A(:Ujl, s ZF))52 = (a} ceald A(a:]l, cenZP))52 = (A(a]lx]l, co,axl))32 ) € £y (F)
because A is (¢;q1,- . -, gn)-summing. The identifications and embeddings we used are all
isometric, so the inequality between the norms follows. O

Using Proposition 3.1 and the inclusion ¢(E) C Rad(E) one obtains Defant-Voigt’s
result. Now combining (9) with the inclusion theorem it is easy to prove that for n > 2
1 151
andp—l—i--"—i-p—nzﬁonehas
1 1 1
L(Er,..., By K) =, po (B, .. B K) whenever — +--- 4+ — — = >n—1. (10)
P Pn P
Before start exploring the inclusion theorem we show that sometimes the inclusion
relationship turns out to be an equality. The next result is simple (it appeared in essence
in [28, Theorem 16]) but indicates a good direction to be followed.

Proposition 3.3. Let E1,..., E, be cotype 2 spaces. Then

9

for every Banach space F.

Proof. 1t follows by combining (1) and the result saying that if E; has cotype 2 then
I, (Ej; G5) = IIa(Ej; Gy) (see [21, Corollary 11.16(a)]). O

We aim to prove a more general result for cotype 2 spaces:

Theorem 3.4. Let 1 < k < n and assume that E1,..., E, have cotype 2. If p < q and

1<¢<2i=1,.. ksatzsfythatzl1?—7_1@_,#&6”

By,...,Ey F) =TI B )

H(p§1:-~~71»pk+17~~~:pn)( ‘ﬂ‘h7--~7Qk:pk+1:--~~7pn)(El’ S

for every Banach space F.



Proof. The inclusion

El,...,En;F)CH( El,...,En;F)

H(p§1a-~~717pk+17~~apn)( q;ql,~-~,qk,pk+17--~7pn)(

follows from the Inclusion Theorem. Assume first that ¢; = 2 for ¢ = 1,....,k and A €
W(g:2,... 2.0 1r0pn) (B -+ En F) where § + L = 1. Let ()52, € &Y(E;) fori =1,....k
and (33;);21 € £y (E;) fori=k+1,...,n. Since E; has cotype 2, by [3, Proposition 6(a)] we

know that ¢} (E;) = {3 - 0§ (E;), i = 1,..., k. Hence there are (aé)]@’il € Uy and (y;);'il €

t¥(Ey) such that (503)?21 = (a;?y;-)j?’il, i = 1,...,k. In this fashion, (ajl.---aé?)]o»‘;l €
by -y = {3 and (Aly}, -y, el a7))32, € £y (F). Since §+ &= = £ it follows that

1 1 E A, 1 ko k+1
(A(xj, ..., 2]))52 = (a5 afA(Yjs -y 2, 27)) 52 € Gp(F).
Now the general case follows again from the inclusion theorem, because the assumption
gives that > " | % - % = g - q% and then

I, By, ..., En F) C TN By, En F).

Q§QI’~~-7(1k7Pk+17~~-7Pn)( 4032;-+,2,Pk415++5Pn) (

O]

Corollary 3.5. Let 1 <k <n. Assume that L(E1, ..., Eg; F) = Wipg g0 (B, oo B F)
and that Eyy1,...,Ey have cotype 2. If p < qand1 < ¢ <2, v =k+1,...,n, satisfy

thatZ?:kHé—E:n—k—% then

—_

L‘(El, ey En; F) = H(q;q1,...,qn)(E1a e ,En; F)

Proof. From [12, Corollary 3.2] if L(E1,...,ExF) = g, a0 (Bl ..., Eg; F) then
L(Er, ... Eni F) = gy, quo1.1) (E1, - -+, Eni F). An application of Theorem 3.4 yields
the result. O

4 The role of the Littlewood-Orlicz property

The aim of this section is to show how the Littlewood-Orlicz property can be used to obtain
coincidence results stronger than (10). The proof of Theorem 4.1 will be also invoked in
order to obtain new coincidence results for n-linear functionals on the disc algebra and on
the Hardy space H™.

Theorem 4.1. Letn > 2,1 <p; < o0, p, > 2 and
3 1 1
n——-< —+- 4+ —.
2 P Pn

If Ae L(Ey,...,E,;K), E! has the Littlewood-Orlicz property and

1 1 1
n—o< —+ — =,
2" m Pn D
then A: 0y (Bn) x - x 4y (En) — £, is bounded. In other words, L(E1,...,,Ey;K) =

Mppr. o) (B1, - - En; K). Moreover || Al < ||A]].

10



Proof. Denote by Ap_1: F1 X -+ x E,_1 — E], the corresponding (n — 1)-linear mapping
defined by
Ap_ izt 2" (@) = A2t .. 2" ),

One has, using the previous results that

Anr: 67 (E1) - X Y (Bne) — £{(Ey)
is bounded. In particular

Ap_1: 0P(E1) X -« X 1(Ep_y) — by @y E,
is bounded. Now we use a duality argument. Note that

Ayt 0°(B) % - % 0(Bp_y) — L(E) — by @y E,
A (G ) = (A 0), S Ay
7j=1

is bounded. We have for some suitable €; that

HE((x;)j, o (x;%)j)Hl =Y |AGa..... )|
= ZAgj Ty, ])

— ZA(ij},...y H( n) )| || (3 sz 5
! gy
Alejzh, ..., .
N ||(yj)j||4§U(En)nﬁléll?((yj)j62g(En) ZJ: (ejz; Yj) H Hz En)
< < 2 ;A(ejxj,...,u(e])) ||(xj)]H£2w(En) — (%),

In this last inequality we used the identification:
05 (Ey,) «—— L(l; Ey)
(W5)5 — Tiy,),
given by T{, y,((25);) = >_, yj2;. Now, using the inclusion
L(ty; Bn) = (b2 @ E3)’
u— p:ly @, Bl - K
 ((N); @) =2/ (u((X;);)
and the identification
L(lo; EY) = (b @ B’
S — pg: by @, El, - K
ps(z@y) = S(x)(y)

11



we get

_ 1 n—1 . ny .
) = < ) ;A(Wj’m’xj uleiD)| [@illeg e,y
< max (e-@A Elxl,...,mn_l,-> )il
ol <1pE (C2@n B Y Z@ 3@ Aleg, ) @il

J

5 (En)

= ; zh n-1 ny .
- \|¢|\<1,£a}2{®wEﬁ)/ ® Zeg ® A(gjag, .., 27 ) | ||| (),
h J

j £2®7rE1/1

e H (Al ey ™)

J

o (Ey) 1@l .

< oAl

Yy .
0 (En1) (] )JH€§”(En) < 00,
where in (**) we used that the inclusion ¢ (E!) — ¢y ®, E!, is continuous. We have just

proved that R
A: Ellu(El) X o+ X Ellu(En_l) X KEU(En) — 51

is bounded. The proof is completed by using the Inclusion Theorem. O

Taking into account the inclusion Rad(FE) C ¢4 (E), our aim is now to analyze when the
result in Proposition 3.1 can be lifted to ¢4 (E;). In other words, when L(E1,...,,E,) =
0, 2)(E1, ..., Ep). In this direction D. Pérez-Garcia proved the following result:

Theorem 4.2. [34, Corollary 2.5] Let E1, ..., E, be Loo-spaces. If A: E1 x---x E, — K
is multilinear and bounded, then A: 05 (E1) x - - - x €8 (Ey) — {1 is also bounded. In other
words, L(Ex, ..., Epy;K) =119 9)(E1,. .., By K).

Applying the idea used in the proof of Theorem 4.1 we can reprove the result above
and generalize it to a larger class of spaces. Recall that a bilinear form A: F1 x By — Kis
2-dominated if and only if it is absolutely (1;2, 2)-summing, i.e., if and only if A: Y (Ey) x
(Y (E2) — £1 is bounded.

Theorem 4.3. Letn > 2 and Ey, ..., E, be Banach spaces such that EY, ..., E!, have the
Littlewood-Orlicz property and every continuous bilinear form on E1 X Es is 2-dominated.
If A: By x---x E, — K is multilinear and bounded, then A: Y (Ey) %<ty (By) — 0
is also bounded. In other words, L(E1,..., En;K) =1l19 2y (1, ..., By K).

Proof. We proceed by induction on n. The case n = 2 follows by assumption. Assume
that the result holds for n > 2. Let B: Fy X --- x E,, — K be given. By the induction
hypothesis B: (% (E}) x --- x {¥(E,) — /1 is bounded. It follows that for every Banach
space F and every C': Ey x---x E,, — F, the mapping C: £¥(E1)x---xt¥(E,) — (¥(F)
is bounded. Given A: Ey X -+ X Epy1 — K, defining A,,: By X --- X E, — E] , in the
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obvious way, we have that A,,: (¥(E)X---x (¥ (E,) — (¥ (E;, ;1) is bounded. Since EJ,
has the Littlewood-Orlicz property we have that A, (Y (B X x Y (Ey) — lo@r E!

n+1
is bounded. Using the duality argument from the proof of Theorem 4.1 it follows that
A: Y (Ey) X - X Y (Ept1) — {1 is bounded as well. O

Theorem 4.4. Let Fy,...,FE, be Banach spaces such that E1 = FEs and each Ej; 1is
either an Loo-space, the disc algebra A or the Hardy space H*. Then L(E1, ..., E,;K) =
o, 0 (B, .o Ens K).

Proof. First we need to know that the duals of an L..-space, the disc algebra A and the
Hardy space H* have the Littlewood-Orlicz property. (i) It is well known that the dual
of a Lo.-space has the Littlewood-Orlicz property. (ii) The dual A’ of the disc algebra is
a G.T. space [14, Corollary 2.7] and has cotype 2 [14, Corollary 2.11], hence A’ has the
Littlewood-Orlicz property. (iii) From [37, Theorem 6.17] (and using the notation from
[37]) we know that L;/H{ is a GT space of cotype 2. From [37, Proposition 6.2] we know

—\
that (Ll/Hé) is a GT space. Since

—\/
H™ = (Ll/Hé) [37, Remark, page 84],

it follows that (H>°)' is a GT space. It is well known that a Banach space has the same
cotype of its bidual. So,

—\
(1) = (L1/Hj)
has cotype 2. It follows that (H>)" has the Littlewood-Orlicz property. The fact that bi-

linear forms on either an Ly,-space or the disc algebra or the Hardy space are 2-dominated
was proved in [7, Theorem 3.3] and [11, Proposition 2.1], respectively. O

The same reasoning gives the following result:

Proposition 4.5. If EY, ..., E! have the Littlewood-Orlicz property and A: Ey X --- X
En — K is multilinear and bounded, then L(E1, ..., En;K) =109, 2)(E1, -, B K).

5 From bilinear to multilinear mappings

In the previous section, when E is an L..-space, the disc algebra A or the Hardy space
H™, using that L*E;K) = IL(1,2.9)(*E; K), we have shown that

ﬁ(nE; K) = H(1;2,‘..,2) (nE§K)

for every n > 2. Although the lift of bilinear results to multilinear results is not a straight-
forward step in general, in the present section we obtain a general argument showing how
bilinear coincidences of the type L(*E;K) = I1(1,,,)(*E; K) can generate coincidences for
n-linear forms, n > 3.

Definition 5.1. Let qil + qiz cee qin > We say that A € L(Ex,...,E,; F) is weakly
(p;q1, - -+, Gn)-summing if(A(le, . ,x?))j € £, (F) whenever (x;“)J €l (Ey),k=1,...,n.
The space formed by these mappings is denoted by I(pq, ... q.)(E1, ..., En; F) and the
NOTTN Tyy( is defined in the natural way.

S

P§Q17---7Qn)

Next Lemma is simple but useful:
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Lemma 5.2. Letn € N and let Eq, ..., E, be Banach spaces. The following are equivalent:
(i) [’(Eh ey En; K) = H(p;ql,...,qn)(EL ey En§ K) and T (p;q1s..sqn) < CH : H
(i) LOE1, ..., En; F) = Wypqr,..q0) (E15 -, En; ) for every Banach space F and

Tw(pigrman) < Cll - |-
(iii) There exists C > 0 such that

(@} @ - @ 2})jllew (Brgr ) < CH 155 e (2:)

for all (x ) €ly(Ey),i=1,...,n.

Proof. (i) = (ii) Let A € L(E,...,En; F). If (x ) €ty (Ex), k=1,...,n, then

1/p
1 nyy|P 7)i
soselleI?w ; p(A(zj, ..., 2})))| = wseui, Tsarsan) (© © A) || (25 Hew (Ey) "H(gcj)’H%”n(En)
< 5w Clle o T @l iy~ 1@l s,
< CA] H sz (B H(mg‘t)jHﬁ%(En)

(ii) = (i1i) Take FF = F1 Q@ -+ Q@ B and A: By X -+« X E,, —» B} Qn -+ Q@ E,, given
by A(x1,...,2p) =21 ® -+ @ Ty,

(7i1) = (i) Given A € L(E1,..., Ey;K), its linearization T: B Qr -+ @ B, — K is
bounded and then T': £y (1 ®n -+ @n E,) — ¢, is bounded. Now

1A}, .., )il = (T@Ej@- @)y
IT||(z} @ - - @ a); lew (Br @ @n En)

CHTHHH )illew (&

IN

IN

0
Theorem 5.3. Let 1 <r < 2. If LE;K) =11, CE;K) and w1,y < C| - ||, then
(i) Forn even, L("E;K) = Wiy, ("E;K) and 71,y < C"2) -
(i) Forn >3 and odd, L("E;K) = ., ("E;K) and mg.. ) < c=D2) .

Proof. (i) Let n = 2m, m € N, and A € L(®"E;K). Using the associativity of the
projective norm 7 it is easy to see that there is an m-linear mapping B € L("(E®,E); K)
such that

B(z'@2?, ... 2® P oa?™) = A(x!, 22, ... 2P 22,

14



Using Defant-Voigt Theorem and Lemma 5.2 we get
Z !A(x}, e ,a:?m)‘
J
= Z ‘B(l'jl ® 1:?, e ,:U?mfl ® x?m)‘

2m—1
< T(11,...,1) (B) |‘<x]1 & x?)jHWf’(EQZ)WE) o H(x]m ® x?m)]

< 131 (€Nl 10 ) -+ (€ ez,

< ™A H(%l‘)jue;u(E) o H(x?m)jH&”(E)

0 (EQxE)

W))

(i) Let n = 2m + 1, m € N, and A € L(*"*'E;K). From (i) and [12, Corollary 3.2] we
conclude that A € H(lmuml)(Qm“E;K) and it is not difficult to check that m(y,. 1) <
C™|-||. Using the Inclusion Theorem we conclude that A € IL(,.. ) (?m+1E;K) for any

1 < p < 00. The result is now finished. O

) [(2F™);

&y

Let us point out some connection of Littlewood-Orlicz property on E’ and L(?E;K) =
H(l;r,r) (2E; K)

Proposition 5.4. Let E be a Banach space. The following statements are equivalent.
(i) E' has the Littlewood-Orlicz property.
(i) L(X, E;K) =1Ly, 2)(X, E5K) for any Banach space X.
(i53) 0 (X) @ 05 (E) C Y (X ®@- E).

Proof. (i) = (ii) Let A: X x E — K be a bounded bilinear map and denote, as in the
introduction, T4 : X — E’ the corresponding linear operator. Assume that (z;); € ¢’(X)

and (y;); € €3 (E).

S @yl = D 1Tale)(y))]
i

J
= sup | Talz))(a;y))|
lajl=1 "5

(Ta(@5))jllex00. (BN 1 (W5) 5]l ew ()
Cl(Ta(x))jllewenll(yi);llew &)
Cll Al H(%’)j||e;v(x)||(yj)j||e§v(E)

INIA TN

(i1) = (i) Let (27); € £{(£") be given. Consider the bounded bilinear map A : cox £/ — K
defined by the condition A(ej,z) = #’;(x) for z € E. To show that (2}); € l2 @ (E') it
suffices to see that
S 1 )| < CllGe)s sy
j

and, using X = ¢g in the assumption, this follows using that

>l =D 1ACes, z7) < AN ) lep oo (255l -
J J
(#4) <= (7i7) It is a particular case in Lemma 5.2. O
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The same idea used in the proof of Theorem 5.3 provides the following slight improve-
ment:

Theorem 5.5. Let n be a positive integer. Fori=1,...,2n+1 let E; be a Banach space
and 1 < ropy1 <1iy... 12, < 2. If

[’(ElaEZ;K) = H(l;rl,rg)(ElaEQ;K) and (1571 ,r2) < CQH ’ Ha

ﬁ(E3,E4;K) = H(l;r37r4)(E3,E4;K) and ’]T(l;?ng’m) S 04” . H, N

L(Ean—1, Ean; K) =TI Eon—1, E2n; K) and m(1,0y, 1 ra0) < Conl| - ],

1;r2n7177‘2n)( 72n

then

ﬁ(El, PN ,Egn; K) = H(l;rl,...,rgn)(Ela ey EQn; K) and 71'(1;7,17“_7 ) < 02 s CQnH . H,

T2n

L(Ey,..., Eyi1;K) By, ..., Eypy1;K) and m < Cy--- Conll |-

= H(r2n+1;r1,...,r2n+1)( T2n413715 T 2n41)

6 The role of almost summing mappings

Let n > 2, A€ L(Ey,...,E,; F) and 1 < k < n. Recall that the k-linear mapping Ay, is
defined by

Ak: E1 X XEk —>£(Ek+1,...,En;F) y Ak(xl,...,xk)(xkﬂ,...,xn) :A(xl,...,a:n).

We first mention several connections between absolutely summing and almost summing
multilinear mappings. Clearly Il,s(E1, ..., Ep; F) coincides with g,  oy(En, ..., En; F)
whenever F is a Hilbert space because Rad(F) = l2(F'), and the corresponding inclusions
hold whenever F' has type p or cotype gq.

In the linear case one has (see [21]) U,soLp(£; F) C Has(E; F). Using this linear
containment relationship and (1) - see also [8] - it is not difficult to see that this relationship
also holds for p-dominated multilinear maps, i.e.

U H(p/n;p..,,p)(Elu ooy By F) - Ha.s(Elu ooy By F)
p>0

Proposition 6.1. Let A € L(Ey,...,Ey;K) and Ap—1 € L(E1, ..., En_1; E)).

(i) If A€ Mo, 2)(Er,. .., By K) then Apy € Tlos(E1, ..., En1; E})

(i1) If E!, is a GT-space of cotype 2 and Ap—1 € Mys(Er,...,En_1;E]) then A €
H(I;Q,...,Q) (Eh R Ena K)

Proof. (i) Assume A € ;5 . 9)(E1,. .., Ep; K). Using that fo @ F' C Rad(F') one has

||(An—1(le7 cee 7m?_1))jHRad(E£) < CH(An_l(x]l’ T CE?_l))ij@"E;L
= sup |ZAn71(l‘},,$;Lil)(l‘?)|
J

(=) ||4§U(En):1

n—1
< w2 (A [T 1D e
=1
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(ii)Assume that A, 1 € I, s(E1,...,Ey—1; E]). From (4) one has ¢y ®, E!, = Rad(E)).
Hence we obtain, for any |o;| =1,

ZA(OZJLUJI,,.’E;L) - ZAn—l(ajle'v"')xyil)(x?)
j J

< (An—(agag, - 2f )il m (@)l s

< Cl(An-1(ajz }7 c ? i | Rad(E) 11(27)jllew (E.,)

< CllAn- 1||a5H 1(@5);lleg (&

[
Theorem 6.2. Let 1 <k <n and A € L(F, ..., E,; K) be such that
A € y5(Eq, ..., Eg; L(Egaq, .., En; K)).
Then, K
A5 (Er) X ... x 45 (Eg) X Rad(Ej41) X -+ X Rad(Ey,) — £

is bounded. Moreover ||A|| < || Ap]|a.s-
Proof. Let (:c"j) ; be a finite sequence in E; for ¢ = 1,...,n. Take a scalar sequence (¢;);,

denote Ai = Ak(azl,xz, ...,3:]?) and define

Zaj rjtk fi(t:) ertl J,Z—k‘—{—l .,n—1; and

J

fn(tk;--- ZT'] tk tp— 1) ;L, Ty oostn_1 € [0, 1].

The orthogonality of the Rademacher system shows that

ZAa] Tiyooo,2})
= ZAk Q;T ]7"'7 ])( §€+1,-~-,.’IJ?)

— ) J kE+1 . . n
= EoejAkxj o, xY)

1 1
_ /0/0 Falti) Fort (trrt)s - os Fret (b1 )y fon(tas ooy tnet)) it - - - dbn1

IN

1 1 1
|- / (] Mottt ) U )] st i

IN

IIAkHasHH )illew e,)

1/2
// /”fn(tkw-wtn—l)Hthk) [ fir1 () ([ fom1 (Bnt) |dthrr - - - dtn—a
< |AkuasH|| Jilleg e ( e 03l s ) 1)

i=k+1

This allows to conclude the proof. ]
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Let us see that Theorem 6.2 has nice consequences.

Theorem 6.3. If 1 < p <2 and E} has type 2, then

L(Lp, E2; K) = Hpn 1) (U, 23 K) = o/ (24p):1,1) (bps B2 K) = 0y (U, B2 K),

for every 1 <r, < 35%2.

Proof. We only treat the case K = C. The case K = R follows from a complexification
argument (see [10, 33] for details).

Assume first that p = 1. Let A € L({1, E2;K). Since E) has type 2, it follows from
[21, Theorem 12.10] that Ay € II, 5(¢1; EY). So, from the previous theorem it follows that

A: 08 (01) x 0¥ (By) — £y

is bounded. Hence A € Il(1.91)(¢1, F2; K). On the other hand, from the inclusion theorem
we know that E(eg, EQ; K) = H(2;271)<€2, EQ; K)

Let now 1 < p <2 and A € L({y, E2; K).

Fix (y;) € {{’(F2) and consider the linear mappings

TW: 12 (ly) — by and TP 1¥(4)) — £,

given by
T® ((27);) = (Alzj,y); for k=1,2.
Clearly T() and T are well-defined and continuous. Using that £§ () = L(f; ;) for
t =1,2, [38, proof of the Theorem] gives that
3 (bp) € (£5(£2), €5 (£1))o

ford=1- }17. So the complex interpolation method implies that

T: 09(0,) — 0,
T((z5);) = (A(zj,95));

is continuous. It follows that A € I, 1)(¢p, E2;K). Now use Theorem 3.4 to obtain
o1y (Lpy E2; K) = T2y /(24p):1,1) (£p, E2; K). Now using the inclusion theorem once again
one has g,/ (24p):1,1) (lp, E2; K) C (6,5, (€p, o3 K) for 2 — 22% = L which gives us

)
Sp

Sp = 35%2. Since E) has type 2, it follows from [21, page 220] that Fs has cotype 2. So,
since 1 < s, < 2, from [24, Theorem 3] it follows that Il .. ;) (€p, Fo; K) = L(£p, E2; K)
whenever 1 <1, < s),. ]

Corollary 6.4. If 1 <p<2and 1< q <2 then
(i) L(Lp, Lq; K) = M0 1) (€p, g5 K).
(ii) L(l1,04; K) = Ty ) (01, £g; K) for 1T <7 < 2.

The following result (for n-linear mappings) can also be obtained using results from
[12] and the idea of the proof of Theorem 6.3.

Proposition 6.5. Letn > 2 and 1 < p < 2. Then every n-linear mapping A € L(¢1,7~1, 41, 0,; K)
277.—1

i8 (T Tny - -+ o) -summing for every 1 <y < 5imr—.
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Proof. The case n = 2 is proved in Corollary 6.4(ii). From [24, Theorem 3 and Remark 2]
on—1

it suffices to prove the result for r, = 57=——.
Case n =3 and K= C: Let A € L({1,/1,¢p;K). From Corollary 6.4(i) we know that

L(€1,£p;K) = 1,91y (1, £p; K). (11)
From (11) and [12, Corollary 3.2] we get
L0, b1, 63 K) = TL1.91,1y (1, 01, £p; K) = Tq,1.9,1) (01, 1, £p; K.

So,
Az 05(01) x LF(lr) x LY (Lp) — 4 (12)

is bounded. Combining now Corollary 6.4(ii) with [12, Corollary 3.2] we get that
A: () X 65(6r) X £5(6,) — Lo (13)
is bounded. So, using complex interpolation for (12) and (13) we conclude that
As b3 (00) x Liga(02) X g (by) = Lags

is bounded (this use of interpolation is based on results of [20], which are closely related
to the classical paper [25] - further details can be found in [24]).
Case n = 4 and K = C: From the case n = 3 and [12, Corollary 3.2] we know that

E(El)gla gla gpa K) = H(%;l,%’%’%)(gl)gl)gla Epa K)

Since 3 < 2, Corollary 6.4(i) gives that £(¢1,£y;K) = H(l;g,l)@l,fp;K) So [12, Corollary
3.2] implies
ﬁ(ﬁl,ﬁhﬁl,ﬁp; K) = H(l;%717171)(£17elaelvgpﬂK)'

Hence

A 0H(07) x 04(07) X 04(01) x £4(0,) — (s and
3 3 3
A

IS

(1) x £ (1) x LY (1) x L1 (€p) — b

ol

are bounded. Using complex interpolation once more we conclude that

(6p) — £

~oo

A 05(0r) x 0 (0r) x L5 (0r) x ¢

Nl

is bounded as well. The cases n > 4 are similar and the real case follows by complexifica-
tion. O
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