OPERATOR-VALUED DYADIC BMO SPACES

OSCAR BLASCO AND SANDRA POTT

ABSTRACT. We consider BMO spaces of operator-valued functions, among
them the space of operator-valued functions B which define a bounded para-
product on L?(H). We obtain several equivalent formulations of |7 g|| in terms
of the norm of the ”"sweep” function of B or of averages of the norms of martin-
gales transforms of B in related spaces. Furthermore, we investigate a connec-
tion between John-Nirenberg type inequalities and Carleson-type inequalities
via a product formula for paraproducts and deduce sharp dimensional esti-
mates for John-Nirenberg type inequalities.

1. INTRODUCTION

Spaces of BMO functions on the real numbers R or the circle T, taking values in
the bounded linear operators on a Hilbert space, have been investigated in a number
of different contexts in recent years, for example non-commutative L? spaces [PXu],
[Mel], matrix-weighted inequalities [GPTV1], [GPTV2], sharp estimates for vector
Carleson Embedding Theorem [K], [NTV], [NPiTV], [Pet], observation operators
in linear systems over contractive semigroups [JPal, [JPaP], and Hankel operators
in several variables [PS].

The theory of operator valued BMO functions is much more complicated than
the scalar theory and remains to be fully understood. Some of the different yet
equivalent characterizations of scalar BMO(T) or BMO(R) lead to distinct spaces of
operator valued BMO functions. In many cases, we can express this in the language
of operator spaces by saying that different operator space structures on the scalar
BMO space arise naturally from the different yet equivalent characterisations of
scalar BMO. These difficulties reflect partly the subtle geometric properties of the
dual Banach space £(H) of bounded linear operators on a Hilbert space.

It is often easier to consider dyadic versions of BMO and to work with dyadic
versions of classical operators like the Hilbert transform H or the Hankel operator
with symbol b, I',. Two such dyadic counterparts of a Hankel operator I', are the
dyadic paraproduct m, and the operator A, = m, + 7. While the former has a
natural interpretation as a Carleson Embedding operator, the latter connects more
easily in the operator valued case to the theory of vector-valued BMO functions (in
particular to the space BMOY_(L£(H)). Estimates for Hankel operators can then
be obtained by averaging techniques.

One important difference between the scalar-valued and the operator-valued set-
tings is the failure of a certain version of the classical John-Nirenberg Lemma, or in
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other words, the lack of boundedness of the “sweep”, which governs the behaviour
of the dyadic paraproduct.

The purpose of the present paper is to study in particular the spaces arising from
the operators m, and Ay, to investigate the relationship between dyadic paraproduct,
its “real part” A, and the sweep, and to give sharp dimensional estimates for the
sweep in the “strong” BMO norm |- [|gypoa and other norms, answering a question
in [GPTV1].

Let D denote the collection of dyadic subintervals of the unit circle T, and let
(h1)rep, where hy = m%ﬂ(xﬁ — X7-), be the Haar basis of L?(T). Let H be
a separable, finite or infinite-dimensional Hilbert space and let Fyg denote the
subspace of L(H)-valued functions on T with finite formal Haar expansion. Given
e,f € Hand B € L*(T, L(H)) we denote by B, the function in L*(T, H) defined by
B.(t) = B(t)(e) and by B, ¢ the function in L*(T) defined by B f(t) = <B(t)(e)7 -
As in the scalar case, let By denote the formal Haar coefﬁc1ents f i (t)hydt, and
miB = il I‘ /; B ; B(t)dt denote the average of B over I for any I € D. Observe that
for By and m IB to be well-defined operators, we shall be assuming that the £(H)-
valued function B is weak*-integrable. That means, using the duality £L(H) =
(H®H)*, that (B(-)(e), f) € LY(T) for e, f € H In particular for any measurable
set A, there exist B4 € L(H) such that (BA = ([, B(t)(e)dt, f).

Let us denote by BMOY(T, H) the space of Bochner mtegrable H-valued func-
tions b: T — H such that

1
(1) [bllBmod () = sup (7 / 1b(t) — myb|?dt)'/? < oo
rep | Jr

and by WBMOY(T, H) the space of Pettis integrable H-valued functions b : T — H
such that

@ Iblwemortr = 7 [ 160 = mib.e) a2 < oo
IeDeeH llell=1 | |

Let us define different version of dyadic operator-valued BMO to be considered
throughout the paper.

We denote by BMOY,_
functions B such that

1
(3) HBHBMogorm Sup(*/”B(t)—szszt)l/z<oo,
rep [ Jr

(T, L(H)) the space of Bochner integrable £(H)-valued

and denote by WBMOY(T, £(H)) the space of weak*-integrable £(H)-valued func-
tions B such that

d = su i —m (& 2 1/2
@ 1Blwowor= s (o [HB®) - miB)e. )

= sup ||Bellwemod(r,n) < 0,
e€H,llel|=1

or, equivalently, such that

| Bllwemod = sup  [[(B, A)llBmoa(r) < 0.
AeSy,||Al: <1

Here, S denotes the ideal of trace class operators in £(H), and (B, A) stands for
the scalar-valued function given by (B, A)(t) = trace(B(t)A*).
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In the operator-valued setting one has another natural formulation. Denote
by SBMOY(T, £(H)) the space of L(H)-valued functions B such that B(-)e €
BMOY(T, H) for all e € H and such that

1
(5)  IBllseyos = sup (7 / I(B(t) — myB)el|dt)"/? < co.
repeerfel=1 H| J1

We would like to point out that while B belongs to one of the spaces
BMOY (T, L(H)) or WBMOY(T, L(H))) if and only if B* does, this is not the

norm

case for the space SBMOY(T, £(H)). This leads to the following notion:

Definition 1.1. (see [GPTV1], [Pet],[PXu] ) We say that B € BMOY (T, L(H)),
if B and B* belong to SBMOY(T,L(H). We define IBllmos, = lIBllsemod +
1B llspmoa-

Continuous versions of this space in the more general setting of functions taking
values in a von Neumann algebra with a semifinite normal faithful trace were studied
by Pisier and Xu [PXu] and more recently by Mei [Mel], together with an H? theory
and a rich duality and interpolation theory.

We now define another operator-valued BMO space, using the notion of Haar
multipliers. As in the scalar-valued case (see [Per]), a sequence (®;);ecp, Py €
L2(I,L(H)) for all T € D, is said to be an operator-valued Haar multiplier, if there
exists C' > 0 such that

1> @r(fD)hallL2ra < CO N FIP)Y? for all (fr)1ep € (D, H).

1€D IeD

We write ||(®7)]|muit for the norm of the corresponding operator on L2(T, H).
Let us observe that

(6) 1@l 2(r20) < (@D el IIV2, T € D.
Definition 1.2. Let us define P;B = ng hyBj, and use the notation

Ap(f) =Y _(PiB)(f1)hi.

1eD

We define BMOnus(T, L(H)) the space of those weak™-integrable L(H)-valued
functions for which (P1B)iep defines a bounded operator-valued Haar multiplier
and write

(7) | BlBMOw: = IABI = [[(PrB) e |lmuit-

Let us now give the definition of a further BMO space, the space defined in terms
of dyadic paraproducts.
Let B € Fy9. We define

mp: LA(T,H) — LA(T,H), f=_ fihi— Y Br(mif)hi,
IeD IeD

and
Ap:LA(TH) — LXTH), f= frhr— ). Bz(mﬁ-
IeD IeD
mpg is called the vector paraproduct with symbol B.
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It is elementary to see that

_ X1
(8) Ap(f) = ZBl(mIf)hI+ZBI(fI)m-
IeD IeD
This shows that Ap = mp + Ap. Observe that Ap = 75.. Therefore (Ap)* =
Ap+, and [ BlleMO . = 1B*[[BMO e -

Definition 1.3. Let us denote EyB = Z\I|>2*’“ Brhy. The space
BMOpara(T, L(H)) consists of those weak™-integrable operator-valued functions for
which supyey || T, Bl < 00 For those functions, mpf = limg_oc g, gf defines a
bounded linear operator on L?(T,H), and we write

9) | Bl[BMOyara = 75

Let us notice that

(10) Apf=Bf =Y (miB)(fi)hi.

IeD

From here one concludes immediately that

However, Tao Mei [Me2] has shown recently that L°°(T,L(H)) € BMOpara and
therefore in particular BMO 1t ,(Z BMOgpara. This is in contrast to the situation of
scalar paraproducts in two variables, where BMO 1t (T?) = BMOpara(T?) ([BPo],
Thm 2.8).

The following chain of strict inclusions for infinite-dimensional H can be shown
(see [BPo2]):
(12) BMOY

norm

(T’ ‘C(H)) - BMOmult(Ta £(H)) - BMOSO
C SBMO(T, £(H)) € WBMO(T, L(H)).

The reader is referred to [B1], [BPo], [Me2], [PSm] for some recent results on
dyadic BMO and Besov spaces connected to the ones in this paper.

Mei’s result implies in particular that BMOZ, (T, £(H)) € BMOpara, and it is
also easy to see that the reverse inclusion does not hold (see for example the proof
of BMOpuit € BMOpara at the beginning of Section 2).

To retrieve an estimate of the norm of the paraproduct in terms of the BMOZ_
norm, we will consider the “sweep”, which is of independent interest, in Section 2
and averages of martingale transforms in Section 4.

Given B € Fyp, we define the sweep of B as
(13) Sp= B}‘BI‘XTI‘.
IeD
Our main result of Section 2, Theorem 2.4, states that

HB”QBMOpam ~ [|SBBMOm. + |1 BllEsnon-

In particular, using the result BMOY (T,L(H)) € BMOyu(T,L(H)) (see

=

[BP02]), this shows that if B € SBMOY and S € BMOY__ then 7p is bounded.

norm



OPERATOR BMO SPACES 5

Section 3 is devoted to the study of sweeps of functions in different BMO-
spaces. The classical John-Nirenberg theorem on BMOY(T) implies (and is essen-
tially equivalent to) the fact that there exists a constant C' > 0 such that

(14) 156l BMoa < ClIblEp00

for any b € BMO4.

We will show that this formulation of John-Nirenberg does not hold for
IBllsmo.,- In fact, it is shown that if (14) holds for some space contained in
SBMO? then this space is also contained in BMOpara-

In [K], [NTV] and [NPiTV], the correct rate of growth of the constant in the
Carleson embedding theorem in the matrix case in terms of the dimension of Hilbert
space H was determined, namely log(dim M + 1). Here, we want to show that this
breakdown of the Carleson embedding theorem in the operator case is intimately
connected to a breakdown of the John-Nirenberg Theorem, and that the dimen-
sional growth for constants in the John-Nirenberg Theorem is the same. This
answers a question left open in [GPTV1].

In Section 4, we investigate “average BMO conditions” in the following sense.
We show (see Theorem 4.1) that || B|/smo,... < C(Js |75 BHBMOgmme)l/Q' More

precisely, ||BH2BMOpara + ||B*||2BMOpara ~ [ IT,Bllgno,,, do
Moreover, the norms || B|[gmod s | BllBMOmw, and || Bl[BMO,... can be completely
described in terms of average boundedness of certain operators involving either

Ap or commutators [Ty, B]. The results of this section complete those proved in
[GPTV1].

2. HAAR MULTIPLIERS AND PARAPRODUCTS
We start by describing the action of a paraproduct mp as a Haar multiplier.
Proposition 2.1. Let B € Foy. Then
7Bl = [(Brhr)rep lmu
= |(P+B + PI B)IeDHmult
=3 BiBaTsren i
JCI
In particular,
I1B:ll < Imsll1]'/2,
1Pr+ B(e) + Pr-B(e)| 2ra0) < Imsl|1]Ye]
and

(3 B3Bs el < o P11 el
JCI

Proof. The first and second equalities follow directly from the definitions and
sl = [Ap-|.

For the third equality, use ||7g||? = ||7T*B7TBH
mpmp(f)(t) = Y BiBi(mu(f |I| =Y " BiBi(>_ fymi(hy)) I()
IeD IeD IcJ
= > BiBi( ZthJ m :ZZBIBI m th()
IeD IcJ JED ICJ
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The estimates now follow from (6). O
The following characterizations of SBMO will be useful below.
Proposition 2.2. ([GPTV1]) Let B € SBMOY(T, L(H)). Then

1
IBll3gmoa = sup T IPr(B 720 R sup ”ZBJB]”
I€D, |le||= 1| | D || JcI

It follows at once from Propositions 2.1 and 2.2 that
BMOpara (T, L(H)) € SBMOY(T, L(H)).

It is easily seen that, if B and B* belong to BMOpara, then B € BMOpys.
However, we want to remark that the boundedness of mp alone does not imply
boundedness of Ap.

To see this, choose some orthonormal basis (e;);en of H, and choose a sequence of
C"-valued function (b, )nen with finite Haar expansion such that ||by, |[gymod(z(r)) >
Cn2||by|lweaoa(c(r)) (for a choice of such a sequence, see [JPaP]). Let By (t) be
the column matrix with respect to the chosen orthonormal basis which has the
vector by, (t) as its first column. Then it is easy to see that

75, || = 7o, | ~ IbnllBrtod (T,20) > n1/20||anWBMOd('J1‘,H)~

As pointed out to us [PV], it follows from the first Theorem in the appendix in
[PXu] that [|75: || < C|lbn|lwenmod(r,2) for some absolute constant C'and all n € N.
Forming the direct sum
B =
€B HWB*

we find that ||7p| =1, but A = (WB*)* is unbounded.

One of the main tools to investigate the connection between BMO,,; and
BMOypara is the dyadic sweep. Given B € Fyo, we define

- 3w

1eD

Lemma 2.3. Let B € Fog. Then

(15) TpTB = Tsy + g, + Dp = As, + Dp,

where Dy is defined by Dgh;y ® x = h[ﬁ ZJQI BiByx forx € H, I € D and
ID5|l ~ || Bllgpmos-

Proof. (15) is verified on elementary tensors hy ® x, hy ® y. We find that
(1) for I C J,
(mpmhr @ v, hy ®@y) = (T5 hr @ x,h; ®Y)
(2) for I 2 J,
(rpmphr @z, hy ®y) = (ms,hr @ 2, hy @ y)
(3) for I =J,
(mpmphr @ x,hy @ y) = (Dp(h ® ), hy ®y).
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Since suppws,hr C I and supp Ag,hy C I, (npmphr @ ,hy ® y) = 0 in all other
cases.

One sees easily that Dp is block diagonal with respect to the Hilbert space
decomposition L*(T,H) = @,;.p H defined by the mapping f — (f)rep. The
operator mg, is block-lower triangular with respect to this decomposition (using
the natural partial order on D), and Ag, is block-upper triangular. Thus we
obtain the required identity. Note that

|Dpll = sup || BjByell = ||Bll3pmoa
IeDle|=1 |I| JXC:I J SBMO

by Proposition 2.2. O
Notice that (Sp)* = Sp. Hence Lemma 2.3 gives
Theorem 2.4.
I1SBl1EMO . + | BliEpyos = 75l
Proof. 1t suffices to use that | Dp|| & || B||35y04 and that || Bllspmos S 75| (using

Proposition 2.1). O
This provides, among other things, our first link between BMOY and BMOpara:

norm

Corollary 2.5.
||7TB||2 < 1SBlIBMod

norm

Proof. Theorem 2.4 and (12). O

+11Bli3moq -

3. SWEEPS OF OPERATOR-VALUED FUNCTIONS

Let us mention that by John-Nirenberg’s lemma, we actually have that f €
BMO4Y__if and only if

norm

sup( /||B — myB|[Pdt)Y? < o0
ren 1]
for some (or equlvalently, for all) 0 < p < oo. Since (B — m;B)x; = PrB, we can
also say that f € BMOY___if and only if

norm

sup |1Pr(B) ||l (c(my) < oo

b s
One way to express the John-Nirenberg inequality on scalar-valued BMO? is to
say that the mapping

(16) BMO! — BMOY, b+ Sy,

is bounded. In the operator-valued setting, this John-Nirenberg property breaks
down. Our main result is that any space of operator-valued functions which is
contained in BMOJY (T, £(H)) and on which the mapping (16) acts boundedly is
already contained in BMOpara(T, L(H)).

However, we find that (16) acts boundedly between different operator-valued
BMO spaces. We also obtain the sharp rate of growth of the norm of the
mapping (16) on BMOZ (T, L(H)), BMOpara(T, L(H)), BMOuyue(T, L(H)) and
BMOY, (T, L(H)) in terms of the dimension of H.

Before establishing this dimensional growth, we consider an extension of the
sweep. In the scalar case, one can extend the sweep BMOY — BMO9 to a sesquilin-
ear map A : BMOY x BMOY — BMO¢9. This map is motivated by the consideration
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of “products of paraproducts” w;‘mg, which in turn is motivated by the long-standing
investigation of products of Hankel operators I';I'; in the literature (see [PSm]| and
the references therein).

Definition 3.1. Let us denote by A : Foo x Foo — LY(T, L(H)) the bilinear map

given by
Bj FI
P = 2 Bify

In particular Sp = A(B, B) and A(B, F)* = A(F, B).
Lemma 3.2. Let B € Fyg. Then
P/A(B,F) = PiA(B,P,F) = P; Z |J‘BJFJ Py Z ‘J|BJFJ

JCI JCI
In particular, Pr(Sg) = Pr(Sp,B) = Pr(Sp,,+r,_)B)-
Proof. PrA(B*,(Fyhy)) = PI(BJFJM) =0if I C J. Hence

P;A(B,F) = PIA(B, PiF) = PIA(B,(Pr+ + Pr-)F).

A similar proof as in Lemma 2.3 shows that
Lemma 3.3. Let B, F € Fyoy. Then
TpTF = TAB.F) + TA(rp) T DB,F = Aa,F) + DB /P!
where Dp p is defined by Dp p(h; ® x) = hfﬁ ZJQ BiFyx forx € H, I € D.
Moreover, ||Dp,rll < supjej=1 | Bell Brro) supjej=1 || Fell Baro)-

Let us now study the boundedness of the sesquilinear map A in the various BMO
norms. Again, the properties of the map A are more subtle in the operator-valued
case than in the scalar case.

Theorem 3.4. There exists a constant C > 0 such that for B, F' € Fyo,

(i) [A(B, F)lBMOmu: < ClBIBMO v [|F|BMO v

(i) |A(B, F)|lwemod < C||Bllspmos || Fllsemod

(ii1) |A(B, F)|lsemoa < Cllms||[|1Fllspmoa-

Proof. (i) follows from Lemma 3.3.

(ii) Using Lemma 3.2, one obtains

(PIA(B, F)e, f) = Pr Y _((PiF) e, (PiB ) f)AL

b 7]
for e, f € H. Therefore,
(PGB, FYe, llus = 1P 3 ((PiF)se, (PB)sf) 5l
JED
< 2| Z ((PrF) e, (PIB)Jf>|J| (P&}
JeD
< 2100 ||(PIB)Jf||2|X7J|)1/2||L2H(Z H(PIF)J€||2|J|)1/2”L2
JeD JeD
< 200 PB) IO P F) se) )2

JeD JeD
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Thus if || Blgmog, = 1Fllemog, = 1, then

[(PrAB. F)e, Hllie < 2P Byl 2o |1 PrFell ooy < 2111
This, again using John-Nirenberg’s lemma, gives [|A(B, F')|lwpmod(cr)) < C-
(iii) From Lemma 3.2, we obtain

|PrA(B, Fellr2(n) = |Ap<(PrFe)| 2y < I7Bl|PrEe|lp2(x)-

Here comes the main result of this section.

Theorem 3.5. Let H be a separable, finite or infinite-dimensional Hilbert space.
Let p be a positive homogeneous functional on the space Foo of L(H)-valued func-
tions on T with finite formal Haar expansion such that there exists constants c1, co
with

(1) lIBllmod, < c1p(B) and

(2) p(SB) < cap(B)? for all B € Foo.

Then there exists a constant C, depending only on c¢1 and ca, such that
”BHBMOpam < Cp(B) for all B € .7:00.

Proof. Forn € N, let E,, denote the subspace {f € L*(T,H) : f; =0 for |I| < 27"}

of L3(T,H). Let c¢(n) = sup{||7sl|g, : p(B) < 1}. An elementary estimate shows

that c¢(n) is well-defined and finite for each n € N. For ¢ > 0, n € N, we can find

fe€E, |fll =1, B € Fuy, p(B) <1 such that

c(n)* (1 —e)? < |mpfl? = (wsp £, f) + {fsms5 f) +(Dpf f)
< 2¢(n)p(Sp) + c1|Bllmod, < 2cac(n) + ci.

It follows that the sequence (¢(n))nen is bounded by C' = co + \/cg + ¢1, and

(]

therefore ||7g|| < Cp(B) for all B € Fyo.
One immediate consequence is the following answer to Question 5.1 in [GPTV1].

Theorem 3.6. There exists an absolute constant C' > 0 such that for each n € N
and each measurable function B : T — Mat(C,n x n),

(17) 1SBllBmog, < Clog(n + 1) Blgyog -
and this is sharp.
Proof. From (iii) in Theorem 3.4 one obtains:

Bllgmog, < Clog(n + 1)HB||2BMO§O7

[SBlBMO., < Cl|Bl[BMOpara
since there exists an absolute constant C' > 0 with
| BllBMOpa. < Clog(n + 1)[Bllemos,

by [K] and [NTV]. On the other hand, denoting by C,, the smallest constant such
that
IS8llBMos, < Crll Bllgyos, »

for each integrable function B : T — Mat(C,n x n), we obtain from Theorem 3.5
that

I Bl[BMOyara < (Cn + VO3 + 1)[|Bllmog, < 3Cxl|Bllmog,
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for each integrable B. It was shown in [NPiTV] that there exists an absolute
constant ¢ > 0 such that for each n € N, there exists B™ : T — Mat(n x n,C)
such that | B™|pmo,,,. > log(n + I)CHB(n)HBMogO- Therefore C,, > £log(n + 1),

and (17) is sharp. O

Sharp rates of dimensional growth can also be determined for Sp in BMOY_

BMOpara and BMOyyy1¢. Interestingly, the rate of growth for BMOS0 and BMOpara
is slower than the one for BMO 1 and BMO4

norm-*

Theorem 3.7. There exists an absolute constant C > 0 such that for each n € N
and each measurable function B : T — Mat(C,n x n),

(18) IS5 [[BMO,...a < Clog(n + 1)[[Bl[Emo,,...
(19) 1S5 [BMO e < Clog(n + 1))*[| BllEnio, .
(20) IS5 llBMroOg,,,, < Cllog(n +1))*[Bllgyoq, . »

norm norm

and this is sharp.
Corresponding estimates also hold for the sesquilinear map A.

Proof. This is contained in [BPo2]. O
Finally, the following corollary to Theorem 3.5 gives an estimate of [ - [|Bmo,.,, in
terms of || - ||spmoa with an “imposed” John-Nirenberg property. We need some

notation: Let S = B and let S = Sg(n_1)p for n € N, B € Foo.

Corollary 3.8. There exists a constant C' > 0 such that

n)1/2"
1BlBr0,r, < €5 1S Ighvon (B € Foo):
Proof. Define p(B) = sup,,~ ||Sg)||é/B21\T/L[Od. One sees easily that this expression is
finite for B € Fpo. Now apply Theorem 3.5. O

4. AVERAGES OVER MARTINGALE TRANSFORMS AND OPERATOR-VALUED BMO

Let ¥ = {—1,1}P, and let do denote the natural product probability measure
on X, which assigns measure 27" to cylinder sets of length n.
For o € {—1,1}P, define the dyadic martingale transform

(21) T, LA(T,H) — LA(T,H),  f=Y hifr— > hiorfr,
1eD I1eD

Civen a Banach space X and F € LY(T, X), we write F for the function defined
a.e. on X X T by

F(ot) =T,F(t) =Y _orFrh(t).

In case that X is a Hilbert space, ||T5F|[z2(1,x) = || F|lz2(1,x) for any (o7)rep,
and therefore HF||LOC(27L2(T7X)) = ||F|lz2(r,x)- More generally, we have for UMD
spaces that || ToF| 21, x) = || F||L2(T,x). However, X = L(H) is not a UMD space,
unless H is finite dimensional.

Whilst || B||BmO,.,. cannot be estimated in terms of || B|smo [Me2], we will
prove an estimate of || B|Bmo,,,, in terms of an average of || T, B|Bmo,,,,, over X.
Similarly, whilst the result in [Me2] implies that |[Sp|/gmoa, =~ cannot be estimated

mult
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in terms of || Bl/gpmogd., we will prove an estimate of |[Sp|pmoa  —in terms of

norm

an average of || T, B||pmog, —over . For this, the following representation of the
sweep will be useful:

(22) S(t) = [[(T,B) (T, B) (0.
Theorem 4.1. Let B € Fyy. Then
IS5 losiog,.,, < [ 1T Blvog, , do
In particular | Bl|jyo.. S s HTUBH%MogmmdU'

para "

Proof. The first inequality follows from the estimate
1 PrSBIlL(r,com)

I PrSp Bl r,cy) <2 H/ (1> P1B*)(T, P B)do
¥

LY(T,L(H))

IN

2 / |(PrTy BY* PrTy Bl 11 r.corydo = 2 / V(I B)| s ey o

IN

a1 / 17 Bl2yi00_do.

norm

Using John-Nirenberg’s lemma for BMOY_ (T, £(H)), one concludes the result.

norm

The second inequality follows from the first, (12) and Theorem 2.4. O

We are going to describe the different operator-valued BMO spaces in terms of
"average boundedness” of certain operators. First we see that the BMOY -norm
can be described by “average boundedness” of Apg.

Theorem 4.2. Let B € Fyy, and let ®p be the map
®p: LA(T,H) — L*(T x ¥, H), f— AT,f.
Then
@5l = sup 1(/E IAB(To )1 22150 d0) "/ = || Bllssros-

”fHL2(H):

In particular, |Bllsmo., = [|Psl + [|P5~ |-
Proof. Since Ap(T, f) = ;cp P1(B)frhior, we have

[ [ N@ns)t.0) o
2JT
/Z/TH(ABTaf)(t)H%tda:ZHPI(B)fIhI||2L2(H)

)
1 f1
= > T/H(B(t) —myB) (PN frlPdt < sup || BelBaomy Y I£s11
= U1 [l f1l] llell=1 =

The reverse inequality follows by considering functions f = hre, where e € H,
1e€D. O

We require a further technical lemma, which shows that the L2 norm of B f can
be decomposed in a certain way.
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Lemma 4.3. Let B € Foy and f € L*(T,H). Write Bf = mgf + Apf + vBf.
Then

1B 1122 (2 20
:/EIIﬁTaB(f)H%z(H)do+/2IIATUB(f)IIZL2<H)da+/ZIIVTGB(f)IIiz(H)dU

and

(23) 1A 5112520 :/E||7TTUB(f)H%2(H)dJ+/E||ATaB(f)||2L2(H)dU'

Proof. Observe that m;(T,B)h; = (3_;c;07Bshy)h;. Hence

vr,8(f) =Y mi(T,B)(f)hr = Y 0sB;(>_ fihi)hs

IeD JED 1CJ
This shows that

// 7, Bf, v, Bg)dodt = Z/BlmlfaBI ZthJ mdt_o

1eD JCI

hr
// v1,8f, Ar, pg)dodt = Z/Bl > fshy), Brgr) 7 ldtfo

IeD JCI

// (rr, Bf, Ar, Bg)dodt = Z/Blmlf7BIgI>|I|dt_O

1eD

To finish the proof, simply expand ||B( )||L2 SXTH) and [[Az(f )||L2 SXT M) |
Here is our desired estimate of HB”BMOPM +||B* H]gl\/[opma in terms of an average
over ||BHBMO

mult *

Corollary 4.4. Let B € Fog. Then

1 _
SUmsl+ A5l < 1Bl L2 pmoma < 75l + A5

Proof. To show the first estimate, it is sufficient to use (23) in Lemma 4.3, the
identity ||Ag| = ||7p+|| and the invariance of the right hand side under passing to
the adjoint B*.

For the reverse estimate, note that

/Z 1Bll3so,... do < / 1Az, 5]l + I, 5])%do = (|As] + [ms])2
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