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Abstract
In this paper we shall analyze the Taylor coefficients of entire functions
integrable against dup(z) = %ef‘z‘p | 2 |P72 do(z) where do stands for
the Lebesgue measure on the plane and p € IN, as well as the Taylor
coefficients of entire functions in some weighted sup-norm spaces.

In this paper we shall analyze the Taylor coefficients of entire functions sat-
isfying some growth estimates. To be more precise, given p € IN, we will deal
with the Banach space Bj(p) of entire functions belonging to Lq(du), where
du(z) = %e"'z'p | 2 |P72 do(z) and do stands for the Lebesgue measure on
the plane, as well as with the Banach space H(e~!*I")(C) of those entire func-
tions f such that sup,.qe™*" | f(2) |< co. These spaces have been considered
in several contexts by different authors. See [1, 6, 7, 8, 9, 10]. The general
question we are going to discuss can be stated as follows: given a function
f(2) = 30% yanz™ in X(:= Bi(p) or H(e *I")(C)), what can be said on the
Taylor coefficients (a,,)?. Conversely, it is also interesting to ask how a func-
tion in X can be recognized by the behaviour of its Taylor coefficients. The
paper is organized as follows. In the first section we present a method to de-
scribe the boundedness of operators from Bj(p) into a general Banach space X
by the fact that the X —valued analytic function constructed by the action of
the operator on the reproducing kernel K, belongs to the vector-valued space
H (e 1?I")(€; X). This will allow to identify the dual space of Bj(p) with the
weighted sup-norm space H(e™1*I")(C). Then we will discuss a Hardy’s type
inequality for Taylor coefficients of functions in Bj(p). In the second section
we give a complete characterization of the Taylor coefficients for lacunary entire
functions in both spaces By (p) and H(e~!*!")(€). As an application we obtain a
sufficient condition on the Taylor coefficients of a function f in order to enssure
that it belongs to H (e~ !*I")(€). In section 3 we find conditions on 7y, in order to
get the unconditional convergence of > arz™ to be equivalent to the absolute
convergence of the series.

Let us denote by H (e *1")o(C) the closed subspace of H(e*I")(C) con-
sisting of those functions f such that e~*I" f(z) vanishes at infinity. Since



the polynomials are dense in Bi(p) and in H(e1*I")o(C) it is natural to ask
whether the Taylor series of a function in those spaces necessarily converges in
norm. Such a question was raised by D.J.H. Garling and P. Wojtaszczyk [7] for
the space B1(2), corresponding to those entire functions which are integrable
with respect to a gaussian measure, and it was recently solved in the negative
by W. Lusky [10] for all the spaces B;(p) and H (e *I")o(C). Nevertheless our
results in Section 2 show that when restricted to a lacunary sequence nyg, i.e.
% > A > 1 for all k € IN, we have that (2™*) is a basic subsequence in Bj(p).
The final part of the paper is devoted to give a necessary and also two sufficient
conditions in order to ensure the unconditional convergence of a given Taylor
series in H(e™*1")o(C).

1 Duality

In this section we present the Banach spaces B;(p) and H(e™*I")(C) and show
that (By(p))* = H (e !*I")(€). This duality is applied to discuss the sharpness
of a Hardy’s type inequality for functions in Bj(p). Moreover, as a previous
step to get the duality some necessary and sufficient conditions for a function
to belong to H (e #")(C) are given.

Definition 1.1 Given a continuous and radial weight v on C and a complex
Banach space (X, | . ||) we define

(a) Hv)(C,X) := {F : C — X entire function; || F |:= sup v(z) ||
F(2) < oo},

(b) H(v)o(C, X) is the subspace of H(v)(C, X) consisting of those functions
F such that Fv vanishes at infinity.

If X is the field of complex numbers we drop it from the notation and write
H(v)(C) or H(v)o(C). We are interested in weights v(z) = exp(— | z |P), p € IN.

Definition 1.2 Given a natural number p € IN we denote by By(p) the space
of entire functions f such that

171= g [ 1@ e 2 P2 do() < o

We write Moo (f,r) = max{| f(z) |:| z |= r} and Mi(f,r) := 5= 0277 |

f(re) | dt. Then, for every f € By(p), we have || f ||= [° Mi(f,r)e™""pr*~1dr.

Lemma 1.1 (a) Let v be a continuous and radial weight on C such that the
polynomials are contained in H(v)o(C). Then the polynomials are dense in
H(v)o(C).

(b) For every p € IN, the polynomials are dense in Bi(p).



Proof: A proof of part (a) can be found in [3, 1.5(a)]. To prove (b) proceed as
in [7, Proposition 5]. m
Let us first remark that ¢, (r) = 7"e¢~"" is an increasing function in [0, (%)%]
and decreasing in [(%)% , +0o[. What shows that u,(z) = 2" satisfies || un || gr(e-1217) ()=
(%)%e*%. This, using the trivial estimate | b, | R™ < M (g, R), also allows to
say that if g(z) = 3. b,2" € H(e #")(C) then
B | T2 +1)

1.1 sup e T o
. ngn% vn+l — |9 le(e-117)

Let us start by mentioning a simple condition on (b,) which implies that
g € H(e F")().

Lemma 1.2 (a) Let p € IN and let (b,) be a sequence such that sup | by, |
ne€lN
(2 £1) < co. Then g(z) = Y bnz™ € H(e F")(@).
p
(b) If lim | by | r( +1) =0 then g(2) = Y. b,2™ € H(e™*1")o(C).

Proof: To see (a) it suffices to show that

> ,,,n P
Yo <0
—= T3 +1)

for every r > 0. For each n € IN writen =pk+j, k€ Nand j =0,1,...p—1,
and decompose the sum as follows

SR
o = ;(r?)
G+ j=0
where
oo k+9
0= Fhrivn)

Since ¢ (t) = ~1 4 ;(t) we have

j WA
J_—tp
pl($+1)

=el(p; _ tefss%_l s et(p;
PO =0 + ot [k ) <€, 0 41

Adding the values for j =0,1,...p — 1 we get

ZF ) Z%T” (1+p)e”



(b) Since H(e™*1")o(C) is a closed subspace of H(e™I*I")(€) it suffices to

N
show that g = A}im Z brug in H(e 1*I")(€). But this follows from
> k=0

> D k s T’k P
( |b |7‘k)67’” < (sup |[be|T(= +1) —)e "
k:%;l g (k>N g p )(k:%;l F(% + 1))

k
< C(sup [bpT(=+1)). m
k>N p

Let us now find some necessary condition for a function to belong to H(e~*I") ().

Lemma 1.3 Let (o) be a sequence of positive real numbers. If f(z) = >07 o o 2"

belongs to H(e~1?I")(C) then

1 & n
sup — Zanf(— +1) < c0.
meIN T —0 p
n—
Proof: Since a,, > 0 then we are assuming that ZZOZO anr% < Ce" for every
r > 0. Hence, multiplying by e~%" (a > 1) and integrating over (0, 00) we get

= an n C
T;)a;+1 (p+ )_a—l

For m € IN take a = ™+ and then

1 | m “ n = n 1 =
1— PR L= +1) < L=+ D1 - —)r < om.
Using that lim,, (1 — mlﬂ)%ﬂ = ¢~ 7 we finish the proof. m

In order to get the duality between B (p) and H (e~ !*!")(€) let us first give
a natural pairing on these spaces. If f € By(p) and g € H(e *I")(C) we can
define

< fa>= = [ @g@e o 2 o)

Clearly |< f,g >I<| f Izl 9 lla(e-127)@) - Observe that < u,,g >=
P(2x+1)

bnz_n;,+1 for g(z) = > by2".
2P
2n 4
This leads to the consideration of the following function Kp(z) = >~ 1,2(%11)2"



Let us denote by K,(z,w) = K,(2w). Then

/ Ky(z,w)g(w)e 2 | w [P=2 do(w)
~or
for every polynomial g.
We also write
e 22?71+1
K,(z) = —2"u,
o) ;) r(2 +1)

as a function taking values in B; (p) (note that this series is absolutely convergent

"Vn
TQ)P( +1) = ).

in Bi(p) because || un [|p,)=T(5 +1) and

In order to get estimates on the norm || K;,(2) ||, (p) as | z | goes to co we
first need the following Lemma.

Lemma 1.4 Let p € IN and let f(z) = >0, F(ininﬂ) There exists Cp, > 0
P

such that
oo o

Mlfr) < CP; T2 )vnt1
for all v > 0.
Proof: Asin Lemma 1.2 let us write n = kp+jfork € Nand j =0,1,...p—1.
Then () = S/24 20 f5(2) where f3(2) = S5 rary- Now, let us rewrite
f; as follows

Hiz) =T, m,ﬁ%;}(zj)ff(% +1.%)
= 1"(27) > heo F(;Izil o @7*(1 —x) ~ldz

p 25
= F(ZJ) fo (X reo (223;;)' )1 —a)7 e

Therefore
Mi(fjr) <5 _] fo fo | cosh(arte’s?) | £)(1—z)? 'dx
< : fo " cosh xrmos”f 2051 - x)%_ldx
< pr(ij > heo (7pk fo 2 (1 — 2)% " dx) ffip(cost)%g—;.
Using that [ (cost)*" 4L = 2= ( 2: ) we have

My(fr i Pk B(% 2 i PR (2K + 1)
i T 292k 2 - 27 :
S (K222 D) (R)22T(2k + 2+ 1)



Adding all the values of j we get

Mi(f,r) <Y rIMi(f3,m) < C, Z .

= 20 ) 2] +1

2_n

Lemma 1.5 Letp € N and K,(z) = >, e irl)z Uy, Then K, € H(e”1?I")(€, By (p)).

Proof: Using Lemma 1.4 we have

MUIGE N <) g pﬂ INCEat

Now, integrating over (0, c0) with the measure e~ prP~1dr and applying Lemma
1.2 we get

2% 2 " = |zl ,
K,( <C§ N=+1)<c L <ol
| 2) 5w 2n+1 n+ 1 ( )< nz:%]j(%+1) = e "

Theorem 1.1 Let X be a Banach space, p € IN. Let T be a bounded operator
from By(p) into X. Then F(z) = T(K,(2)) € H(e™*")(C,X) and || F ||<
Cy I T p

Conversely, given F € H(e ™ *I")(C, X), then

f) = /@ F()f(2)e 2 | 2 P2 do(2)

defines a bounded operator from By(p) into X and || T ||<|| F || . Moreover,
T(K, () = 2 F(z).

Proof: The first statement follows from the boundedness of 7' and Lemma
1.5. The converse follows since F(z)f(Z) is a X-valued continuous function and
| F(2) Il fZ) I<|| F || f(Z) | e/*I”. Hence the Bochner integral exists and

2w
I T(f) 1< > | F lzEer=r x)ll flBy) -

Corollary 1.1 Let p € IN. Then (By(p))* = H(e *I")(C) with equivalent
norms under the pairing < . > .



We also give a direct proof of the other duality.

Theorem 1.2 Let p € IN. Then (H(e *1")o(C))* = Bi(p) with equivalent
norms under the pairing < .> .

Proof: Define T : By (p) — (H(e#")o(C))* given by

p -\ —2|z _
<T(f)g>= o | 9@ FEe ™ | 2772 do(2).
T Je
Clearly T is well defined and bounded with || T ||< 1. Since < T(uy,),g >=
bn 1"(2?” +1) for g(z) = >_ by 2™ then T is injective. To see that T is surjective

2n g
2P
let us take ¢ € (H (e !*!")(€))* and, by Hahn-Banach, find a bounded measure
v such that ¢(g) = [g(z)e *"dv(z) for any g € H(e *1")o(C). Define now
f(2) = [o Kp(w, Z)e™ “I"dy(w). We shall see that f € Bi(p). Indeed,

Jol 1@ e 122 do(z) < fo (fo | Kpw,2) | eV du(w)) e | 2 P72 do(2)
= Jo (o | Kp(w,2) | e *" | 2 [P=2 do(2)) e 1" du(w).

Now, to get || f [|B, ()< C || v || we apply Lemma 1.5. On the other hand, for
any polynomial g we have

<T(f)g> = £ Jogf e |22 doz)
L Jo (e plw, 2)e™ 1 dw(w)) g(2)e 1" | 2 P72 dor(2)
— [glw)e " du(w) = é(g).

Using, finally, that the polynomials are dense in H(e~!*1")o(C) the proof is
complete. m

Lusky [10] showed that, for every p > 0 there are functions f € H(e™I")(C)
whose Taylor series do not converge in norm. The duality results in this section
have been used in [10] to prove that the same conclusion holds for the spaces
Bi(p), p € IN. The vector-valued duality (theorem 1.1) will be applied in the
last section to find a necessary condition for the unconditional convergence of a
given Taylor series in H (e~ 1#1")o(C).

To finish this section we present a Hardy’s type inequality for functions in
Bi(p).

Let us start by noticing that, using the monotonicity of My (f,r), one has
n e 1
|ap|rre™" S/ M, (f,s?)e %ds.
T

_lanD(R+1)
Hence taking r = % we have that if f € Bi(p) then lim ——2—- =0

n—oo \/ﬁ



On the other hand, applying Hardy inequality for Hardy spaces (see [5]) we
have

|an | R
<
E P CM,(f,R)

for f(z) =3 a,z™. Therefore

ZIG r(
n+1
n=0

n
;4_1) <C|f ”Bl(p)'

This is far to being sharp as the following theorem shows.

Theorem 1.3 Let p € IN.
(a) There exists a constant Cp, > 0 such that

|an|
E 1) < C’
W + ) H f ”Bl(P

where f(z) = > anz"
(b) Let (o) be a sequence of non negative real numbers such that there exists
a constant Cp, > 0 such that for f(z) = apz"

Z:ICMIF + Dan <Cp || flBp)

Then

sup —Zan\/_<oo

melN T

Proof: (a) Let f(z) =" a,z", then

00 n > Nin _n
—+1) <C) lan|(-)re >
Z( p n;() p
oo ntl
<C | an, | S%e_sds
n=0"p
o0 ntl
P 1, _g
SCZ/ My(f,s%)e™ s = C || f |5y -
n=0"7p

Hp(n »
(b) From duality we have that g(z) = > an%&l)ﬂ)z” € H(e I*1")(0).
P

Now the conclusion follows from lemma 1.3 and the Stirling’s formula. =

Remarks:



(i) Note that, from duality, the inequality

|an|
E 1) <G,
\/ﬁ + ) H f ||Bl(17

is equivalent to Lemma 1.2.
(ii) Note that part (b) means that the previous inequality is sharp in the
following sense: For o, = # the best exponent is 8 = =

2 Lacunary entire functions. Applications.

We now get some inequalities holding for lacunary entire functions in B; (p) and
in H(e ?1")(C). As an application we will present a sufficient condition on the
Taylor coefficients of an entire function f in order to ensure that it belongs to
H(e ")) (©).

First we need the following lemmas. The second one will be also applied in
the next section.

Lemma 2.1 There exist Cy, Co > 0 such that, for every p > 0,
p+/P
CiT'(p+1) < / rPe”"dr < Col'(p+1).
P

Proof: Recall that ¢,(r) = rPe~" increases in (0, p) and decreases in (p, 00).

Hence
P

(p+ /p)Pe”PHVP) \/_</ rPe”"dr < pPe”P/p.
p+v/p

Now the result follows from Stirling’s formula and the fact

i (p—|—\/_) P+\/_)\/_ L
p—00 I'(p+1) 2me’

Lemma 2.2 Let 0 < ¢ < 1, ap > 0 and B > 0. Assume that there exists
m € IN such that
Brtm — B 1

lim inf ———— > —.

Then there exists 0 < C < 1 such that

CZQZF Brg+1) / Zaks e™5ds < Zaif(ﬁkq +1).

k=0 k=0



Proof: Since 0 < g < 1 we have

/ (Zaksﬁ’“)qe_sdsg/ (Zaisﬁkq)e_sdsZZazf(ﬁkq—i—l).
0 k=0 0 k=0 k=0

On the other hand, the assumption implies that there exists kg such that
qBk+m > 9Bk + VP for k > ky. Now, using Lemma 4.2,

qBr++/ a4k
Z allT(Brg+1) <C Z ak/ raPee="dr
k=ko k=ko
0 qﬁu—m o0
<C Z / (Z ayrP)ae " dr
k=ko ¥ 98k 1=0
oo k+m-—1 qBiy1 X
03 %, Ggertyera
k=ko ab; 1=0
Q5J+1 °°
<Cm Z/ alr Pryae="dy
Jj= ko
=Cm Zalrﬁ’
aBro 1=0
Since i
0
ZaZF(ﬂqurl) (ko +1) / Zaks ~*ds
k=0

we have the desired result. m

Similar conditions to the ones imposed in the above lemma appeared in [4].
The next theorem should be compared with [4, theorem 8§].

Let us denote by V;, = m the normalized sequence in Bj(p).

Theorem 2.1 Let (ny) be a sequence such that there exists A > 1 for which
"7’:—:1 > A > 1. Then there exist 0 < A, B, < 0o (depending only on \,p) such
that

(a) A3 1<) aVi, o< Y Lax |,
k=0 k=0 k=0

(b) Yo lan [T+ < By 1Y anz" sy -
k=0 p n=0

10



Proof: To prove (a) recall that, from Kintchine’s inequalities for lacunary sys-
tems (see [13] or [11]) we have
- 1
Mi(g,r) = (D | by [ r?m)z
k=0
if g(z) = Zbkz”"'. Then (a) follows from Lemma 2.2 applied to §; = %,

q= % and m = 17 because ﬂk+1 - ﬂk > (/\ - l)ﬂk giVGS hmk_)oo M\/ﬁlﬁk = 0Q0.
K

To get (b) use Paley’s inequality, instead to Kintchine’s (see [5, page 104])

to have
o0

O | an, [P r2™)% < CMi(f,7)

k=0
for f(2) = Z anz", and apply a similar argument. m

Remark 2.1 It is well-known that Bj(p) is isomorphic to I* (see [7] for the
case B1(2) and [6] together with the duality provided by Theorem 1.2 for the
general case). Note that Theorem 2.1 provides a projection into a subspace
isomorphic to I*.

Let us denote be W,, = (%)7% e u,, the normalized sequence in H (e~ 1*I")(@).

Theorem 2.2 Let (ny) be a sequence such that there exists X\ > 1 for which
T >A> L
(a) There exist 0 < Cp, < 0o (depending only on X\, p) such that

e}
sup | ax [<|| ZakWnk i (e-127)< Cp sup | ag | .
kEIN Pt kEN

o
(b) ZakWnk € H(e #")o(C) if and only if (ax) € co.
k=0
Proof:
(a) The first estimate follows from (1.1).
r(2z41) T(2+1)

To see the second one, use duality combined with g R
r(2+1)2'p "

and (b) in Theorem 2.1.
If f(z) =>,2 bn2™ then

Nk
P

|2

N
| < f7 Zﬁ:o akWnk > | = |Za‘kbﬂk
k=0

N
n
<O fal b, D22 + 1)
k=0 P
< C(sup |ag)[|f] 5, (p)-
keIN

LR +1) ny .
p

941

11



It follows that
ax W, (2)|e™1*" < C(sup |ay,

for every N € IN and z € C. Consequently

o0
sup | ZakWnk(zﬂe_‘Z‘p < C(sup |ag])-
zeC —0 keIN

(b) If klim |ax| = 0 then, arguing as in (a) we get

[l Z akWa | (e-12py < C(Sup |ax]).
h=N

N
Hence g = A}im Z%Wnk € H(e_‘z‘p)o(qj)-
k=0

Conversely, if g € H(e 1*I")o(C) then g is limit of the sequence of Cesaro
means of its Taylor series (see [3]). Hence, given £ > 0, there exists a polynomial
h(z) = ZQ;O ckWh,, with [|g — hl[g(c-1=7) < . Applying (a) to the function

g —h we get sup |ax| <e.m
k>N

Theorem 2.3 Let I}, = [2k 2FH1) N IN.

(a) If sup Z lanTG, +1) < oo then f(z) =32 an2" € H(e #")(C).
kG]Nnel \/— n=0
|an|T(5 +1)

(b) If hm Z =0 then f(z) =Y o0 s anz™ € H(e F1")o(C).

f

TLEIk
Proof:
(a) Take g(z) = > o7 1 bp2™ € Bi(p). Then
2n 2n

+1) | an[D(SF +1)

|Zann 271 ZZ |b |F —2_71

n=1 1 k 0n€lsyy ( +1)2 +
a0 + 1)
Y R rE=es

k=0n€lgi1 NG +1)2’7

Now let ng and my, given by

ni n
bn, [T (— + 1) = sup |b,|T'(—+1),
| kl(p ) | I(p )

nelsy

b, JPEE 1) = sup ol o+ 1),

ne€lak i1

12



Since my, and ng are 2-lacunary sequences, applying (b) in Theorem 2.1, we
have

I‘(27L+1) 0o ng |an|F TL+1)
|Zan n 2n+1 < CZ‘bnk‘F( Z
k=0 n€ly | | (
e mp anf —+1)
+CZ|bmk|F(—+1) > #
ﬂ612k+1
<Csup > ag|—L— MG+ Z\b \r +1)
k€mn61k n \/— Nk
(% +1
+C sup D lan—E=— NG Z|bmkwr +1)
n€I2k+1 ( )
+1
= Csup |an|——=—lgl|
g RGZI \/_ Bi(p)

Hence the result follows now from duality.
(b) The previous argument actually shows that

[l Z an2" || g(e-1217) <Csupz |an|

n=2Fk = nell

)

Hence it follows the desired result. m

3 Unconditional convergence of Taylor series

It follows from theorems 2.1 and 2.2 that the Taylor series of every function f in
the closed subspace generated by (2™*) in By (p) or H(e #1")o(C) is absolutely
convergent in case lim inf "k“ > 1. The next theorem gives some subspaces of
B (p) for which the uncondltlonal convergence of a Taylor series is equivalent
to its absolute convergence. To finish the paper we present some necessary or
sufficient conditions in order to ensure the unconditional convergence of a given
Taylor series in H (e~ !*1")o(C).

oo
Theorem 3.1 Let « > 2 and np = [k%], k € IN. Then the series ZakVnk

k=1
converges unconditionally in B1(p) if and only if it converges absolutely, i.e.
oo

Z | ag |< oo.
k=1

13



oo
Proof: Let f = ZakVnk an unconditionally convergent series in Bj(p). De-
k=1
noting by (r,(t)) the sequence of Rademacher functions we define fi(z) =
o0

Z’”nk (t)agVn,. Since supepo 1) || fi |3, (p)< oo then, using Fubini and Kint-

k=0
chine’s inequality, we have

/‘X’(i o[ T%)le”dr /Oo(/lM (fe,r)dtye " pro~tdr
T )’ =~ 1(fe,
o = P(HE+1) o Jo '
1
= [ e < o

Then, taking G = 2%, q= % and m € IN, we have

B = B = 2k +m)?] = [£°]) = (b +m)" =K = 1) > = (amk*~ ~ 1),

DN

Therefore if o > 2 we can take m = 1 and then limj_, o, inf % = 00.
k

For o = 2 we can choose m > 4 and then limg_, ., inf 6“7\/6__6" > /2 and
k
(oo}

Lemma 2.2 can be applied again to get Z | ax |< 00. m
k=1

Let us now give some results regarding the unconditional convergence in H (e~ 1#1")o(C).

Proposition 3.1 Let (b,) be a sequence such that lim,, ., supv/n+1 | b, |=
0. Then Y o> o bu W, converges unconditionally in H(e™1#1")o(C).

Proof: Given any sequence (¢,,) with €, =F 1 and N < M we have that

M _ M |bu|v/aFT)e"
1Y e €nbaWa lre-1217y0 ) < suppce” #7300y HF(;—ill)zl

< (suppsn VI 1| b 02 magny)e

Now, from Lemma 1.2 and the assumption follows that Y~ , €,b,, W,, converges
in H(e #1")o(C). m

Proposition 3.2 Let (b,) be a sequence such that, if I, = [2"“‘, 2’““) NN,

klingo Z | by |= 0.

nely

Then Z b, W, converges unconditionally in H(e™1*1")o(C).
n=0

14



Proof: Recall that Z b, W, is unconditionally convergent in H(e~1*1")o(C) if

and only if T'(f) = (<_f, W,.) b,) is a compact operator from Bj(p) into I! (see
[11]). Hence, it suffices to see that, denoting by Tn(f) = ((f, Wa) bn)n>nN, We
have || Ty ||— 0 as N — oc.

oo
We fix kg € IN and N > 2250, Given now ¢ > 0, there exists f= Z a2z €
n=1

Bi(p) such that || f ||5,= 1 and

> n
I Tn <l Inf | +e<C Y |an|\bn\1—‘(;+1)+6.

n=22ko0

Let us split this sum as follows

ZZ|an||bn‘F Z Z ‘an‘|bn|r( +1)

k=ko n€lzy k=ko n€lak41
Take ny € I such that | an, | L(% 4+ 1) = suppey,, | an | T(5 +1) and
ny € Iopy1 such that | an | F( +1) = sup,ep,,,, | an [ T(3 +1). Observe
that % > 2 and % > 2 and then from (b) theorem 2.1 we can say that
d k
I Tw [|< C sup (3 [ ba ) +e
0 ner,

Applying now the assumption we finish the proof. =

Proposition 3.3 Let Z b, W, be an unconditionally convergent series in H(e™1*" ) ().
n=0
Then one has

k
1
o1 =0
khm kngzovn—i—ﬂb |=

Proof: Using the compactness of the operator T': By(p) — I* given by T(f) =
({f,Wp) b,) and Lemma 1.5 we easily deduce that

lim e~1*" | T(£,(2)) =0

|z|—o0

Since T(K,(z)) = ((&)" 7 e 2"b,) we have

lim e I? ‘pZF | 2" || b |=0

‘—>00

SN
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Therefore, given € > 0 there exists n. € IN such that

ZF |bn|r <ee”

for every r > 72’—;. Multiplying by e~ 1 < a < 2, and integrating over (2=, 00)

ap’
one has
1 o 1—e T
vt l [l [% s gy o Lo
T(2+1)grt! Jne a—1
n=0 p P

Ne

where re = (a — 1) 2<. Hence, using Lemma 2.1

n+1 n+1

) N 0o + bn \/__ .
ORGSR '<cz pATaN [ <o

n=ne

In particular, if k£ € IN satisfies k > n. we have, for % =1- %,

k
1 n
> \/n+1\bn\(1—E)E < C¢k.
Therefore
1—— Z\/n—l— | by, |< Cek.
On the other hand, since G(z Z F | b, | 2™ belongs to H(e™1*I")(C)

n=0
we can apply Lemma 1.3 to obtain

1 &
Me n=0
for some constant C' not depending on e and

1
—Z\/n+ | by |< —C+( EY%CG

showing what we wanted. m

k
Remark. The identity limg_, oo % Z vn+11b, |=0is equivalent to

. _k
Jim 273 > bal=0
nely
Consequently the Proposition 3.3 can be regarded as a partial converse of Propo-
sitions 3.1 and 3.2.
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