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Abstract
Let X and Y be Banach spaces and 1 < p < oo, a sequence of operators (T,,) from X into
Y is called a p-summing multiplier if (T,,(z,)) belongs to €,(Y) whenever (z,) satisfies
that ((z*,x,)) belongs to ¢, for all x* € X*. We present several examples of p-summing
multipliers and extend known results for p-summing operators to this setting. We get,
using almost summing and Rademacher bounded operators, some sufficient conditions for
a sequence to be a p-summing multiplier between spaces with some geometric properties.
MCS 2000 Primary 47B10; Secondary 47D50, 42A45

1. Introduction.

Let X and Y be two real or complex Banach spaces and let F(X) and F(Y) be two
Banach spaces whose elements are defined by sequences of vectors in X and Y (containing
any eventually null sequence in X or Y'). A sequence of operators (7,) € L(X,Y) is called
a multiplier sequence from F(X) to F(Y) if there exists a constant C' > 0 such that

1(T5z5) ol povy < Cll(3) il px

for all finite families x1,...,z, in X. The set of all multiplier sequences is denoted by
(E(X), F(Y)).

Given a real or complex Banach space X and 1 < p < oo, we denote by ¢,(X) and
€7 (X) the Banach spaces of sequences in X with norms ||(z,)|]e,x) = |[(||7al])]|¢, and
[(@n)[lew(x) = sup)ge =1 [[({x*, 20)) e, respectively. Rad,(X) stands for the space of se-

1 n
quences (z,) € X such that sup(/ IS ri(t)z;|[Pdt)Y? < oo, where (rj);eN are the
n 0 j=1
Rademacher functions on [0, 1] defined by r;(t) = sign(sin 2/7t).
It is easy to see that Rads(X) = ¢ (X). It follows from Kahane’s inequalities (see [11],
page 211) that Rad,(X) = Rad,(X) with equivalent norms for all 1 < p,q < co. This
space will then be denoted Rad(X), and we shall use the L'-norm throughout the paper.
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The reader is referred to [4],[5],[6],[7] for the study of multiplier sequences in the case
E(X) = HY(T, X), corresponding to vector-valued Hardy spaces, and F(Y) = £,(Y) or
F(Y)=BMOA(T,Y), to [3] ,[8],[17] and [28] for F(X) = Rad(X) and F(Y) = Rad(Y"),

o [2] for the particular cases p = ¢, X =Y and T; = «a;Idx and to [1] for the case
E(X) =£(X) and F(Y) = {,(K).

In this article we shall consider the case of the classical sequence spaces E(X) = £;(X)
and F(Y) = £,(Y). A sequence (7). of operators in £(X,Y) is a p-summing multiplier
if there exists a constant C' > 0 such that, for any finite collection of vectors x1, xs, ...z,
in X, it holds that

n
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Note that a constant sequence T; = T for all j € N belongs to (£;'(X),£,(Y)) if and
only if 7" is a p-summing operator, usually denoted 7" € IL,(X,Y"). This fact suggests the
use of the notation /., (X,Y) instead of (£ (X), (,(Y)).

In the paper [1] J.L. Arregui and the author introduced and considered the notion
of (p, q)-summing multipliers and concentrated on the case Y = K. It was shown that
some geometric properties on X can be described using ¢, (X, K) and also that classical
theorems, like Grothendieck theorem and others, can be rephrased into this setting.

Let us now recall the basic notions on Banach space theory and absolutely summing
operators to be used later on.

An operator T € L(X,Y) is absolutely summing if for every unconditionally convergent
series > x; in X it holds that >~ T'z; is absolutely convergent in Y.

For 1 < p < o0, an operator 7: X — Y is p-summing (see [22]) if it maps sequences
(z;) € £(X) into sequences (T'x;) € £,(Y), equivalently, if there exists a constant C' such
that . .

Z | Tx;|7) 1/p<C' sup (Y [(z*, z;)P) l/p

[lz*[|=1 j=1

for any finite family x, zo, ... x, of vectors in X.

The least of such constants is the p-summing norm of u, denoted by 7,(7"). The space
IL,(X,Y) of all p-summing operators from X to Y then is a Banach space for 1 < p < 0.
It is well known that the space of absolutely summing operators coincides with the space
of 1-summing operators.

For 1 < p < 2 (respect. ¢ > 2), a Banach space X is said to have (Rademacher) type
p (resp. (Rademacher) cotype q) if there exists a constant C' such that

1 n n
[ asmilde < (3 ey 19)
0 =1 j=1

(resp.

n 1 n
(Sl < € 13 wpr @),
j=1 Jj=1

for any finite family x1, xo, ...z, of vectors in X .



A Banach space X is said to have the Orlicz property there exists a constant C' such
that
~ 2\1/2 - *
(D _llz51%)7" < C sup Y [wj,27)]|
j=1 [lz*[|=1 j=1
for any finite family x, zo, ... x, of vectors in X.

Let us recall that Grothendieck’s theorem establishes, in this setting, that, for any
compact set K, any measure space (£, 2, u) and any Hilbert space H,

L(Ly(p), H) = IL(Ly (), H). (1)

or

L(C(K), L (1) = Ta(C(K), L' (). (2)

Because of that a Banach space X is called a GT- space, i.e. X satisfies the Grothendieck
theorem if (see [24], page 71 )

L(X, ) = (X, b). (3)

The basic theory of p-summing operators, type and cotype can be found, for example,
in the books [11], [9], [16], [26], [23], [24] or [28] .

In this paper we restrict ourselves to the case p = ¢ for simplicity, although some of the
results presented here can be easily stated in the general case. The paper is divided into
three sections. In the first one we shall give several examples of p-summing multipliers.
In the second one we show some general results extending known facts in the study of
p-summing operators to p-summing multipliers. In the last section we relate this new
notion to the class of almost summing operators or Rademacher bounded sequences and
find some sufficient conditions for a sequence to belong to £, (X,Y"), at least for certain
spaces X and Y.

Throughout the paper (e;) denotes the canonical basis of the sequence spaces £, and ¢,
(x*,z) the duality pairing between X* and X, p’ the conjugate exponent of p, K stands
for R or C and, as usual, C' denotes a constant that may vary from line to line.

2. Definition and examples.

It is not difficult to show (see [1] Proposition 2.1) that (¢,(X),(,(Y)) = l(L(X,Y))
for any couple of Banach spaces X and Y and 1 < p < oo. Let us give a name to the
multipliers corresponding to (£;(X), £,(Y)).

Definition 2.1 (see [1]) Let X and Y be Banach spaces, and let 1 < p,q < oo. A
sequence (Tj)jeN of operators in L(X,Y) is a (p,q)-summing multiplier if there exists a
constant C' > 0 such that, for any finite collection of vectors xy,xs,...x, in X, it holds
that

(flezjjup)”p <C swp (Sl ap)”.
=

[lz*[|=1 " j=1



We use £, (X,Y) to denote the set of (p, ¢)-summing multipliers, and 7, ,[7}] is the
least constant C' for which (7}) verifies the inequality in the definition. In order to avoid
ambiguities, sometimes we shall use 7, ,[T;; X,Y].

We shall only deal with the case p = ¢. The space (, ,(X,Y") will be denoted (,,(X,Y"),
its norm , and its elements will be called p-summing multipliers. It is not difficult to
show (see [1]) that if X and Y are Banach spaces and 1 < p < oo then (¢, (X,Y),m,) is
a Banach space.

Remark 2.1 A sequence (1}) € (;,(X,Y) if and only if it holds that for any uncondi-
tionally convergent series > x; in X we have (Tj(x;)); € (1(Y) (see [1]).

Remark 2.2 Let 1 < p < oo. A sequence (T;) € £, (X,Y) if and only if the map
(y;) — (T7(y;)) is bounded from £, (Y™) into lr, ,(X,K).
Moreover mp[T,,;; X, Y] = sup  m,[T,(yn); X, K].

||yn||zp,(y*):1
Let us now mention some basic examples of p-summing multipliers in different contexts.

Example 2.1 Let 1 < p < oo and p be a probality measure on a compact set K. Let (¢,)
be a sequence of continuous functions and define T,, : C(K) — LP(u) by T, (¢) = ¢n1).
If (721 16al?) 7 € L2 (1) then T, € €r, (C(K), LP(11)).

Proof. Assume p > 1 (the case p=1 is left to the reader). Let n € N and v, ¢s, ..., 9, in
C(K). Recalling that

1) legcn = H(; [64)7]loc 4)
then !
Zrm Wl = |, %rmwwdu n
</ <2 B (3 \zik|p>du
<GS W) IR [ (106l dy
This shows that m,(Tj] < (Jx (S [ox )7 du) 2. m

Example 2.2 Let 1 < p < o0, (2,%, ) and (U, X 1) be finite measure spaces. Let
(fn) C LP(u, L' (1)) and consider the operators T, : L>=(y') — LP(n) given by T, () =

(@, ) = Jor o(w') (., w')dpp(w").
If sup | fu(w, w)) € L'(u, L' (1)) then T, € ¢, (L), LP (1))



Proof. Given n € N and ¢4, ¢g, ..., ¢, in L>°(y') then

S TG = /Q (6 Suw)) )

= 31 et i
< | /Q,g 00 ()|, ) () dpa()
< it w3 o) () o

< IS 0w gy, ([, 501t o),

This shows, using (4), that 7, [T}] < ||supy| fr(w, W')||| r (1 (wy)- ®

Example 2.3 Let 1 < p < oo and (A,) be a sequence of matrices such that T, ((\x)) =
(352, An(k, 7)), defines bounded operators from cq to £,. If

S sup(Y- [An(k, 5)P)P < 00
k=1 " j=1

then (T),) € lr, (co, p).

Proof. Note that T,, = Y72, ej @ Yn, Where (y, i) € £, is given by y,. 1 = (A, (K, 7)),
Hence, if x, = (A, )r then

i Tl < 33 e o) lllvnsl]

n=1k=1

= ZZ!M!ZIA (k. )P)17

k=1n=1

Z SUP(Z |An(k7j)’p)l/p Z p‘n,k‘

k=1 " j=1 n=1

(0 3 Pl 3 s 40
n=1 k=1 " 3

= [|(zn) ||€“’ (co) Zsup Z n(k, J)[P) 1/p
k=1 7=1
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Example 2.4 Let f € L'([0,1] x [0,1]) and measurable sets E, C [0,1] for n € N.
Let T, : L2(0,1]) = LY([0,1]) be defined by T(@)(t) = (J; (t.)é(s)ds)xa, (£). Then
(T,) € Loy (L(0,1]). L}([0, 1)),



Proof. First observe that f can be regarded as a function in L*([0, 1], L'([0,1])) and then
¢ — [y f(.,8)é(s)ds defines a bounded operator from L*([0,1]) to L'([0,1]) with norm
<1

Given n € N and ¢4, ¢, ..., ¢, in L>°([0, 1]) we have, using 2

i

£ 8)n(dn
[ 16 9)on(s)ds)s

STu(ee)ll7 =
=1

<

>l

k=1

> I

k=1

< KZIARNC lowl) 1%
k=1

This shows that m[T;] < K¢||f||:- W

Example 2.5 Let u € h*(D), i.e. a harmonic function on the unit disc D such that
SUPyet /7 [ur (€M) P L < oo where u,(e) = u(re™). Let us fiz an increasing sequence
r, converging to 1 and define T,, : LY(T) — L*(T) by T,(v)) = ¢ xu,,. Then (T,) €
Ury (LN(T), L*(T)).

Proof. Tt is well known (see [13]) that u, = P, * ¢ for some ¢ € L*(T) where P, stands
for the Poisson kernel. Therefore T,,(¢)) = % ¢ * P, .
Given n € N and 1,1, ..., ¥, we have, using now (1) for the operator T': L*(T) —

L*(T) given by T(¢) = v * ¢,

D NTWillze = Do |[w* ¢ % P12
k=1 k=1

IN

> o * @[ 12
k=1
< Kal|[(¥u)llewznl|ol] 2

Therefore one gets m[T;] < K¢l|¢||2 = Kellu|lpz. W

3. General facts on p-summing multipliers.

Let us start with some simple observations to get examples of p-summing multipliers.
Examples 2.4 and 2.5 fall under the following general principle whose proof is left to the
reader.

Proposition 3.1 Let X,Y and Z be Banach spaces and 1 < p < oco. If T € IL,(X,Y)
and (Sy) € loo(L(Y, Z)) then (S,T) € £, (X, Z).
Moreover my[S,T| < my[T] sup,, ||Sn||-

Example 2.3 is also a particular case of the following:



Proposition 3.2 Let X,Y be Banach spaces and 1 < p < oo.
Given (Ynk) C loo(N X N,Y) and (x}) € 07 (X*) let us consider T,, = 3721 5 & Yn -

ffZHkaH (sup [|ynill) < 0o then T, € bry (X, Y).
k=1

Proof. Notice that

DTl < ZZ (@gy @) [y, 1 ]
n=1

n=1 k=1
0o 00
= > > Nl s @) || [ |y e |
k=1n=1 H kH
< ( sup ZI(%",% leﬂfkll (sup [|yn.xl]).
[lz*[|=1 p=1 k=1

Lemma 3.3 Let X be a Banach space, n € N, 1,29, ...,x, € X and x7,25,...,x); € X*.

Then
n n 1 n
> et o)l < (sup S aa)) [ 113 @il
k=1 llz*[[=1 g=1 0 k=1
Proof.
Z|<JIZ,CL’]€>| = sup |Z<ZEZ,ZE}€OU€>‘
k=1 lag|=1" k=1
1 n
= sup | [ (D wpauri(t) ZIW )di|
lagl=1 7O
< sup sup (|3 w0l [ 1|3 wire(r)ae
lai|=1t€[0,1] k=1 0 k=1
n 1 n
< (s Yo lea)) [ IS aimolld.
|lz*[]=1 =1 0 k=1
|

Proposition 3.4 Let X and Y be Banach spaces. If (T,,) C L(X,Y")) is such that

sup ZHTk )| < o0
[lz]|=1 k=1

then T,, € 0 (X,Y). Moreover m[T,] < sup >_||T}(x)]|.
llz||=1 k=1

Proof. Given n € N and z1, xg, ..., x, € X we have, using Lemma 3.3,



STl = sup Y [(Tilwn), 50
k=1 llypll=1 k=1
= s > [ T ()
llypll=1 k=1
! = * *
< N@llgeo s [T Tl
lypll=170 =1
< Nlalllegco sup sup (13 T3 (om0l
llypll=1t€[0,1] k=1
< Nellweo  swp ST (7))

llygll=1]|z[|=1 k=1

< @a)llepexy sup D ||Ti(2)]].

llz||=1 k=1

Theorem 3.5 Let X,Y and Z be Banach spaces and 1 < p < 0.

i) If (T,,) € 0, (X,Y) and (S,) € loo(L(Y, 2)) then (S,T,) € £,,(X,Z).
Moreover my[S,T,,] < m,[T,] sup,, ||Sal|-

i) If (S,) € (¥(L(X,Y)) and (T},) € €y (Y, Z) then (T,,S,) € Ly (X, Z).
Morcover m,[T,5,) < (L] |(Su) | cx.v

wi) If T e L(X,Y) and (T,,) € l;, (Y, Z) then T, T € {, (X, Z).
Moreover my[T,, T < m,[T,]||T]|-

w) If T € o(X,Y) and (T,,) € ln, (Y, Z) then T,,T € (,, (X, Z).
Moreover m [T, T] < mo[T,|m[T].

Proof. (i) Take n € N and z1, z3, ..., z, € X. Then

> NSk Te(@)llP < Y ISkIPHTe(i)lIP

k=1 k=1
< sup| | Sl PAR[T] ()l -

(ii) Take n € N and 1, 29, ..., 2, € X. Then

[(Selan), y)IP)17

WE

O TSz )P < mlTa) sup (

k=1 lly*[|=1 &

= mp[T] sup (3 [(xk, Sp(y)) )"
ly*[I=1 k=1

1

3



= mp[Tn] sup  sup | Y (xpau, Si(y"))]

lly*lI=1 {l(en)lle,, =1 k=1
n

= my[T,] sup sup Zxkakrk Z t))dt|
||y*||=1||(an)||zp,—1 0 k=1 k=1

< mITIC s 1Y wallDsup sup |30 St )m @)
lem)lle, =1 k=1 lly*||=1t€[0,1] =1

= Wp[Tn]H(Ik)He;v(X) sup > 1Sk(y"), )]

Tp
|

(iii) Take n € N and z1, x, ...,

<

> NTT ()P
k=1

<

Tlll (o) e x)

Talll (@) lew x
z, € X. Then

lly*l|=L]lzll=1 =1
n

sup > [{y", Sk(x))]

lly*[|I=1,[|=[[=1 k=1

105

w)llewcxyy)-

7Tp n] sup Z|

[[2*]|=1 k=1

7rp ] sup Z| xp, T (2"
[lz*[I=1 =1

Wﬁ[Tn] sup Z|<a:k,x*>|p
[lz*[|=1 k=1

(iv) Given (z,) € ¢¥(X) and T € HQ(X Y) then T'(x,) = anz!, where o, € ¢5 and

, € L5(X) and [|(z7)]lex) <
page 53). Hence, for each n € N

IAINA

()2

x)ma[T] and [|(an)lle, < H(l‘n)lll/2 (see [11]

LA

ol ) s o o)
T[T )72 T[] (20)] v (x)

Let us now prove the natural generalization of the fact that 7' € II,(X,Y) if and only
if 7% e IL,(X**,Y™). We need the following lemma.

Lemma 3.6 (see [1], Proposition 2.9) Let X be a Banach space, 1 < p < oo and let (z7})
be a sequence in X*. Then (r}) € {r, (X, K) if and only if there exists C > 0 such that

n

j=1

for every x7*, ...,z in X,

@7, a) < C swp (1,

)1/p

llz*[[=1 " j=1
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Theorem 3.7 Let X andY be Banach spaces, 1 < p < oo and let (T,,) € L(X,Y). Then
(T) € €, (X,Y) if and only if (T;;*) € Lr, (X, V™).

Proof. The only thing to show is that if (75,) € 5, (X,Y) then (T*) € £, (X*,Y*).
We have to show that there exists C' > 0 for which

(ZHT** N < e

1
for any «7*, ..., 23" iIn X™* such that sup). =, (Z?Zl | <@ at > |p) v 1.
Given (y;) € £y(Y™), Remark 2.2 shows that (77 (y})) € 4x, ,(X,K). Now Lemma 3.6
gives

Therefore the result is achieved from the duahty Ly (YY) =L,(Y™). &

4. Connections with other classes of operators and geometry of Banach spaces.

Regarding embeddings between the spaces, let us mention that for 1 < p < ¢ < 0o one
has £, (X,Y) C £, (X,Y). The reader is referred to [1] for general embedding theorems.
The next result generalizes the well known fact of the coincidence of the classes IT; (X, Y) =
II5(X,Y) under the assumption of cotype 2 of X (see [11], Corollary 11.16). The following
is essentially contained in Corollaries 3.12 and 3.13 in [1], but we include a proof here for
completeness.

Theorem 4.1
i) If X has cotype 2 then £, (X,Y) = (., (X,Y).
ii) If X has cotype q¢ > 2 then (- (X,Y) = (. (X,Y) for any p < ¢'.

Proof. (i) Let us take (7)) € l,(X,Y) and let (z,) € ¢¢(X). According to the
identification with £(cy, X') we have that the sequence z,, = u(e,) for some u € L(co, X).
Using now the cotype 2 assumption we have L(co, X) = Ily(co, X) (see [11],Theorem
11.14). Now, since (e,) € €{(co) and u € Iy(cy, X) then (see [11], Lemma 2.23) u(e,) =
T, where o, € ly and x;, € (5(X) and [|(z},)[|ewx) < m2lu] and |[[(an)|]e, < 1 Hence,
for each n € N

Z [T (n)| > T[]
k=1 k=1

™ [Tl (@) e o) [ () s
o Ty | [ul]

Kgmy [Tn] | | (xn) | |@11”(X)

IAINCIA

(ii) follows the same lines (using Theorem 11.14 and Lemma 2.23 in [11]) for ¢ > 2. W
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Definition 4.2 (see [11], page 2584) Let X and Y be Banach spaces. A linear operator
T:X — Y is said to be almost summing, to be denoted T' € Tl,s(X,Y"), if there exists
C > 0 such that

A HZT% Pl < C sup (3 |G, )

[lz*[|=1 j=1
for any finite family x1,xo, ... x, of vectors in X.

The least of such constants is the as-summing norm of u, denoted by m,s(u).
Let us now relate these operators with p-summing multipliers.

Theorem 4.3 Let X and H be a Banach and a Hilbert space, respectively. If (T,) C
L(X, H) are such that TF € M,s(H, X*) for alln € N and

sup/ WGSZTkm )]ds < o0
k=1

then T, € (., (X, H).
Moreover m[T,] < sup/ Tas Z Tyry(s

Proof. Let (z,,) € ¢¢(X). Then

kzn:HTk(xk)H = i<i|<Tk($k),ej>|2)l/2

k=1 j=1
< 0% [1% (it e (0l
< C/ Z!xk,i (e;)r;(t))|dt.

First note that, since (e,) € ¢¥(H), then S € I1,(H, X*) implies

1 00
LIS Steprs ®)ldt < mas(S).
j=1
Now using Lemma 3.3 we get

; T (g, < Cll(@n)lewx) Ty (e;)r;(t)ri(s)||ds
ST < Ol //||kzuzl (5)]|ds)dt

< Cli@a)llepx //||2Tm Zem )lld)ds

= Cll@a)llepex //HZZ () () (8 ds
=1 k=1

<

CH(xn)HZi“(X / Tas ZT 7ﬁk
k=1
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Theorem 4.4 Let 2 < g < oo, H be a Hilbert space and X be a Banach space with
the Orlicz property (for ¢ = 2) or cotype ¢ > 2. If (T,) C L(X,H) are such that
TF € ll,s(H, X*) for alln € N and

1 n [e.9] , ,
sup [ (2 ITE (3 egry()17)/7 dt < o
n k=1 Jj=1

then (T,,) € (r, (X, H).

Proof. Let (z,,) € ¢{(X). Then for each n € N, the argument in Theorem 4.3 gives

n 1 n 00
STl < C [ 3 [ 3. T (et
k=1 0 k=1 j=1

Now the assumption on X allows us to write

(e 9]

n 1 n
Z Ty (z)|] < C/O > K, Z (e;)r(t))dt]
k=1 k=1

< 0/01(2”: H:L’qu)l/q(Z I ZT;(ej)rj(t)Hq/)l/q'dt
= CH(xk ||éw / Z“ZTk ej 7“] ||q )1/th

Definition 4.5 (sce [3], [8]) Let X and Y be Banach spaces. A sequence (Tj);cN of
operators in L(X,Y) is called Rademacher bounded if there exists a constant C' > 0 such

that
1 n 1 n
LIS Tuwra@llde < € [ 1S air(o)]at
0 k=1 0 k=1

for any finite collection of vectors x1,xs,...x, in X.

We use Rad(X,Y) to denote the set of Rademacher bounded sequences, and rad[7}] is
the least constant C' for which (77}) verifies the inequality in the definition.

Remark 4.1
i) If T,, =T for alln € N then (T,) € Rad(X,Y).
i) If (T,,) € Rad(X,Y) and (x,) € (Y (X) then (T,(x,)) € €5(X).

Let us mention the following simple observations whose proofs follow easily from the
definitions.

Proposition 4.6 Let XY be Banach spaces.

i) If X has the Orlicz property (resp. cotype ¢ > 1 ) then lo(L(X,Y)) C £ (X,Y) (resp.
ly(L(X,Y)) C U (XY) ).



ii) If Y has type 2 then (,,(X,Y) C Rad(X,Y).

iii) If X has cotype q, Y has type p and 1/r = (1/p) — (1/q) then £.(L(X,Y))
Rad(X,Y). In particular, if X has cotype 2 and Y has type 2 then (+(L(X,Y))
Rad(X,Y).

w) If Z has cotype 2, T € 11,,(X,Y) and (T,,) € Rad(Y, Z) then (T,,T) € £, (X, Z).
) If ype 2, (X,Y) (T%) Y, 2) (TT) € lxy(X, Z)

N

Proof. (i) Let n € N and z1, 23, ..., x, in X. Then we have

S ITl < (TR o)

< COC TP 2l @) lep x)-
k=1

Obvious modifications give the case ¢ > 2.
(ii) Let n € N and x1, z, ..., 2, in X. Then we have

/||2Tk xp)rE()]|dt < CZHTk )|12) 1/2

< C?Tz[ Tl (@) ew x)

1 n
< OmlTy] /0 1S ()] dt.
k=1
(iii) Let n € N and xy, x9, ..., z, in X. Then we have
1 n n
/ 13- Ti(ar)re@®lldt < O ||Ti(an)|P) 7
0 k=1 k=1
< OO NTRlMMT 2 Hlael|) e
k=1 k=1
n 1 n
< O ITINY [C1S mar(b)llat.
k=1 0 k=1
(iv) Let n € N and 24, xg, ..., x, in X. Then we have

1 n
Z\\Tk @)V < € [ 11 DT @ra(t)]de
k=1

1 n
< C’md[Tn]/ ||ZT($k)7"kz(t)Hdt
< Crad|T,]m.s[T] sup Z i, )P,
Hx*H 1 k=1

We are now going to get the main results of this section. We need the following lemma.
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Lemma 4.7 (see [24], Theorem 6.6 and Corollary 6.7) If X is a GT-space of cotype 2
then there exists a constant C' > 0 such that

n 1 n n
Z |(on, 23| < C(/o I Zka(t)ﬂdt sup Z T, T 1/2 (5)
k=1 k=1

lz|l=1 k=1

If X* is a G'T'-space of cotype 2 then there exists a constant C' > 0 such that

n 1 n n
> i) < C([ 11 win(®)llde) sup (3 oo ©)
k=1 k=1

Theorem 4.8 Let (2,2, 1) be measure space and X a Banach space. If T,, C L(L'(), X)
are such that

sup ZHT P <

[16]1=1 n=1
then (Ty,) € £y, (L' (u), X).

Proof. Let (¢,) C L'(u). Since L'(u) is a GT-space of cotype 2, Lemma 4.7 gives

éuwmu = swp 3 (T(be). o))

[lz5l1=1 k=1

= sup f:\m,Té‘(ffZ»I

|5 [1=1 g=1

1 n n
< O I owrel®)ldt) sup sup (3 [(T7 (x7), 2}
0 k=1 llzn =1 l2||=1 k=1
1 n
< C(f I dwnetolan) ke (3 ik T} )
x xh k=1
< C(sw Hzm 1) sup (3 |[Te()| )2
te[m - llell=1 =1
< Cllonllan s (O ITiw)] )
r k=1

Theorem 4.9 Let X* be a GT-space of cotype 2 and let Y* have type 2. If T,, € L(X,Y)
and (1)) € Rad(Y*, X*) then (T,,) € (,(X,Y).
In particular if T,, : cg — Ly for ¢ > 2 and (1)) € Rad({y,ly) then T,, € {r,(co, ).

Proof. Let (z,,) € £5(X). Using Lemma 4.7 for X*, one gets

ZIITk WY = sup S (Tl ul)

(i) leg(v*)=1 k=1
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= sup Y [ T (wp)
162l eg(ry=1 k=1

< C sup /”ZTk (ye)re(t)|[dt) sup ( Z (g, 2*)[*)?

@) ey (v =) =1 [lz*]|=1 k=1

< Cli@)llgeorad(Ty] — sup /Hzm laz)

) ey (v)=1

< Cll(@n)llegxyrad[T7],

where the last inequality follows from the type 2 condition on Y*. B
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