OPERATOR-VALUED DYADIC BMO SPACES

OSCAR BLASCO AND SANDRA POTT

ABSTRACT. We investigate a scale of dyadic operator-valued BMO spaces,
corresponding to the different yet equivalent characterizations of dyadic BMO
in the scalar case. In the language of operator spaces, we investigate different
operator space structures on the scalar dyadic BMO space which arise naturally
from the different characterisations of scalar BMO. We relate some of these
operator BMO classes to each other by forming certain norm averages over
“transformed” versions of the original operator function.

Furthermore, we investigate a connection between John-Nirenberg type in-
equalities and Carleson-type inequalities via a product formula for paraprod-
ucts.

1. INTRODUCTION

Let D denote the collection of dyadic subintervals of the unit circle T, and let
(h1)rep, where hy = ul%m(xﬁ — X7-), be the Haar basis of L?(T). For I € D
and ¢ € L*(T), let ¢; denote the formal Haar coefficients [, ¢(¢)hdt, and m;¢ =
ﬁ J; ¢(t)dt denote the average of ¢ over I. We write Pr(¢) = dscrbha.

We will use the notation “~x” to indicate equivalence of expression up to an

absolute constant, and “<”, “>” for the corresponding one-sided estimates.
We say that ¢ € L?(T) belongs to dyadic BMO, written ¢ € BMOY(T), if

1
(1) sup(— / 16(t) — mrof2dt)V? < oc.
rep 1| Jr
It is well-known that this has the following equivalent formulations:
1
2 —|| P,
( ) ?16121:; |I|1/2H 1'((25)”[/2 < 00,
3) sup = 3 62 < o0
1ep | JeD,JCI
(4) g LP(T) = LX(T),  f=Y frhi— Y ér(mif)hs
IeD IeD

defines a bounded linear operator on L?(T).
Of course, due to John-Nirenberg’s lemma, one can replace the L?(T) norm in
(1) and (2) by any LP-norm. That is, for 0 < p < oo, we have ¢ € BMOY(T) if and
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1
5 R PP = » < 0.
B s [ 16 = mioldn! = sup i 1P(0) e < o0
For real-valued functions, we can also replace the boundedness of 74 by the bound-
edness of its adjoint operator

(6) Ay : L(T) — L*(T), f= Z frhr — Zsblffm

IeD IeD

Another equivalent formulation comes from the duality
(7) BMOY(T) = (Hy(T))",

where HJ(T) consists of those functions ¢ € L(T) such that S¢ € L(T), where
So = (Dreplor 2%)1/ 2 stands for the dyadic square function. An equivalent
characterization of H}(T) is the one through dyadic atoms. That is, H}(T) consists
of functions ¢ = >, .y Akar, Ak € C, where }, i [Ax| < oo and for each k, ay is a
dyadic atom, i.e. supp(ay) C I for some I, € D, fl ag(t)dt = 0, and ||ag|co < |11,€|‘
The reader is referred to [M] or to [G] for the results concerning dyadic H' and
BMO.

The aim of this paper is to investigate the spaces of operator-valued BMO func-
tions corresponding to characterizations (1)-(7). In the operator-valued case, these
characterizations are in general no longer equivalent. In the language of operator
spaces, we investigate the different operator space structures on the scalar space
BMOY which arise naturally from the different yet equivalent characterisations of
BMOH. The reader is referred to [BPo] and [PSm] for some recent results on dyadic
BMO and Besov spaces connected to the ones in this paper.

First, we require some further notation for the operator-valued case. Let H
be a separable, finite or infinite-dimensional Hilbert space. Let Fyg denote the
subspace of L(H)-valued functions on T with finite formal Haar expansion. Given
e, f € Hand B € L*(T, L(H)) we denote by B, the function in L?(T,H) defined by
B.(t) = B(t)(e) and by B, ¢ the function in L?(T) defined by B f(t) = (B(t)(e)7 -
As in the scalar case, let By denote the formal Haar coefficients f I t)hydt, and
m;B = \I\ fl t)dt denote the average of B over I for any I € D. Observe that
for By and m;B to be well-defined operators, we shall be assuming that the £(H)-
valued function B is weak*-integrable. That means, using the duality £(H) =
(H®H)*, that (B(-)(e), f) € LY(T) for e, f € 'H In particular for any measurable
set A, there exist B4 € L(H) such that (BA ([, B(t)(e)dt, f).

We can define the following notions correspondmg to the prev10us formulations:
We denote by BMOY_ (T, L(H)) the space of Bochner integrable L£(H)-valued

norm
functions B such that

1
(8) [Bllsmos = Sup(*/HB(t) —myB|*dt)"/? < o
rep | Jr

Similarly, we denote by BMOY(T,H) the space of Bochner integrable H-valued
functions b : T — H such that

1
(9) Ibllnos = sup(= / 1b(t) — mb|2dt) /2 < oo
rep | J;



OPERATOR BMO SPACES 3

and by WBMOY(T, H) the space of Pettis integrable H-valued functions b : T — H
such that

1
(10) [bllwemod = sup (*/I(b(t) —mypb, e)[*dt)'/? < oo
I€D,e€H, |le]|=1 1] J;

This gives rise to the following definitions of operator-valued dyadic BMO spaces.
We denote by SBMOY(T, £(H)) the space of £L(H)-valued functions B such that
B(-)e € L}(T,H) for all e € H and such that

1
() [Blswos = swp (o [ 1B - miB)eld) < .
1epeerfel=1 | Jr

We shall also use the notation

(12) | Bllsmog, = [ Bllsemoa + [B*[lsBmos;

and denote by BMOY (T, £(H)) the space of functions for which this expression is
finite. We denote by WBMOY(T, £L(H)) the space of weak*-integrable £(H)-valued
functions B such that

(13) |Blwssos = s (= / ((B(t) — myB)e, f)dt) />
rep,lel=lfI1=1 1] J1

= sup ||Bellwemod(r,n) < o0,
e€H,llel|=1

or, equivalently, such that

| Bllwemod = sup (B, A)lsmoa(ry < oo
AeSy[|Al <1

Here, S; denotes the ideal of trace class operators in £L(H), and (B, A) stands for
the scalar-valued function given by (B, A)(t) = trace(B(t)A*).

We now define another operator-valued BMO space, using the notion of Haar
multipliers.

As in the scalar-valued case (see [Per]), a sequence (®7);ep, ®7 € L*(I, L(H))
for all I € D, is said to be an operator-valued Haar multiplier, if there exists C' > 0
such that

1> @r(fD)hallz2ra < CO N FrIP)Y? for all (fr)1ep € 1°(D,H).

1€D IeD

We write ||(®7)|lmuit for the norm of the corresponding operator on L?(T,H).

Letting, again as in the scalar valued case, PtB = ) ;- hyBj, we denote the
space of those weak*-integrable £(H)-valued functions for which (P;B)rep defines
a bounded operator-valued Haar multiplier by BMOyy14(T, £(H)) and write

(14) | Bl[BMOmure = [(PrB)repllmuit-

We shall use the notation Ap(f) = > ;cp(PrB)(fr)hr.
It is elementary to see that

(15) Ap(f) =" Bilmif)hr + Y Bilfr) .
it i M

Observe that (Ap)* = Ap-, hence || B|[5MO,u = 1B ([BMO -
Let us now give the definition of a further BMO space, the space defined in terms
of paraproducts.
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Let B € Fyp. We define
np: LA(T,H) — LA(T,H), f=Y_ frhi— Y Bi(mif)h,

I1eD IeD

and
Ap: L*(T,H) — L*(T,H), f=>_ frhi— > Bi( s |I|
IeD IeD
7 is called the vector paraproduct with symbol B. One sees easily that Ag = 7.
and that Ap = g + Ap.

Writing ExB = Z\I\>2*" Brhy, we denote the space of weak*-integrable
operator-valued functions for which sup,cy |TE. 8| < 00 by BMOpaa (T, L(H)).
For those functions, 7pf = limg_.o g, 5f defines a bounded linear operator on
L*(T,H), and we write

(16) | BllBMOyara = 751

The space BMOY,, (T, £(H)) is the space of weak*-integrable operator-valued func-
tions for which

(17) I1Bllemog,,, Sup(|j| Y 1B <co.

JeD,JCI

Recall that for a given Banach space (X, || -|), a family of norms (M,,(X), | - |ln)
on the spaces M,,(X) of X-valued n x n matrices defines an operator space structure
on X, if |- flu = || -,

M1 ||A @ Bllntm < max{|A|ln, || Bllm} for A€ M,(X), B € M,,(X)
M2 [|aABlm < lalar, .. ) IAlnllBlar,, . c) for all A € M, (X) and all scalar
matrices o € My, 1, (C), 8 € M, ,(C).

(seee. .g. [ER]). One verifies easily that all the norms above, apart from ||-||pyogd_

taken for finite-dimensional H, define operator space structures on BMOY(T).

The paper is divided into four sections following this introduction. Section 2 is
devoted to proving the following chain of strict inclusions for infinite-dimensional
H:

(18) BMOY

norm

(T, £(H)) € BMOuu (T, £(H)) € BMOG,
C SBMO(T, L(H)) € WBMO(T, L(H)).
This means that the corresponding embeddings of operator spaces over BMOY(T)

are completely bounded, but not completely isomorphic (for the notation, see again
e. g. [ER]).

In the third section, we investigate the operator-valued paraproducts in terms
of the so-called sweep of the symbol. Given B € _7-'00, we define the sweep of B as

19 BiB
( ) Z I I ‘I‘
IeD
Our main result of this section, Theorem 3.5, states that HB”zBMOpm

2
198 1|BMO e + 1 Bllspaos-

Operator-valued paraproducts are of particular interest, because they can be
seen as dyadic versions of vector Hankel operators or of vector Carleson embeddings,
which are important in the real and complex analysis of matrix valued functions and
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also in the theory of infinite-dimensional linear systems with infinite-dimensional
output space (see e.g. [JPP1]).

In Section 4, we investigate “average BMO conditions” in the following sense.
For 0 € {—1,1}P, define the dyadic martingale transform

(20) T, : LA(T,H) — LX(T,H),  f= hifr— Y hioifr,

I1eD I1€D

Let ¥ = {—1,1}P, equipped with the natural product measure which assigns mea-
sure 27" to cylinder sets of length n.
While we do not know whether BMOZ, .. € BMO,ara, we show (see Theorem

4.1) that ||B|Bm0O,.. < C(fs [IT-Bl3 do)/2. More precisely, || B3y +

para — BMOY,,., para
||B*H2BM0pam ~ fz ||TaB||%Momu“dU'

Moreover, the norms || B|gymod s | Bl[BMO. and || BllBumo,.,. can be completely
described in terms of average boundedness of certain operators involving either
Ap or commutators [Ty, B]. The results of this section complete those proved in
[GPTV].

It was shown in [NTV] that BMOpara (T, £(H)) € SBMO(T, £(H)). The space
BMOY (T, £(H)) is understood in [NTV] as the space of functions satisfying a
natural operator Carleson condition, namely

1 *
(21) sup ||7 Z BjB,| < oo
rep ] 7=

Therefore, the result from [NTV] represents a breakdown of the Carleson embedding
theorem in the operator case.

We investigate here a different version of the Carleson condition for the operator
case, namely

1 X.J
(22) sup — || ¥  BiBy =l r,cen)) < 00
rep || % J || (T,L(H))

It is shown in Theorem 3.6 that (22) implies the boundedness of 75, that is, the
boundedness of a certain dyadic operator Carleson embedding.

In [K], [NTV] and [NPiTV], the correct rate of growth of the constant in the
Carleson embedding theorem in the matrix case in terms of the dimension of Hilbert
space H was determined, namely log(dim H + 1). Here, we want to show that this
breakdown of the Carleson embedding theorem in the operator case is intimately
connected to a breakdown of the John-Nirenberg Theorem, and that the dimen-
sional growth for constants in the John-Nirenberg Theorem is the same. This
answers a question left open in [GPTV].

The last section is devoted to the study of sweeps of functions in different BM O-
spaces. The classical John-Nirenberg theorem on BMOY(T) implies (and is essen-
tially equivalent to) the fact that there exists a constant C' > 0 such that

(23) 156l BMoa < ClIblZp00

for any b € BMOY.

We will show that this formulation of John-Nirenberg does not hold for
IBllMmo.,- In fact, it is shown that if (23) holds for some space contained in
SBMO? then this space is also contained in BMOypara-
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2. SOME OPERATOR-VALUED DYADIC BMO SPACES

Let us mention that by John-Nirenberg’s lemma, we actually have that f €
BMOY__if and only if

norm

sup( /||B — mB|Pdt)/P < oo
rep ||
for some (or equlvalently7 for all) 0 < p < oo. Since (B —myB)xr = PrB we can
also say that f € BMOd__if and only if

norm

sup |Pr(B)|| Lo (c(r)) < oo

|I|1/p|

Another elementary identity we shall use is

1 1
| Bllwsmos = sup WHPI(Be,f)”L2 = SUP(T Z |<BJ€af>|2)1/2~
1€, Jlel=l f1=1 ] rep Il 55,
In particular,
(24) IBsIl < || Blwemos  (J € D).

The following characterizations of SBMO will be useful below. Most of it can be
found in [GPTV], we give the proof for the convenience of the reader.

Proposition 2.1. Let B € SBMOY(T, L(H)). Then

||BH§BMod = sup HBEH%MOC‘('H‘,H)
e€H, lell=1

1
= sup mHPI(Be)H%?(H)

IeD, H =1
= sup || > BiB|
JCI
1
= sup /(B(t) —mB)*(B(t) — mIB)dtH
rep || 1]

= sup ||mI(B B)*m](B*)mI(B)H

Q

sup 7l S B35
o 175

Proof. The two first equalities are obvious from the definition. Now observe
IY " BiBsll= sup > (By(e),Bs(f)) = Sup D B = [1Pr(Be)ll72 5
JCI llell=1,]1 fll=1 JCI llell= ICI

The following equalities follows from

||mI(B*B) - mI(B*)mI(B)H ﬁ/(B(t) _ mIB)*(B(t) _ mIB)dtH
B EH || H 1 |I| / —mB)*(B(t) — m;B)e, e)dt
T cenll= 1|I|/”P’Be” dt.
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To show the equivalence up to constants in the last line, notice first that
ﬁ” > uci BiB| < ﬁ” >_ycr BjByl| for each I € D.

On the other hand, let C = sup;cp I—}‘H ZJQI B%Bj|| and suppose that the
supremum is finite. Then for any given I € D, ||B;B;|| < || > ,c7 B5BJ| < |I|C =
2|1|C, where I denotes the parent interval of I. It follows that

1

Ti I BjBsll <C+2C

JCI
for each I € D. O

We would like to point out that while B belongs to one of the spaces
BMOY, . (T, L(H)), WBMOY(T, L(H))) or B € BMOZ,_ (T, L(H)) if and only if
B* does, this is not the case for the space SBMO%(T, £(H)). This leads to the
following notion:

Definition 2.2. (see [GPTV], [Pet]) We say that B € BMOY (T, L(H)), if B and
B* belong to SBMOY(T, L(H). We define || B|gmog, = ||Bllssmos + |B*[lsmos-

Let r; denote the Rademacher functions, that is

T = Z ‘[‘1/2}”.

|I|=2-*

Lemma 2.3. Let B = Egzl Byry. Then

N
(25) | BllsBmoa = sup (Z \|Bk€\|2)l/2
lell=1 ;=
N N
(26) IBllemo., = sup (3 [1Brel*)/? + sup (3 [|Bje]*)"/?
lell=1 k=1 =1 =1
N
(27) IBlwemos = sup (Y [(Bre, f)*)"/>.
Ifl=llell=1 =
Proof. This follows from standard Littlewood-Paley theory. O

Proposition 2.4. Let dimH = co. Then
BMOY (T, L(H)) € SBMOY(T, L(H)) € WBMOY(T, L(H)).

Proof. The inclusions follow from the definitions.

Let us see that they are strict. For x,y € H we denote by z ® y the rank 1
operator in L(H) given by (x ® y)(h) = (h,y)z. Hence it follows from (25) and
(26) that if (e) is an orthonormal basis of H and h € H with ||h|| = 1, then
B =377, h®ey, r, belongs to SBMO? but it does not belong to BMOZ, (T, L(H)).
It follows from (26) and (27) that B = >3, e, ®h ), belongs to WBMOY(T, L(H),
but not to SBMOY(T, L(H)). O

Of course, if (®;)rep is a Haar multiplier, then

(28) sup 1|72 @5 (e)ll L2 ey < (@) e
I€D, |le||=1
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In case the ®; are constant operators 17, one has

1(®1)1eD |lmutt = sup 177

Proposition 2.5. BMO,,;;s BMOSO,

Proof. The inclusion follows from (28), and the fact that BMOyu(T, L(H)) #
BMOY (T, £(H)) was shown in [GPTV]. O
Let us now describe the action of Ag in a different way.

Proposition 2.6. Let B € Fyoy. Then

Ap(f) = Z (Bl(mﬁf)'}(ﬁz - Bl(mlf)ﬁ;ll/g) .

1D

Proof. Use the formulae

1 |I|1/2
(29) myf = §(ml+f+m17f)’ Jr= 5 (mp+ f—my-f)
to obtain
m]thJrfI‘XTI‘ = %(mﬁermrf)(Xﬁ —xr-)[I|7H?

b Yo —mi o ol

2
X1+ XI-
= mI+f|I|1/2 _mfff‘l‘l/Q

t
Of course L>°(T, L(H)) € BMOY . (T, £L(H)). Using that
(30) Apf=Bf =Y (mB)(f)h
IeD

one finds that
Proposition 2.7. L>(T, L(H)) € BMOuyu(T, L(H)).

Our next objective is to see that BMOY_ (T, £(H)) € BMO (T, L(H)). For
that, we need again some more notation.

Let S; denote the ideal of trace class operators on H, and, as in the proof of
Proposition 2.4, for e,d € H, let e ® d denote the rank one operator given by
(e ® d)h = (h,d)e. One has that S; = H®H and (S;)* = L(H) by the pairing
(U,(e@d)) = (Ule),d).

It is easy to see that the space BMOyu1t (T, £L(H)) can be embedded isometrically
into the dual of a certain H' space of S; valued functions.

Definition 2.8. Let f,g € L?(T,’H). Define

1
fo®g=) (mpf@mpg—mp-f&mp-g)s(xre = xr-).
IeD
Let HA(T,S1) be the space of functions f = > ;o Aefx ® g such that fr,gi €
LA(T,H), || fell2 = lgkll2 =1 for all k € N, and Y7~ |\i| < oc.
We endow the space with the norm given by the infimum of > po |Ak| for all
possible decompositions.
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Proposition 2.9. H,(T,S:) is continuously embedded into L* (T, S1).

Proof. Writing f; = L|I|Y2(my+ f—m- f), gr = S|I|Y/2(m+g—m;-g), one verifies
the identity

f@®g= th(fz®ng+m1f®gz):f®9*Zﬂﬁ@gl
IeD IED|I|

from (29). Let f,g € L*(T,H),

X1
If ®gllorrsy=If@g—Y mfl ® grllzrr.s)
I1eD

X1
<If@gllprrsy +11D S fr@grllrsy

fen Ml

< fl2llgll2 + Z | fr ® grllst

1eD

1/2 1/2
< Ifllzllgllz + (Z ||f1||2> <Z ||91||2> =2[fl2llgll2-

IeD IeD
t

With this notation, B € BMO,1t acts on f & g by

<af®gw:/u%wxf®mu»ﬁ:<Mﬁg»

T
By definition of H}(T, S1), ||BH(H}(T,51))* = |Ag|
We will now define a further H! space of Sj-valued functions. For F' € L(T, S;),
define the dyadic Hardy-Littlewood maximal function F** of F' in the usual way,

N 1
P = s o 156 s
rever || Jr

Then let H!

max,d (Ta Sl) be given by

{F € L\(T, S) : F* € L'(T)}.
By a result of Bourgain ([Bou], Th.12), BMOY
(HL . 4(T,51))* (see also [B1, B2)).

max,d

embeds continuously into

Lemma 2.10. H}(T,S;) C Hélax’d(T, S1).

Proof. 1t is sufficient to show that there is a constant C' > 0 such that for all
fig € LATH), f®g € Hypo(T,S1), and [[f ® gllms (s, < Cllfll2llglle-
Observe as before that f ® g = f® g — > ;cp |XTI|f1 ® gr. For k € N, let Ej
denote the expectation with respect to the o-algebra generated by dyadic intervals
of length 2%, E,F = ZIED7|I|>2—I¢ hrFr. Then we have

(31) Ex(f ®g) = (Exf) ® (Erg),

as

> h(fremigtmifegr) =Y hi((Exf)i@mi(Brg)+mi(Exf)®(Erg)r)-
IeD,|I|>2—k IeD
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Thus
(Fo)" (1) = sup | Ex(f29)(D)|s1 < sup [(BLf)OI(Erg)(t '+ZX|1| gzl
keN keN IeD
<l il (¢ H+ZX|I| gzl
1eD

and
[(f®g) [l < If*2Mlg"ll2 + I fll2llgll2 < Cll fll2llgll2

by the Cauchy-Schwarz inequality and boundedness of the dyadic Hardy-Littlewood
maximal function on L?(T,H). O

Theorem 2.11. BMOd

norm

(T7 ‘C(H)) g BMOmult (T7 ‘C(H)) :

Proof. The inclusion follows by Lemma 2.10, duality and Bourgain’s result.
To see that they do not coincide, use the fact that BMO({o) g l(BMO) =
(H(¢1))* to find for each N € N functions b, € BMO, k = 1,..., N, such that

supy <pen Ikl a0 < 1, but [[(b)k—1....vllpaonriz) > en, where ey N o,
Let (ex)ren be an orthonormal basis of H, and consider the operator-valued

function B(t) = Y p_, br(t)er @ ex € L2(T, L(£3)). Clearly By = oo, (b) rex ©ex,

and for each CV-valued function f = Z,ivzl frer, fi,..-, fn € L*(T), we have

N
f)= ZAbk(fk)ek

Choosing the fi, such that || f||3 = Zk 1 ka||L2(T = 1, we find that

IAB ()12 r,0) = Z 1As, (fio)ll2my < CZ 0% 11 F 2101 FrllZ2 () < €,

k=1 k=1
where C' is a constant independent of N. Therefore, Ap is bounded.
But since ||B|lpmod = [[(bk)k=1,...NllB7MO(T 1) = en, it follows that

BMO 41t (T) is not continuously embedded in BMOY_ (T, £(#)). From the open

mapping theorem, we obtain inequality of the spaces. O

3. OPERATOR-VALUED PARAPRODUCTS
We start by describing the action of a paraproduct 7p as a Haar multiplier.
Proposition 3.1. Let B € Fog. Then
75l = I(Brhr)1epllmun

= |[(Pr+B + Pr- B) 1ep || muit

= BiBsien i
JCI | |

In particular,
I1B1ll < g1/,

1P+ B(e) + Pr-B(e)ll 20 < ImslI1]Y2 el
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and
ZBJBJ JellL2er.y < [lmsl*[ 11 e]|-
JCI
Proof. The first equality follows by writting Ap-(f) = > ;cp Brhrfrhr. Then use
75l = Ap.
The second follows from the fact that PrB = (P;+B + P;- B) + Brhy, which
shows that

m5(f) =Y _(Pr+B+ Pr-B)(f1)hr

1eD

For the third formulation, use ||75|* = |77 5].

rira(NO) = 3 BiBymi(£) Y

= an

= Y BiBi(>_ fimi(hy)) I()
IeD ey

= Y BiBi ZthJ |I|)
IeD ey

= >« ZB,BI III Vfrhy(t).
JED 1T

It follows at once from Proposition 3.1 that
BMO,ara (T, £(H)) € SBMOY(T, L(H)).

It is easily seen that, if B and B* belong to BMOpara, then B € BMOyyis.
However, we want to remark that the boundedness of mp alone does not imply
boundedness of Apg.

To see this, choose some orthonormal basis (e;);en of H, and choose a sequence of
C"-valued function (by,)nen with finite Haar expansion such that [|b, || gyod 2 (x)) >
Cn'/2||bn lwemoa(c(ry) (for a choice of such a sequence, see [JPP1]). Let B, (t) be
the column matrix with respect to the chosen orthonormal basis which has the
vector by, (t) as its first column. Then it is easy to see that

75, | = I, | ~ 1ol moa (70 > n'2Cllballwenion (r,7) -

As pointed out to us [PV] it follows from the first Theorem in the appendix in
[PXu] that [|75: || < C|lbn|lwemod(r,2) for some absolute constant C'and all n € N.

Forming the direct sum
o0

1
B=

H7TB;:

*
ni

n=

1
we find that ||7g|| =1, but Ag = (7p+)* is unbounded.

The next proposition shows that the space BMOdCarl belongs to a different scale
than the standard BMO-spaces.

Proposition 3.2. L>=(T, £(H)) € BMOYZ, (T, L(H)).
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Proof. Choose an orthonormal basis of H indexed by the elements of D, say (er)rep,
and let ®; = e; ® e, ®;h = (h,er)er. Let A\ = |[I|V/? for I € D, and de-
fine B = Y ,cphiA1®r. Then Y, 5 |Brl|*> = Y ,cp 1| = oo, so in particu-
lar B ¢ BMO¢, (T, £(H)). But the operator function B is diagonal with uni-
formly bounded diagonal entry functions ¢;(t) = (B(t)es,er) = |I|*/?hs(t), so
B e L=(L(H)). O

Proposition 3.3. BMOYZ, (T, £(H)) € BMOpara(T, L(H)).

Proof. The inclusion BMOZ, | € BMO,ay, is easy, since (17) implies that for B €
BMO%MI, the BMO%M1 norm equals the norm of the scalar BMOY function given
by |B| :== Y ,cp hil|Brll. For f € L*(H), let |f| denote the function given by
[£1@) = £ (@) Thus

s fl3 =Y IBrmef I < Y- (IBillms| £1)* = s ] f1Il

1eD I1eD

The boundedness of g+ follows analogously.

To show that BMOY, | # BMOpara, we can use the diagonal operator function
B constructed in Proposition 3.2. There, it is shown that B ¢ BMO%MI, and
that the diagonal entry functions ¢; = (Bey,ey) are uniformly bounded. Since
the paraproduct of each scalar-valued L* function is bounded, we see that mp =
@IE’D T, is bounded. Similarly, 7p- is bounded. Thus B € BMOypara. [l

One of the main tools to investigate the connection between BMO,,,; and
BMOpara is the dyadic sweep. Given B € Fyo, we define

N t
Sp(t) = ZBIBIXG').
IeD
Lemma 3.4. Let B € Fog. Then
(32) TpTB = sy + 75, + Dp = Ag, + Dp,

where Dg is defined by Dgh;y ® x = h[ﬁ Y scrBiByx forxz € H, I € D and

ID5ll = | Bllsmon-
Proof. (32) is verified on elementary tensors h; ® z, hy ® y. We find that
(1) for I C J,
(rpmphr @ 2, hy ®@y) = (T, hi @7, h; ®Y)
(2) for I 2 J,
(mpTBhs @ x,hy @ y) = (Ts,hr @ x,hy @ y)
(3) for I =J,
(rpmehr @z, hy®y) =(Dp(h;f ®x),h; RYy).

Since suppwsyzhyr C I and supp As,hy C I, (ngmph;r @ z,hy ® y) = 0 in all other
cases.

One sees easily that Dp is block diagonal with respect to the Hilbert space
decomposition L?(T,H) = @ cp H defined by the mapping f + (fr)rep. The
operator g, is block-lower triangular with respect to this decomposition (using
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the natural partial order on D), and Ag, is block-upper triangular. Thus we
obtain the required identity. Note that

IDpll =~ sup - | > BiByell % || Bllgpon
IeD,|le]|=1 | | JcI
by Proposition 2.1. O
Notice that (Sp)* = Sp. Hence Lemma 3.4 gives

Theorem 3.5.
158 1BMO e + |1 BllEgpod = 7B

Proof. 1t suffices to use that || Dg|| = || B||3gy0qa and that || Bllspyos S [|75]| (using
Proposition 3.1).

We can now prove that a certain Carleson-type condition is sufficient for the
boundedness of 7g.

Theorem 3.6. There exists C' > 0 such that for all B € Foo,

bup || Z BjBjlcay < msl? < CSUP || Z BJBJ ||L1(T L(H))-
JCI JCI

Proof. The first inequality is the inclusion BMOpara (T, £(H)) € SBMOY(T, L(H)).

For the second one, use the fact that P;(Sg) = P; ZJQI Bf}BJ‘XTJ‘ for each
I € D, together with Theorem 2.11, Theorem 3.5 and John-Nirenberg’s lemma for
Bl\/[Od ([

norm-*

4. AVERAGES OVER MARTINGALE TRANSFORMS AND OPERATOR-VALUED BMO

As in the introduction, let ¥ = {—1,1}?, and let do denote the natural product
probability measure on ¥, which assigns measure 27" to cylinder sets of length n.

Given a Banach space X and F € L'(T, X), we write F for the function defined
a.e. on X X T by

F(o,t) =T,F(t) =Y orFrhy(t)
I

In case that X is a Hilbert space, |T,F[z2(1,x) = || F|lz2(1,x) for any (o7)rep,
and therefore || F'[| (s, r2(r,x)) = || Fll£2(T,x)-

More generally, we have for UMD spaces that |15 F || p2(r,x) = || F||£2(T,x). How-
ever, X = L(H) is not a UMD space, unless H is finite dimensional. Nevertheless,
we can use properties of B to study the boundedness of operator valued paraprod-
ucts, using for example the identity

(33) Apf = /E T, BT, fdo.

This identity shows by an easy application of the Cauchy-Schwarz inequality that
if IE HTUBH%Q(']LE(H))dU < 00, then

(34) Ap: L*(T,H) — L'(T,’H) is a bounded operator.

Whilst we do not know whether |B|Bmo,,,, can be estimated in terms of
I1BllBMO,,.,, We will prove an estimate of ||B||pmo.,,. in terms of an average of

|76 Bl BMOpm, OVEr X.

para
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Similarly, whilst we do not know whether ||Sg|lgmoa ~ can be estimated in

norm

terms of || B|pnoa , we will prove an estimate of ||Sg|lyoa, — in terms of an
average of ||T, B|lgyoa, — over Y.
For this, the following representation of the sweep will be useful:

(35) Sp(t) = / (T, B)* (t)(T, B)(t)dor.
>
Theorem 4.1. Let B € Fyoy. Then
ISsllsaos S ( / 1T, Bl o o).

Proof. This inequality follows from the estimate

IPrSBlleir,cony = IPiSeslloir,cony

< 2‘/(T0PIB*)(TUPIB)do
3

LY(T,L(H))

IN

2/ ||(P[TJB)*P]TJBHLI(TVE(H))dU
b
. / |(PrT B)| oyl

< 91 / 1T, B30 do

norm

Using John-Nirenberg’s lemma for BMOY_ (T, £(H)), one concludes the result.

norm
(]

We are going to describe the different operator-valued BMO spaces in terms of
”average boundedness” of certain operators, namely A, 7, or commutators with the
martingale transforms.

First we see that the BMOY -norm can be described by “average boundedness”
of AB.

Theorem 4.2. Let B € Foy, and let ®g be the map
®p: LA(T,H) — L*(T x ©,H), f— AT,f.
Then

TN — </ IAB Ty )2 00.50d0) /2 = | Blsgaor-
HfHL2(7-¢)=1 b

In particular, |Bllsmo., = |5l + [|P5- |-
Proof. Since Ag(T,f) =3 ;cp P1(B)frhror, we have

/Z / |(@5f)(t,0)|Pdtdo = / / |(AsT, £)(t)|dtdo
= Y IP(B) frhal} 0

1eD
= i — L 2 Qd
§)|I|/I||(B(t) mIB)(”fI”)H HfIH +

IN

sup HBeHQBMO(H) Z ||fJH2-
llell=1 JeD
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The reverse inequality follows by considering functions f = hje, where e € H,
IeD. O

We require a further technical lemma, which shows that the L2 norm of B f can
be decomposed in a certain way.

Lemma 4.3. Let B € Foo and f € L*(T,H). Write Bf = tgf + Asf +v5f.
Then

IBFII7 25,20
Z/E||7TTUB(f)||2L2(H)dU+/E||ATUB(f)||2L2(H)dU+/E\|7TUB(f)||2L2(H)d‘7

Proof. Observe that m;(T,B)h; = (3_;c;05Bshy)h;. Hence

vr,5(f) =Y mi(ToB)(fhi = ) 0sBs(Y_ fihi)hy

IeD JED IcJ
This shows that

// (71, Bf. 1, Bg)dodt = Z/Blmlf,BI > gshy) mdt_o

1D JCI

// (vr, B, Ar, Bg)dodt = Z/BI > fihs), Bigr) |I| =0

IeD JCI
// T, Bf,AT Bg dddt Z/ Bjm[f,ng]>| | =0.
IeD

To finish the proof, simply expand

1B s = / / (T, B)f, (T, B)f)doi.

Theorem 4.4. Let B € Fyg. Let ¥ be the map
Up: L*(T,H) - L*(T x X, H), f+~ Ar,pf.
Then

Ilmsll < ¥l = ha / 1Az, 5 () Z220d0)"? < (I75]1? sup o 1BA[12)2 < V]l

Proof. Using the orthogonality properties from Lemma 4.3, we obtain

/E 1Az, 5200 do = / 7, 5 ()2 ey + / 1AL, 512 do

Ies (D2 + / 1B (T )220,

Therefore
sl < sup ([ 187, 8 00)
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The second term is easily estimated by

(0
L8 Dsggde = [ [ 130 ouB A P

IeD
t
= 3 [1M g
=T 1]
1 2
= > —IBufil
= 1
1
< (sup = IBrI® 7200 < MmBlPIFIZ2 00
rep ||
by (24). U

Here is our desired estimate of || B||pmo.,.,,. + || B*||BMO..... in terms of an average

para para

over || B||BMOyu -

Corollary 4.5. Let B € Fog. Then

1 -
§(||7TB|| +1ABI) < 1Bllz2(2,BMOma) < 7Bl + |AB].
Proof. To show the first estimate, it is sufficient to use Theorem 4.4, the identity
IAg|| = ||7B~|| and the invariance of the right hand side under passing to the
adjoint B*.

For the reverse estimate, note that

IBlEMode < [ (1A, 5l + 77, 5])*do
2 =

/E (1T, | + [ Tomp])do

/E(HABH +llmsl)?de = (1As] + llmz]).

(]

It was shown in [GPTV], Th. 3.5, that there exists B € BMOY and o € {~1,1}?

such that [T, B] does not define a bounded operator on L?(T,H). We shall use
averages of commutators to describe the spaces BMOpy1 and BMOypara.

Let us mention the following “commutator-type” characterization of BMO -

Proposition 4.6 ([GPTV], Cor 4.1). B € BMO; if and only if the commutator
[T,, B)] defines a bounded linear operator on L*(T,H) for each o € {—1,1}P, and

[BllBMOmu ~ $Woeq—1,132 |75, Bll|-

We shall see that one can replace the ”sup” condition by some average one. We
formulate a general lemma from which this can be deduced.

Lemma 4.7. Let U € L(L*(T,H)) such that

(36) / (Uehn)(Ohi()dt =0 (e € H,I € D).

If f € L?>(H) then
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(37) / 1T, VYD Z 2 rndo = 102z a0 + D 1T SR 72z,
IeD

In particular,

38) [l < sup /H [T, U(f)|[*do)"/? < /II T, Ul|*do)'/? < 2|U].
I£11=

Proof. Note that if we write ®; = h; ® hy € L(L*(T,H)), that is, ®;(f) = frhr,
then
[T, UL() = > o1, UN(f)-

IeD
Observe that (36) yields, for I € D,

/T (@1 (U 1)), U(®1f)(0))dt = {(Uf)r. / U (frhr)(®)hs(t)dt) =

Hence
/ T, Ul Bapgde = S @1, ULF 12200,
z IeD
= Y e Uf) = U@ )70
IeD
= SN e+ S IU@) 20
IeD IeD
= U + S IUE D s o
IeD

Now (38) follows from the previous estimates and the fact
1T, Ulll = | ToU = UT, || < 2||U].
O

We also obtain that average boundedness of the commutator [rp,T,] coincides
with boundedness of 7g:

Corollary 4.8. Let B € Fqp.
(39)

Imsll < lilllgl(/z Ts, 781 flI72(07)d0) " < (I7BI* + | Bllgpmon) /> < Clims-
Proof. Apply (37) in Lemma 4.7 with U = 7 together with the fact

B} fI
S e () o = 3 37 IB2UDIE sup | Bellbuon 3 1l

IeD IeD JCI llell= IeD
O

We can also describe || B||pmo,,,,, as an average condition of the commutator.

mult

Corollary 4.9. Let B € Fog and f € L*(T, L(H)) with [ f =0. Let us define
[Taa B}(f) = Ta(Bf) - B(Tof)
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Then
(40) / ITo, Bf 122z 300 = IA5 (D Z2mag + D 1As(f1hD) 22w a0-
IeD

In particular,
(41)  [IBl[BMO e = Sup / ITo, Bl f72(2,0yd0)"? ~ / 1T, B)|[*der) /2.
Proof. 1t is elementary to see that

[T, B] = [T,,AB].
Now observe that (Ag(ehs), hr) = (Br(e )Ill’h1> = 0 and that (wg(ehs), hr) =0,

and use Lemma 4.7 for U = Ap.
O

Theorem 4.10. (see also [GPTV]) Let B € Foo. Then

(42) / / |, (T B)f112 (g oy dordr) V2 = g
fELQ(TH ) FlI=1

and

(43) ( / / 1T, (T B 2 2.0y dordr) Y ~ [l | + | Ag]

Proof. To show (42), use Corollary 4.9 again to get for any 7 € X,

/ Lo, (T B)If 2w a0do = 1Az, 5(NIZ2 a0 + D IA7 5|20
IeD

Now integrate over Y and use Theorem 4.4.
For the estimate “>” in (43), note (42) together with the invariance of the left
hand side under passing to the adjoint function B*. For the estimate “<”, use that

75, (T-B)]ll = I[To; Ar, Bl < 2([| A7, Bl + [l7r. 8])) = 2(|AB[ + [75])-
O

5. SWEEPS OF OPERATOR-VALUED FUNCTIONS.

In the final chapter, we investigate the action of the sweep on operator-valued
BMO spaces. It turns out that the sweep can easily be extended to a sesquilinear
map, which acts on cartesian products of BMO spaces. One way to express the
John-Nirenberg inequality on scalar-valued BMOY is to say that the mapping

(44) BMOY — BMOY, b+ Sy,

is bounded. In the operator-valued setting, this John-Nirenberg property breaks
down. Our main result is that any space of operator-valued functions which is
contained in BMOZ (T, £(H)) and on which the mapping (44) acts boundedly is
already contained in BMOpara (T, L(H)).

However, we find that (44) acts boundedly between different operator-valued
BMO spaces. We also obtain the precise rate of growth of the norm of the mapping
(44) on BMOZ (T, £L(H)) in terms of the dimension of H.
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Definition 5.1. Let us denote by A : Foo x Foo — L*(T, L(H)) the bilinear map

given by
BIFI
£ = 2 By

In particular Sp = A(B, B) and A(B, F)* = A(F, B).
Lemma 5.2. Let B € Fog. Then

P;A(B,F) = P{A(B,P/F) =P, |XJJ‘B*F] Py MB “F.
JCI JCI

In partz’cular, P[(SB) = PI(SPIB) P](S( Py +P,_ )B)-
Proof. PiA(B*,(Fhy)) = Pr(B%F; \J\) =0if I C J. Hence
PiA(B, F) = PIA(B, P F) = PiA(B, (Prs + P )F).

A similar proof as in Lemma 3.4 shows that
Lemma 5.3. Let B, F € Fog. Then
TpTF = TAB,F) + TA(rp) T DB,F = Aa,F) + DB.F)
where Dp p is defined by Dp p(hr ® x) = hjﬁ ZJg BYFjx forx € H, I € D.
Moreover, ||Dp,r|l < supjej=1 | Bell Brro) supjej=1 || Fell Baro)-

Let us now study the boundedness of the sesquilinear map A in various BMO
norms.

Theorem 5.4. There exists a constant C > 0 such that for B, F' € Fy,

(1) [|AB, F)llBMO e < CllBl[BMOyara | F'|BMOpara
(2) A(B, F)llwsmo« < Cl|Bllsgmod || Fllsemos
(3) IA(B, F)lsemoq < Cllms|ll[Fllsemos

(4) 1AB, F)lsmoq, .. < ClBllgmog, 1 Flsmog

norm Carl Carl

Proof. (i) follows from Lemma 5.3.

(ii) Using Lemma 5.2, one obtains

(PIA(B, F)e, f) = Pr Y _((PiF) e, (PrB) ;)X

Jep 11

for e, f € H. Therefore,

(PIA(B, Fle, )l = |IPrY_{((PrF)se, (PIB)Jf>|J|||L1
JeD
< 2 ) ((PrF)ge, (PIB)Jf>| |||L1
JeD
< 23 I(~B Jf||2|’f;’|>1/2||Lz\\<Z \|<PIF>Je||2|’f;| )1/2
JeD JeD
< 23 I E@BY AP A I(PF) el )2,
JEeD JeD

Thus if [ Bllgmoa, = [[Fllsmog, = 1, then
KPrA(B, F)e, f)llLz < 2| P1Byll 2 | PrFell L2 < 2/1].

[FE
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This, again using John-Nirenberg’s lemma, gives ||A(B, F)|lwemod () < C-
(iii) From Lemma 5.2, we obtain

| PrA(B, Fellr2(1n) = |Ap<(PrFe)| 2y < 7Bl PrEe|lp2(x)-
(iv) This follows from John-Nirenberg’s lemma and

* XJ
IPIAB, F)|lprreon <11 ||BJ||||FJ||mHL1
JcI

< > IB3IIES N < CllBllsaog,,, 1 llsnog

Carl Carl
JCI

O
Here comes the main result of this section.

Theorem 5.5. Let H be a separable, finite or infinite-dimensional Hilbert space.
Let p be a positive homogeneous functional on the space Foo of L(H)-valued func-
tions on T with finite formal Haar expansion such that there exists constants c1, co
with

(1) lIBllBmod, < c1p(B) and

(2) p(Sg) < cap(B)? for all B € Foo.
Then there exists a constant C, depending only on c¢; and ca, such that

||BHBMOpara < Cp(B) for all B € Fyo.

Proof. For n € N, let E,, denote the subspace {f € L?(T,H) : f; = 0 for |I| < 27"}
of L3(T,H). Let c¢(n) = sup{||7slg, : p(B) < 1}. An elementary estimate shows
that c¢(n) is well-defined and finite for each n € N. For ¢ > 0, n € N, we can find
feE, |fl =1, B e Fy, p(B) <1 such that

cn)*(L—e)? < |lmpfll> = (msp fo [) + (f, 735 f) + (DBf. f)
< 2¢(n)p(Sp) + c1|Bllmod, < 2cac(n) + ci.

It follows that the sequence (c¢(n))nen is bounded by C' = co + /c3 + c1, and
therefore ||mg|| < Cp(B) for all B € Fyp. O
One immediate consequence is the following answer to Question 5.1 in [GPTV].

Theorem 5.6. There exists an absolute constant C' > 0 such that for each n € N
and each measurable function B : T — Mat(C,n x n),

(45) 1S5]lBMog, < Clog(n + 1)[|B[3roq -
and this is sharp.

Proof. From (iii) in Theorem 5.4 one obtains:

Bllsmos, < Clog(n +1)|Bllsmog. ;

[SBlBMO., < Cl|BllBMOara
since there exists an absolute constant C' > 0 with
| BllBMOpar. < Clog(n + 1)[Bllemos,

by [K] and [NTV]. On the other hand, denoting by C,, the smallest constant such
that

[SBllBMOS, < CnHB”QBMogoa
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for each integrable function B : T — Mat(C,n x n), we obtain from Theorem 5.5
that

[BllBMOara < (Cn + VO3 + 1)[|Bllsmog, < 3Ch|BllBmos,
for each integrable B. It was shown in [NPiTV] that there exists an absolute
constant ¢ > 0 such that for each n € N, there exists B : T — Mat(n x n, C)
such that | B||yioy.,, > log(n + 1)c| B™ |paoq,. Therefore Cy > & log(n + 1),

para —

and (45) is sharp. O

The following corollary gives an estimate of || - [|[BmO,,,, in terms of || - ||sgmoa
with an “imposed” John-Nirenberg property. We need some notation: Let Sg)) =B
and let 51(3") = Sgm-np for n € N, B € Fyo.

Corollary 5.7. There exists a constant C' > 0 such that

1BlsMOpn < €5 155 Igghon (B € Foo).

Proof. Define p(B) = sup,,~q ||Sg)||é/B21\T/L[Od. One sees easily that this expression is
finite for B € Fgpo. Now apply 5.5. O

The space SBMOY can be characterised by the test function condition
SUPce,|fe|=1,7eD ||TBERI|] < oo. Here is a test function characterization for

B, Sp € SBMO<.
Proposition 5.8.

158 llBMog, + |1 Bllsnos = sup |mpmpeht|l (B € Foo)-
e€H,|le|]|=1,I€D

Proof. First notice that for I € D, e € 'H,

1 1 4 .
mHPISUB@H2 = m|UDIS(P,++P,_)B@H2 < m|\5(PI++P,_)BeH2 = d||7prphiel®
and

1 X
mnPIBeH? = 2||rphye|® = 2(rgmrhye, he),

where I denotes the parent interval of I.
Conversely, note that

|Tsmpehr|® = ﬁ||kg(1191+4r131,)36||2
< ﬁ(”PIS(PIJr-‘rPI,B)e” + 112 [mrSe,, v p,pel)
= GRS mel 1117 5 B3l
< 2(%”19,53@”2 + ﬁn > BjBye|?)

JCI
< 21880300, + | Bllisaonllell*
O

This result can be used to characterise a type of L* average boundedness of 75
in terms of || Bl[gmod and [|Sg|/Bmod -
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Theorem 5.9.

(195030 HIBl o)V ~ ( / Ims(T, 1) do)/* (B € Fo).
fELz(TH =1

Proof. We obtain the estimate “<” from Proposition 5.8, setting f = ehy, e € H,
llell =1, I € D.
For the reverse estimate, use Lemma 3.4 to write
I78(To I = (Asy (To f), To f) + (D(Ts f), To f)
Hence
178 (To f)II* < | Asy (T AN + 11D (T A £1I-

Now we can write

sup / s (T 1)) do
[[fll=1J%

< of s / s, (Lo ) o + sup / D (T, f)|2do
fll= =
< C(HSB”BMOso + HB”%MOSO)‘
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