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Abstract

Let (2,3, 1) be a finite measure space, 1 < p < oo, X be a Banach space X and
B: X XY — Z be a bounded bilinear map. We say that an X-valued function f
is p-integrable with respect to B whenever supy, 1 [q [B(f(w),y)|[Pdu < oo. We
identify the spaces of functions integrable with respect to the bilinear maps arising
from Holder’s and Young’s inequalities, and also present an analogue to Holder’s
inequality in this setting. We apply the theory to give conditions on X-valued kernels
for the boundedness of integral operators T's(f)(w) = [o B(k(w,w’), f(w’))dp' (w')
from LP(Y') into LP(Z), extending the results known in the operator-valued case,
corresponding to B : L(X,Y) x X — Y given by B(T,z) = T'z.
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1 Introduction

In this paper we shall consider spaces of X-valued functions which are in-
tegrable with respect to bilinear maps, that is to say functions f satisfying
the condition B(f,y) € L'(Z) for all y € Y for some bounded bilinear map
B : X xY — Z. The motivation for our study comes from two different sour-
ces: On the one hand, the recent paper by M. Girardi and L. Weiss [9], where
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conditions on operator-valued kernels K : Q x ' — L(X,Y’) for the integral
operator

Tie(f)(w) = [ K(w,w)(f(w))dp (')

to be bounded from LP(X) to LP(Y) were given, and, on the other hand, the
papers [3-5] where the notion of convolution by means of bilinear maps was
introduced and applied in different contexts.

Operator-valued multipliers and operator-valued singular integrals has been
considered by different authors. An introduction to the general theory and its
applications can be found in [1,8]. We shall deal here with more general bili-
near maps in our study and present a basic introduction to the spaces which
can be defined with this notion of integrability. These will allow, among other
things, to get that the conditions appearing on the kernels for the boundedness
of integral operators can be understood as certain integrability conditions with
respect to the corresponding bilinear maps. This approach also shows that be-
tween the class of Pettis integrable functions and the Bochner integrable ones,
there are many others, corresponding to integrable with respect to other bili-
near maps. These classes are the natural ones where the results on convolution
by means of bilinear maps obtained in [3-5] still hold true.

The paper is organized as follows: First we introduce the spaces, consider basic
properties on the triples (Y, Z, B) formed by two Banach spaces Y and Z and
a bounded bilinear map B : X x Y — Z which play some important role
in the development of the theory and present the examples of natural triples
that naturally appear for any Banach space X. The second section is devoted
to present some version of Holder’s inequality in this setting. In section 3 we
identify the spaces of p integrable functions with respect to concrete examples
of bilinear mapas based on Holder’s and Young’s inequalities and also use
some inequalities borrowed from the theory of Hardy spaces to understand
the Poisson kernel r — P, as a function in our spaces for certain bilinear
maps . The last section concludes with the analogues of the results in [9] in
our more general situation.

Throughout the paper 1 < p < oo, (2,3, ) stands for a finite complete
measure space and X denotes a Banach space over K (R or C). Recall that
an X-valued function f : 0 — X is said to be strongly measurable if there
exists a sequence of simple functions, (s,), € S(X), which converges to f
a.e. and to be weakly measurable if (f, z*) is measurable for any z* € X*. In
the case of dual spaces X* a function is called weak*-measurable if (x, f) is
measurable for any r € X. We denote by L°(X), L%, (X) and LY _,.(X*)

the spaces of strongly, weakly measurable and weak*-measurable functions. We
write LP(X), LX . (X) and LP . .(X*) for the space of functions in L°(X),

weak weak*
Lgveak(X) and Lgveak*(X*> such that HfH < Lp(:“)? <f7 'T*> S LP(M) for z* € X~

and (z, f) € LP(u) for x € X respectively. Finally we use the notation P?(X)



for the space of Pettis p-integrable functions PP(X) = L2 (X) N LY(X).

weak

2 Integrablility with respect to bilinear maps.

Definition 1 Let Y and Z be Banach spaces and let B : X xY — Z be
a bounded bilinear map. We say that f : Q — X s (Y, Z, B)-measurable if
B(f,y) € L°(Z) for any y € Y. We shall denote the class of such functions
by L% (X).

Given a Banach space X there are many standard ways to find triples Y, Z
and B where B : X x Y — Z becomes a bounded bilinear map.

The basic ones are:

Bx=B:XxK-— X, B(z,\) = Az. (1)
Dx=D: X x X" —K, D(z,z") = (z,2"). (2)
Note that L4(X) = LO(X) and L%(X) = LO_ . (X).

Natural generalizations of (1) and (2) are the following: For any other Banach
space Y one has

Ty X XY — XQ®Y, my(z,y) =z Q. (3)

Oy : X x L(X,Y) =Y, Oy(z,T)=T(). (4)

In the case of dual spaces X* we have also

Dl,X = Dl X x X — K, Dl(l’*,x) = <£L‘,$*> (5)

Note that L}, (X*) = L9

weaks

(X).

A generalization of (5) correspond to the case X = L(Y, Z) which plays an
important role in what follows: Denote consider

Ovz LY, Z) XY — Z, Oy z(T,y) =T(y). (6)

In the particular case Y = Z one can also consider,

Cp: L(E,E)x L(E,E) — L(E,E), Cp(T,S)=TS. (7)



Actually (7) is just the product on a Banach algebra A:

Pr:Ax A— A, Pr(a,b) = ab. (8)

Given a bounded bilinear map B : X x Y — Z, we can define the ”adjoint”
B* . X x Z* — Y* by the formula

(y, B*(QS, Z*)> = <(B(:E7 y)7 Z*>
Note that
B* =D, (1y)" = Oy« and (Oy2)*(T, 2*) = Oge y-(T*, 2*).

Definition 2 We write L5, (X) for the space of functions f in L%(X) such
that

1flleg 00 = sup{|B(f, )l 2y« llyll = 1} < o0

Clearly || f+gllez x) < [[fller ) + 9]l ez x) and [|Af [z x) = [All[fll.ez ) for
f,gin LP(B) and A € K, but in general the HfHL%(X) = 0 does not imply f =0
a.e. (It suffices to take B such that there exists  # 0 for which B(z,y) = 0
for all y € Y, and select f = x1g).

Observe that LP(X) C L%(X) for any bounded bilinear map B. Also one has
L3(X) = LP(X), L(X) = Lyea(X) and L (X*) = L (X7).

Remark 3 Observe that simple functions, say s = >, vxla,, v € X, and
pairwise disjoint sets Ay, belong to L5%(X). Actually

=

Isllez x) = Sup{(i 1Bk, ) 1(Ar))

k=1

Hlyll =1}

A simple duality argument gives

1
7

Isllen ) = sup{l 32 B (e, 20 A) [ (3 1417 = 13,
k=1 k=1

Definition 4 A function f € LY(X) is said to belong to L;(X) if there exists
a sequence of simple functions (s,)n, € S(X) such that

sn— fae and sy — fllenx) — 0.

For f € Liy(X) we write || f|| 1z x) instead of || f|lep (x)- Clearly one has that

1fllze x) = Hm [[sn]lzz (x)-

n—oo



Remark 5 Let Q = [0,1] with the Lebesque measure. Let f = 332, 2Fx; 17,
where 1, € X and I, = (27%,27%1] for k € N.

It is elementary to see that f € L1(X) if and only if supy, =1 Y52, | B(zr, y)|IP <
0o. From this it follows that if limy . supy, =1 5oy [ Bz, y)[[P = 0 then
f € Lg(X).

Remark 6 (i) LP(X) C L%(X) for any B and L{(X) = Lj(X) = LP(X).
(i1) L (X) = PP(X) (see [10], page 54 for the case p=1).
(111) L (X) € L%(X) (see [6] page 53, for the case B =D).

(iv) Let f: Q — L(X,Y) belong to £éx,y(£(X, Y)) and denote f(w) = T,.
Then, for any A € 3, there exists Ta € L(X,Y) such that Tyx = [, Tyxdp for
reX.

As expected the bilinear map B defines the smallest space in the scale { L};(X) :
B bilinear and bounded }. One might expect the space of Pettis p-integrable
functions, L, (X), to be the biggest in the scale. We shall now see that the
inclusion L% (X) C PP(X) holds true only among certain class of bilinear
maps.

Given x € X and y € Y we shall be denoting by B, € L(Y,Z) and BY €
L(X, Z) the corresponding linear operators

B.(y) = B(z,y) and B(z) = B(z,y).

Definition 7 LetY and Z be Banach spaces and B : X XY — Z be a bounded
bilinear map. We shall say that the triple (Y, Z,B) is admissible for X if the
map x — B, is injective from X — L(Y,Z), i.e. B(x,y) =0 for ally € Y
implies x = 0.

Notice that if (Y, Z, B) is admissible for X if and only if (Z*,Y* B*) is.

It is elementary to see that examples in (1)-(7) are admissible triples. In the
example (8) the admissibility condition becomes “no zero divisors” and holds
true for Banach algebras with identity or with bounded approximation of the
identity.

Definition 8 Let Y and Z be Banach spaces and let B : X XY — Z be a
bounded bilinear map. X is said to be (Y, Z,B)-normed (or normed by B) if
there exists C' > 0 such that for all x € X

2] < C||Bo|l.

This simply means X can be understood as a subspace of L(Y,Z) and that



l|z|]| = ||B|| defines an equivalent norm on X.
Remark 9 (i) If X is (Y, Z, B)-normed then (Y, Z, B) is an admissible triple.
(i) X is (Y, Z,B)-normed if and only if it is (Z*,Y*, B*)-normed.

Remark 10 Let X be (Y, Z,B) normed and f € L(X). Then the function
f:Q— L(Y,Z) given by f(w) = By belongs to L, ,(L(Y, Z)). Moreover

||fHL’('DYZ(£(Y,Z)) = HfHL%(X)~

Proposition 11 Let X,Y and Z be Banach spaces and let B : X XY — Z
be a bounded bilinear map. The following are equivalent:

(1) X is (Y, Z, B)-normed.
(2) For each x* € X* there ezists a functional @« € L(Y, Z)* such that

(x,2") = @u(By) for all x € X.

PROOF. Assume that X is (Y, Z, B)-normed and denote by X = {B,

€ X} C L(Y,Z). By assumption X is a closed subspace of L(Y, Z). leen
2* € X* the map B, — (z*,z) defines bounded functional in (X)*. Now, by
the Hahn-Banach theorem there is an extension .- to (L(Y, Z))*.

The converse is immediate. g

Of course, given a Banach space X there are many triples (Y, Z, B) for which X
is (Y, Z, B)-normed. In particular the ones considered in the examples (1)-(7).

However it is also easy to produce examples of admissible triples which are
not (Y, Z, B)-normed:

Example 12 Let X =/{, for 1 <p <2, Y =ly, Z =10, and B : {, x ly — {4
given by

B((an)n; (Bn)n) = (@nfBn)n-
Then ¢, is not (Y, Z, B)-normed.

Theorem 13 Let X,Y and Z be Banach spaces and let B : X XY — Z be a
bounded bilinear map. The following are equivalent:

(1) X is (Y, Z,B)-normed.
(2) Li(X) C PP(X) forall1 <p < oo.
(3) L% (X) C PP(X) for some 1 < p < oo.



PROOF.
(1)=(2) Let 1 <p <ooandlet s =37 2,14, € S(X). Let us write
sl ey =sup{(D_ [{zx, ") Pru(Ar))? « f|l2*|| = 1}
k=1

= sup{(] Z (A a2 - o = 1, lal, = 1}

For each z* € X* and ||al[,, = 1, using Proposition 11 one gets

> xkzﬂ(Ak)%O‘kal’*

ot )= 0B b

Hence

1 *
8]l pr(x) )7l 2t =1 llalle, = 1yl = 13

k=1

l *
(Ae)?, )|l el =l = L, [lalle, =1, [lyll = 1}
k=1
:MHSHL%(X)

Now if we take a function f € L4 (X) then there exists (s,), € S(X) con-
vergent to f a.e and in the norm || - |1z (x). Since ([(sn,2")F)n converges to
(I{f,x*)|P) a.e. , Fatou’s Lemma implies that

1 pe ) —Sup{/li,{nKSn(W)’fc*deu et =13
Q

< sup{limjinf [ |(sa(w),2")Pdp: [l2°]] = 1}
Q

< liminf [0 [B

< MPlimi P
<M lm}lmeanL%(X)
< p p

<M HfHL%(X)

(2)=(3) Obvious.
(3)=-(1) Assume (3), fix € X and consider the simple function

for Q@ — X
w o p()  lg(w)



Since || falprx) = [l and [ fall g x) = 1Bl one gets (1). D

Proposition 14 Let X be a (Y, Z, B)-normed space and f € Li(X). For each
E € X there exists a unique xp € X such that for any y € Y

Blary) = [ B(f(w),y)dn.

The value xg = (B) [ fdu is called the B-integral of f over E.

PROOF. Note that the uniqueness follows from the bilinearity of B and the
admissibility of the triple.

To show the existence, observe that if f € L'(X) then zg can be taken the
Bochner integral of f over E, [ fdu, using that BY € £(X, Z) and BY(xg) =
Jg BY(f)du for any y € Y.

Now, if f € LL(X) and (s,), is the sequence of simple functions of the defi-
nition then we have

[ B ), y)dye = lim Bz, ),

for £ € ¥ and y € Y where x, p = [5 sndp.

The fact that X is (Y, Z, B)-normed implies that there exists lim, z, g € X,
say rg. Indeed,

|05 — Tl < Csup{||Ba, p—z, 0 W) : [lyll =1}
< Csup{[|B(sn — $m: Y12 ¢ [yl = 1}
<Cllsp — SmHL%(X)-

Finally we have f, B(f(w), y)dp = lim, B(z,.5,y) = B(limy, 2, y) = Blap,y).

O

Remark 15 If X be (Y, Z, B)-normed space and f € LL(X) then

vp = (B) [ fdu=(P) [ fau

E E

for any E € ¥ where (P) [p fdu(w) stands for the Pettis integral over E.



3 A bilinear version of Holder’s Inequality.

It is well known and easy to see the following analogues of Holder’s inequality
in the vector-valued setting: Let 1 < py, ps, p3 < 0o and pil +L=1

p2  p3’

(1) If f e Lh . (X)and g € LP? then fg € L%, (X).
(2) If f € PP(X) and g € LP* then fg € PP (X).
(3) If f € LP(X) and g € LP* then fg € L (X).
(4) If f € LP(X) and g € LP*(X*) then (f,g) € LPs.

(
(
(5) If fe LP(L(X,Y)) and g € LP*(X) then f(w)(g(w)) € LP3(Y).

Clearly f € L%(X) and g € L°(Y) implies that B(f,g) € L°(Z). Hence a
natural question that arises is the following: Does B(f, g) belong to LP3(Z)
for any f € L5 (X) and g € L2(Y)?

The answer is negative for any infinite dimensional Banach space X.

Indeed, take p; = ps = 2 and p3 = 1, let X be an infinite dimensional Banach
space, Y = X* and Z = K and B = D. Take (z,,) € 2, (X)\ l(X).

weak

This allows to find (z%) € ly(X*) such that ¥, [(x,,x:)| = oo. Consider
now ) = [0, 1] with the Lebesgue measure, I = (2% 27%+1] and define the
functions f = >"72, 2§xk11k and g = > 72, 2§x211k. It is clear that f € L3(X)
with | fl72 ) = sup{352y [{za,2)[* ¢ [lo*| = 1} and g € L*(X*) with

Igll72x-y = 322y [l |I” but B(f, g) = 332, 25w, 23) 11, & L.

One might think that the difficulty comes from allowing functions to belong
to L4 (X) instead of L% (X). Let us then modify the question: Does B(f,g)
belong to LP3(Z) for any f € L (X) and g € LP2(Y)?

The answer is again negative. If the result hold true we would have that there
exists M > 0 such that || B(s,?)||r1(z) < M|s||1g x) It L2y for any s € S(X)
and t € S(Y).

Select X =Y = {y, Z = {1 and B : loxly — {1 given by B((An)nens , (Bn)nen) =
(AnBn)nen. Let us now consider sy = S0, 2§ek11k where e, is the canonical
basis and I, are chosen as above. Hence B(sy,y) = S, 2§ﬁkekllk for y =
(Bn)nen € lo. Therefore HSNHL%(@Q) < 1. Let us also take ty = Y0, 2§ek11k
which gives ||tx||z2(,) = V/N. Finally observe that B(sy,tn) = Sp_; 2¥e 1y,
and ||B(sy,tn)||z1(,) = N. This contradicts (3).

Modifying the previous argument with Z = K and B = D one can even show
that there exist f € L (X) and g € LP2(Y) such that B(f,g) ¢ L2 . (Z).

weak



To establish some bilinear version of Holder’s inequality we need to put toget-
her different bilinear maps. We shall then study the following general problem:

Problem: Let 1 < py, po, p3 < 00 and pi+pi2 = pi and let B: X xY — Z

be a bounded bilinear map. If By : X x 1X1 — X5 zmd By Y xY], — Y, are
bounded bilinear maps, find Bs : Z x Z; — Z, such that for any f € L (X)
and g € LI (V) one has B(f, g) € L, (Z).

Definition 16 We say that (B, By, Bs) is a compatible triple if B : X xY —
Z,B1: X xX; — Xgand By : Y XY, — Y, are bounded bilinear maps and

there exist a Banach space F and two bounded bilinear maps P : Xo x Yy — F
and P : Z x (X,®Y1) — F such that

?(B(xvy)axl ® yl) = :P(Bl(x7xl)732(yvyl))
foralrze X,yeY, xy € Xy and y; € V7.

A general procedure of construction of such compatible triples of bilinear maps
can be obtained as follows:

Example 17 Let U be a Banach space, B1 : X x X7 - U and By : Y xY; —
U* be bounded bilinear maps . Define the bilinear map B(B1,Bs) = B 1 X X
Y — L(X1,Y]") defined by the formula

(B(z,y) (1), y1) = (Bi(z, 1), Ba(y, 1))
foree X, yeY, x; € Xy andy; € Y].
Using that L(X1,Y]) = (X1®Y1)* we also can write

(B(w,y), 1 @y1) = (Bi(w,21), Ba(y, 1))

Note that (B(B1,Bs), B1, Bs) is compatible, selecting FF =K, P =D : U x

U* - K and P =Dy : L(X,Y]) x (X10Y]) — K.

Let us now give some more concrete examples of admissible triples:
Example 18 (B, By, By) is a compatible triple for any B : X xY — Z.

In particular, (Dx,Bx,Bx+) or (Oxy,Bx,By) are compatible triples.
Indeed, if B: X XY — Z, Bl:BX:XXK—:Xand32:By:Y><K—>Y
then select ' =2, P=B: X xY — Zand P =Bz : Z xK — Z. Observe
that P(B(z,y), AB) = P(B(xz, A), By, 3))- -~

Example 19 (B, B*, By) is a compatible triple.

10



Indeed, if B: X xY — Z, By =B*: X x Z* — Y™ given by

(Bi(z,27),y) = (B(z,y),27)

and By = By : Y xK — Y then we can select ' =K, P = (Dy)y : Y*xY — K
and P=Dy, : Z x Z* - K. O

Example 20 (my, By, Ox+) is a compatible triple.
Indeed, if B=7y : X XY — XQY, BlzBX:XXKﬁXandﬁgz(aX*:

Y x L(Y, X*) — X* then we can take F' = K, P = Dy : X x X* — K and
P =Dygy : XQY x L(Y, X*) — K. The compatibility now follows from

P(B(z,y), \T) = (x @ y, \T) = Az, Ty) = P(By(x, \), Bo(y, T)).
O

Example 21 Let B : L(X,Z) x L(Y,Z*) — L(Y,X™) be given by (T,S) —
T*S. Then (B, Ox z, Oy z+) is a compatible triple.

Indeed, if By = Ox.z 1 L(X, Z)x X — Z and By = Oy : LY, Z*)xY — Z*
then we can take F' = K, P =Dy : Zx Z* — Kand P = (D1)xay -
LY, X*) x XQY — K given by P(T,z ®y) = (x, Ty).

Observe that the compatibility follows from the formula
P(B(T,S),z @y) = (x,T*Sy) = (Tx, Sy) = P(B1(T,z),Bs(S,y)).
O

Theorem 22 (Ho6lder’s inequality I) Let 1 < py,po,ps < oo such that
L4 L. Assume that (B, B1,Bs) is a compatible triple for some F, P

1 —
pL o p2 P3

and P.

(1) If f € L5,(X) and g € LF,(Y) then B(f,g) € LT (Z).
(2) If f € Ly (X) and g € L5 (Y) then B(f,g) € L%)’(Z).

Moreover ||B(f, 9)”5%3(2) < ”fP“Hf”cgll()()”9”3’%&)-
PROOF. (1) Let us first show that if f € L% (X) and g € L% (Y) then
h=3B(f.9) € Ly(Z).

Indeed, if ; € X; and y; € Y; then 5)<h>x1 ®@y1) = P(Bi(f,21), B2(g,v1))-
Now since B;(f,z1) € L%(X3), Ba(g,y1) € L°(Yz) and P is continuous then

11



P(h,z1 ® yy) € L°(F). For general ¢ € X,®Y;, assume o =3,r! @y with
Syl < co. Then, using the continuity of P and P, one has

:]ND( h,p) = lim ZT faiUl , Ba(g, yl)) € L0<F)'

N*)OO

Assume f € L3 (X) and g € L, (Y). Let us show that h € LZ(Z).

If x1 € X7 and y; € Y] then

/HiP (h,x1 @ y)|[P2dp)rs = /Hﬂ’ 1(f, 1), Ba(g, y1)) [P dp) s

<P B 20)[[Balg, ya) )y

Q

1
<IPIf 1B w0)l7dp) / B2 (g, 1) |7 )
Q
<1111z, ol ol
In general, for each ¢ = X, 27 ® yi € X1®Y], one has Ph, Y, 2t @ y}) =
>on P(h, 2t @ y7). Therefore
; n a1
/ IP(h 3t @ )P dp) / IP(B1 (/7). Ba(g, yi) |7 dye)

<IIiPII lex I DA 2z ollgllzzz )

This gives [|B(f, 9)llezs(z) < IPUNF e oo llollezz o

(2) Assume that f and ¢ are simple functions. If f =Y, 2;1p, € S(X) and
g=>,Yplp, € S(Y) then

= B(fa g) = ZB<Ikvyp)1EkﬂFp € S<Z)

k,p

Now, if we take f € Ll (X) and g € Li (Y) then there exists (f,), € S(X)
and (g,)n € S(Y) such that f, — f ae., g, — g ae., [[fn — fHL%I x) — 0

and ||g, — ¢ 122 vy — 0. Clearly B(fn, gn) are simple functions and converge
2
to B(f,g) a.e.

12



Due to the previous result

||B(fn7gn) - B(f7 g)”g?(z) < ||B(fn - fv gn)”ﬁ?(z) —+ ||B(f7 Gn — g)”ﬁ?(z)
<IPIF ~ Flleg, ol legs o
FIPH ALz ol = gl

Taking limits the result is completed. a

Let us point out a little improvement that can be achieved for the compatible
triples of in Example 17. Let us recall the following fact that will be used in
the proof.

Lemma 23 Let X be a Banach space, 1 < p < oo and (z}), € X*. Then
1 ;
SHP{ZI )l H—l}—SUP{Z! [7)e = [l = 13

Theorem 24 (Holder’s inequality II) Let X Xl, Y, Y, and U be a Banach
spaces and 1 < p1,pa, p3 < 00 such that —|— = Let B X x Xq — U,
By : Y xY, — U* be bounded bilinear maps and let B(Bl, By)=B: X xY —
L(X1,Y7) be defined by the formula

(B(w,y)(w1),11)) = (Bi(x, 21), B2y, 1))

If f e L (X) and g € L, (Y) then B(f,g) € PP (L(X1,Y))).

Moreover || B(f, 9175 (ox,vr)) < ”fHL%ll(X)”g”L%é(Y)'

PROOF. Assume first that f and g are simple functions. If f =37, xx1g, €

S(X) and g = >, yp15, € S(Y) then h = B(f,9) = Ykp Bk Yp)1Enr, €
S(L(X1,Y)")). Note that £(X1,Y]) = (X;®Y7)*. Hence from Lemma 23

[ Al rs (X18Y1)%) :SUP{(Z Bk, Yp), V)PP u(Ep NV Fp))Ps H¢||(X1®y1)** =1}
k

wea.
k.p

ZSUP{(Z (. Bww, up)) P (B N )55 - (9l x,am = 1}

= HhHLPS

weakx

((X1&Y7)*)"

13



We conclude, using Theorem 22, that

1Al LY S ||f||Lpl )||9||Lg22(y)

wea,

Now, if we take f € Ll (X) and g € L (Y) then there exists (fn)n € S(X)
and (gn)n € S(Y) such that f,, — f a.e., g, — g a.e., || fa —f||L%1 (x) — 0 and
1

lgn — g||L1;32 ) — 0. Clearly B(fu,9,) — B(f, g) a.e. and therefore B(f, g) is
2
strongly measurable and

[(B(fn> gn)s D — [(B(f,9), ¥))”* ace.
for all ¢ € (X;®Y;)*.

To see that B(f,g) € PP3(L(X1,Y]")) it suffices to show that B(f,g) €
Lipear(£(X1, YY)

weak

Then using Fatou’s Lemma and the inequality for simple functions we have
that

IBLS, g>|L"3 L(X1@Y1)* Sup{/l (fr ), ) Pdp: [l vy = 1}
:SUP{/h,{n| B fn79n)a¢>|p3dﬂ ||77Z)||(X1®Y1)** = 1}
Q
< sup{lim inf / (B g NP2 [l v,y = 1}

<hm1nf ||B(fn7gn>‘

L (X1®Y1)**)

< lim inf | full® Lo ( ||9n| P (v)
Bo
=l fII7 o (x g7 122 (v
O
Corollary 25 Let 1 < py,pa,p3 < 00 such that p%, = ]%1 + piz'

Let B: X XY — Z be a bounded bilinear map.

(1) If f € LP(X) and g € LP*(X*) then (f,g) € LPs.

(2) If f € L"(X) and g € LZ (Y) then B(f,g) € Ly (Z), where

B, Y x Z* — X* is given by (x,B,(y,z*)) = (B(x,y), z*).
(3) If f € L' (X) and g € LP*(Z*) then B*(f,g) € L ,.(Y™), where
B*: X x Z* = Y* is given by (y, B*(z,2*)) = (B(z,y), 2*).

(4) If fe L% (X) and g € LP*(Y) then f ® g € L (XQY).
e

14



(LY, Z%)) and if we put f*(t) =
(L(Y, X7)).

(5) If f € L, ,(L(X,2)) and g € L5,

Ox,z

F(t)" € L(Z*, X*) then frg € L™

weak*

4 Some concrete examples.

We now will see more concrete examples of spaces and bilinear maps where
the theory can give nice applications.

Example 26 (Holder’s bilinear map) Let (21,n) be a o-finite measure
space, let 1 < py,pa,p3 < 00 and p% = p% + p% and consider

Hpy o L7 () x LP?(n) — LP(n), (f.9) — fg.

It is clear that LP'(n) is (LP*(n), LP*(n), Hp, p, )-normed.

In particular for €2; = N with the counting measure, one has for p = ps:

Proposition 27 Let 1 < p; < 00, 1 < py < 00, ~ = p% + p% and Hp, p, :

‘ 7 p3
loy X byy — by I £ = (fa) € L3 (6y,) then

1955, ey = Ny
PROOF. Note that

171253ty =500 I8l i) < (Bl = 13
Q

— up {3 (ol oo |uP) 7 < 1(Bualle, = 1)

n=1

= [l fallzes nlle,, = 1 (fadnlley, wos

O

Example 28 (Young’s bilinear map) Let G be locally compact abelian

group, 1 < p1,ps < 00 and 1/py + 1/ps > 1. Let 1 < pg < oo with p% =
1

+ L — 1 and consider
p1 p2

Vorps : LPHG) x LP(G) — LP*(G),  (f,9) = [ *g.
Proposition 29

(1) LP(R) is (LY(R), LP(R), Y, 1)-normed for any 1 < p < .

15



(2) (L*(R),L*(R), Y1 2) is an admissible triple for L*(R) but L'(R) is not
L*(R), L*(R), Y1 2)-normed.

PROOF. (1) Since L'(R) has a bounded approximation of the identity then

£y = sup{l[f * gllp - llglls = 1} = sup{IVp1 (S, 9)l» - gl = 1}

(2) Note that

sup{||f * gll2 : llgllz = 1} = sup{| M12(f. 9l < lgllz = 1} = I fllos

which is not equivalent to || f]];. O

In particular for G = R with the Lebesgue measure, the norm in the spaces

L5, (LP') can be easily described in some cases.
ypl sP2

Proposition 30 Let 1 < p; < o0, 1 < py < o0 with pil + p% > 1. Let
1<ps<oowith+=+4+L_1
p3 P1 P2

(1) L5, (L (R)) = LP(L*(R)) for any 1 < p < oo
Moreover ||f||[l§,pl 1(Lm(R)) = ||f||Lp(Lp1(R)).
(2) If f € L°(L'(R)) then

: 1
1fllez, (my = Sup(/ | fu()Pdp)2.
1,2 zER &

PROOF. (1) Assume f € LS, (L (R)) then, Proposition 29 and Theorem
13 give that f is weakly measurable and, due to the separability of L*(R),
we conclude that f € LY(LP*(R)). Assuming that f: Q — LP(R) is given by
w +— f, and taking a bounded approximation of the identity in L'(R), say gy,
one has

1
1 ey = ( / 1 Fulln ey )

3=

= /nli_{gonw * Gn | 701 ) d1t)

1
< sup{( / o 9l ey @17 : Dlracey = 1}

- Hf”ﬁp N (LP1(R))

16



The other inclusion and inequality of norms are always true.

(2) Now if f € L°%(L'(R)) then f:Q — L'(R) given by w — f,, and we have
(using Plancherel’s identity and Fubini’s theorem) that

1
1£0ss, ey =5 [ 1 fu g egdin)® : Nglliee) = 1)
Q

e 1
==Sup{(][Hf@>k9H%aR)du)2  Ngllzzw = 13
—mﬂ/ﬂm (@)Pdwdp)? < (gl = 1}

(NI

=mﬁ/ﬂmmwmwww>:mm®=u

—wm//m )Pdp) |h(@)[dz)? (Bl = 1}

=sup | ()2 dps)

We now show two interesting examples given in terms of the Poisson kernel.

Let P.(0) = m for 0 < r < 1 denote the Poisson kernel in D. Due to the
facts | Py[y =1 for all 0 < r < 1 and [|P, | = 1=~ one gets, for 1 < p < oo,

the estimate || P, ||, < (33£)77.

-

Definition 31 Let 1 <p < oo and write P, : [0,1) — LP(T) for the function
Pp(r) = F,

Clearly P, is continuous on [0, 1) but unbounded for 1 < p < co. Actually it
is well known that

This shows that P, ¢ LP'([0, 1), LP(T)). Nevertheless we can define some bili-
near maps B such that P, belongs to Li;([0,1), LP(T)).

For such a purpose we will apply two important inequalities from the theory
of Hardy spaces. We refer the reader to [7] for the non explained notation.

Proposition 32 Let 1 < p < oo and let H : LP(T) x HP' (D) — C be defined

17



™

Ho, ) = [ o) (")

—T

i&
o

Then P, € L2,([0,1), L*(T)).

PROOF. Observe first that H is a bounded bilinear map but (H?” (D), C, H)
is not an admissible triple.

Since P, * f(0) = f(re?) for any f € H?(D) then f(r) = P, * f(0) and hence
H(P,(r), f) = f(r) for f € H” (D). Then, applying F&jer-Riesz’s inequality
(see [7] page 46)

1 1
([ P P ar)? = ([ 1) ar) < Ol .
0 0
Hence ||77p|]£%,{/([071)7Lp(T)) <C. O
Proposition 33 Let 1 < p; < ps < oo and take p such that z% = p% — p%. Let

us define C : LP(T) x HP'(D) — HP?(D) by

Clo, f) == f.

s 11

Then P, € £§'(dﬂp1,p2,p/, LP(T)) with the measure dpuy, p, (1) = (1—1)" Gr=a) Y,

PROOF. Observe that Young’s inequality implies that C is a bounded bili-
near map because piQ = %4—]%1 —1, but (HP* (D), HP2(D), C) is not an admissible
triple.

If f € HP'(D) then we have C(P,(r), f) = f, where f.(¢?) = f(re'?).

Recall that Hardy-Littlewood’s inequality (see [7] page 87) establishes that
for 1 <p < g <ooand X\ > p, there exists a constant C' > 0 such that

1
(=YD M, (1) dr)E < Ol flle) for all | € HP(D)
0

where M,(f,7) = || f|lp-

Therefore, applying the previous inequality for A = p’, p = p; and ¢ = ps, one
gets

18



(JNCPr)s ) ion o Ut (7) 7—ummd%MMV
0

/ f r)(1—r)? (Pll_%)_ldr)r’
< CHJ"“HW1
Therefore ||Ppl| ., <C. O

¢ (dipy po o/ LP(T))

5 Integral operators by means of bilinear maps.

Throughout this section (€2, 3, du(w)) and (€, 3, dp/(w')) are finite complete
measure spaces, X is a Banach space and k : Q2 x ' — X belong to L%(Q x
Y, X) for some (Y, Z,B) is an admissible triple for X. Our objective is to
study the boundedness of the integral operator associated to B given by

TE: LP(Q)Y) — Lp(Q Z)
g = T /% w ), g(w'))dpd (w')

As usual, denote by

ky =k(w,-): @ — X Y =k(Lw'): Q@ — X

w o= k(w,w) wo k(w,w’).

We also write K(w) = k,, and K'(w') = k"'

We now introduce similar conditions to the ones appearing in [9] in our more
general setting.

Definition 34 We say that k : Q x Q' — X satisfies the condition (CE) if

(1) k, € LE(Y, X) a.e. in 2, and
(2) for eachy € Y and E € ¥/ the function
T2y, E): Q — Z
w = [ Bl ) (W)

E

belongs to L°(Q, Z) .
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Remark 35 If the kernel k satisfies (CP) then the operator

TE: S(Q,Y) — LO(Q Z)
g~ T /B w,w), g(w))dpd (w')

1s well defined.
Remark 36 If X € L°(Q, LL(QY, X)) then k satisfies (CP).
Definition 37 We say that k : Q x ' — X satisfies the condition (CP) if

(1) k" € LL(Q, X) a.e. in &,
(2) there exists a constant CE > 0 such that

p({w e ka/”L%(Q,X) > CPY=0.
Remark 38 If X' € L>(QV, LL(Q, X)) then k satisfies (CP) with
CP < 1K N o 0,28 (@,5))-

Proposition 39 Let B : X XY — Z bounded bilinear map and let k : € x
V' — X a kernel satisfying (C2). If k satisties (CP) then the integral operator

TS S(Q,Y) — Ll(Q Z)
g - T /B w,w), g(w))dpd (w')

can be continuously extended to L*(SY,Y) and with norm bounded by C¥.

PROOF. Let g = >}, yx1lg,. Then

Therefore

J 172 w)ldutw) < [

=;wm//m ), D) di (')

TM:

tﬂw )yl (') dpu(0)
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Now extend by the density of the simple functions on L'(€,Y). O

We can get similar sufficient conditions for the boundedness on vector-valued
LP-spaces for p > 1.

Definition 40 Let 1 < p < co. We say that k : Q x ' — X satisfies (CJ) if

(1) k" € L5(Q, X) a.e. in Y,
(2) w — ||k:”“”/||L%(97X) belongs to LY ().

Remark 41 If XK' € LY (', L}(Q, X)) then k satisfies (CP).

Proposition 42 Let 1 <p < oo and B : X xY — Z be a bounded bilinear
map. If k : Q x Q' — X is a kernel satisfying (CF) and (C})) then the integral
operator

TE: S(VY) — LP(Q Z)
g - T2 /1% w0, ), g(w)dp ()

can be continuously extended to LP(QY,Y).

PROOF. Let g =31 yrlp, and T;7(9)(w) = Jo B(k(w,w"), g(w'))dp' (w').

Using Minkowski’s inequality one gets Therefore

/ IT2 (9 (w)lPdp(w))> < / / B, ), g0 Pdpa() > did (')
< / 15l 00 g () g )
/ ey 1 C0)) 7 N e,

Now extend by the density of the simple functions on LP(€,Y). O

Recall that B* denotes the adjoint B* : X x Z* — Y™ given by (y, B*(x, z*)) =
(B(x,y),z*). We write k : Q' x Q — X for the map k(w', w) = k(w,w’).
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Proposition 43 Let B : X xY — Z bounded bilinear map. If k : Q2x Q" — X
satisfies (C3) and k satisfies (CE") then the integral operator
TE: S(Q.Y) — L®(Q,2)
g = TR = [ Blk,w), o)) ()

Q/

L(Q')Y)

can be continuously extended to S(SY,Y) " with norm bounded by CE".

PROOF. Take g € S(,Y). The condition (C%) provides the measurability
of the function T2(g) : Q@ — Z. Then, for those w € € for which k, €
LL(€Y, X), we have that

1T (g) (w)]| = sup{| /(3(k(w7w’)>9(w’))72*>du’(w’)! =t =13

—sup{| [{g(w'), B (k(w, '), ="))dp'(w)] : "] = 1}
Q/
< Nl Rl 2. )

Hence | T2(g)ll=(@.y) < CF

gHLoo(Q/,Y). O

The boundedness of the operator in the case 1 < p < oo can also be deduced
now of the previous propositions by means of interpolation.

Lemma 44 (see [9], page 198).Let 1 < p < oo and let T : S(V,Y) —
LY, Z) + L*°(Q, Z) be a linear map and there exist ¢y, co > 0 such that

1T r vy < allglleioy and 1T (9) || oo (er,y) < Coollgllzoe(oryy

for all g € S(V,Y). Then there exists a linear extension T : LP(QY)Y) —

1

11
LP(Q, Z) with norm bounded by ¢} c&.

Theorem 45 Let 1 <p < oo, let B: X XY — Z be a bounded bilinear map.
Ifk:QxQ — X is a kernel satisfying (C?), k satisfies (CE) and k satisfies
(CP") then the integral operator

TE: S(Q.Y) — L®(Q,2)

g = TR = [ Blk,w), g ()

Q/

can be continuously extended to T : LP(Y,Y) — LP(Q, Z) with norm bounded
1 oL
by (CP)¥ (CT")¥.
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We finish this section mentioning some results about the extension of the ope-
rator to L>°(Y")) whose proofs can be obtained from the obvious modifications
in the operator-valued case (see [9] ).

Theorem 46 Let B : X XY — Z be a bounded bilinear map. Ifk : QxQ — X
satisfies (CP) and k satisfies (CE") then the integral operator
T2 S(Q)Y) — L*(Q,2)

g = TR = [ Blk,w), o)) ()
J

can be continuously extended to SP : L®°(V,Y) — L., (2, Z**) given by

(=", SEg)(w)) = [(Bk(w,w), g(w)), =)y (w)

for each 2* € Z*, w € Q and g € L=(Y,Y) with norm bounded by CE".

Theorem 47 Let B : X XY — Z be a bounded bilinear map. Assume that
k:QxQ — X satisfies (CP) and k satisfies (CE) and that Z does not

contain a copy of co. Then T2 has a continuous extension to TL : L®(V,Y) —
L>(Q, 7).
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