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REMARKS ON (g, p,Y)-SUMMING OPERATORS
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ABSTRACT. An operator T € TI} ,(X®Y, Z) if there exists a constant C' > 0 such
that, for any finite sequence u1,u2,...,un in X ® Y, we have
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(ﬁjnT(uwHQ)" <C_swp {(Znuk )}

It is shown that if T € IT, (X&Y, Z) and S € I1,¢(Z, W) then the operator ST €
I, (X®Y, W) where £ = % + L and % _ % + 1
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1. Introduction. Let X, Y and Z be Banach spaces and let 1 < p < ¢ <
0o. An operator T from the injective tensor product X®Y into Z is said to be
(¢,p,Y)-summing if there exists a constant C' > 0 such that, for any finite sequence
Uy, U, ...,uny in X ® Y, we have

(fjufr(uk)uqz);s sup {(Zuuk W)}

r*EBx =

where uy(z*) = 320% (2%, 25 1) )k, for up = 300 w0 @ yjk, yjk €Y and x5, €
X.

The least of such constants is the (q,p,Y)-norm of T, denoted by ﬂ;p(T),
and the space H;fp(X ®Y, Z) of all (g,p,Y)-summing operators is a Banach space
endowed with such norm. In the case ¢ = p we simply write Hg(X ®Y, 7Z) and

7T;/ (T).

*The authors have been partially supported by Proyecto PB98-0146 and Proyecto DGI (BFM
2001-1421) respectively.
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Of course for Y = K we have IS (X®K, Z) = II,,(X,Z). The reader is
referred to [1], [2], [6], [10], [11] or [15] for definitions and results about these
classes and their applications in Banach space theory.

The notion of (g,p,Y)-summing operator was introduced and studied by
Kislyakov in [5]. Among other things he proved that (p,Y’)-summing operators
verify the following analogue to Pietsch’s domination theorem.

THEOREM 1.1. (See [5].) Let 1 < p < oo and let X, Y and Z be Banach spaces.
An operator T : XQY — Z is (p, Y )-summing if and only if there are a probability
measure p on (Bx«,w*) and a constant C' > 0 such that for all u € X ® Y one has

1T (u)ll7 < C"/ [lu(@)I5-dp (™).

-
Moreover, 71';/ (T') is the least of the constants verifying the previous estimate.

Recall that an operator T' : C'(2,X) — Y, where Q is a compact Haussdorf
space, is called p-dominated operator (see [3], II1.19.3) if there exist a constant
C > 0 and a probability measure p on 2 such that

TP < C /Q 17 (1) IPd(t)

for all f € C(©,X). For infinite dimensional Banach spaces C. Swartz (see
[13]) showed that absolutely summing operators T' : C(Q,X) — Y are always
1-dominated, but the space of 1-dominated operators from C(Q, X) into ¥ coin-
cides with IT; (C'(©2, X),Y) if and only if X is finite dimensional.

Since C(Q)®X = C(Q, X), Theorem 1.1 implies that the class of p-dominated
operators actually coincides with ILY(C(Q)®X,Y).

Let, us first point out that always we have II, ,(X®Y, Z) C IIY (X ®Y, Z).

Indeed, since, for u;,us,...,uny € X®Y, we have

N 1
||(uk>||€;"(X®Y) = Sup{(ZKw* ®y*’uk>|l’)p = BX*’ y* € By*},
k=1

and (u(e*), y*) = Sa*,2;){y", y;) = (2* © y*,u) for any tensor u = Y a; @y in
X ®Y. Hence, if u1,us,...,uy € X ® Y we get

I)lgxew) < sup {(Zuug )"l

Consequently, we have the following inclusion
I, (X®Y,Z) CI) (X®Y, Z).

ProrosiTION 1.2. Let X, Y and Z be Banach spaces and let 1 < p < g < 0.
IfH;fp(Xé@Y, Z)=1,,(X®Y,Z) then L(Y,Z) =11,,(Y, Z).
In particular, IIY (X®Y,Y) = IL,(X®Y,Y) if and only if dim(Y') < oo.
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Proof. Assume IIY (X®Y,Z) = II,,(X®Y,Z) and let take A € L(Y,Z). Fix
xy € X* and consider Tpx 4 : XQY — Z, given by Tpx a(u) = A((u, 25)).

Clearly it is (1,Y)-summing (in particular (g, p,Y)-summing). By assumption
Tys 4 € T, (XQY, Z).

Let (y;)72, € ¢,(Y) and o € Bx with (x5, 7o) # 0, then

To5a((yj @ w0)) = A(zg, 20)yj) = (w5, 20) A(y;) € €y(2).
This shows that A € II, ,(Y, Z). O

COROLLARY 1.3. ([13]) Let X and Y be Banach spaces. Then II;* (C(Q, X),Y)
=1II,(C(Q, X),Y) if and only if X is finite dimensional.

As in the case of (g, p)-summing operators the following inclusion

my (X&Y,Z)CcI)l  (X&Y,Z)

q1,P1 q2,p2

holds if 1 <ps <p1 < g1 <o < o0, 0rif pr <pa, 1 < goand - — - < - —

The proof of this is analogous to the classical case. nomen

Moreover, the classes coincides, at least for certain values of q1, p1, q2, po,
under some assumptions on the Banach spaces. Kislyakov proves in [5], Theorem
1.2.3, that if Y has type 2 and Z has cotype 2, then

Y (X®Y, Z) =10} (X&Y, Z)

for every 2 < p < co. He also prove in [5], Theorem 1.3.2, under the same assump-
tions, the following version of Grothendieck’s theorem:

I (C(N)RY, Z) = L(C(Q)RY, Z).

Let us mention that p-summing operators acting on X®Y have been considered
by several authors (see [9], [12]). The following map plays an important role: For
each bounded operator T : X®Y — Z, one can consider ®(T) = T# : Y — L(X, Z)
defined by, T#(y)(z) = T(zx ® y), for x € X and y € Y. This is clearly a bounded
operator. So

B(L(XEY, Z)) C L(Y, L(X, 7).

A natural problem to study is the connection between the operator T' and T#
for different classes of operator ideals. In [9] it was shown that if T: X®Y — Z is
p-summing, then T# : Y — I1,(X, Z) is also p-summing, that is

O(I1,(XRY, Z)) C I1,(Y,11,,(X, Z)).

When p = 1, the reverse implication holds also true for Y = C'(K) (see [13] or
if Y is a Lo-space see [9]), that is

(I (XQY, Z)) =1 (Y, 1 (X, Z)) for L-spaces Y.

Next we are going to investigate the relation between T and T# when T is
(¢,p,Y)-summing.
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ProPOSITION 1.4. Let X, Y and Z be Banach spaces and 1 < p < g < 0.

(i) 2(Ily , (X &Y, 2)) € LV, Ty, (X, 2)).

(ii) If @(H{p(XQVZ)Y, 2)) CIl, ,(Y,L(X,Z)) then L(Y,Z) =11,,(Y, Z).

In particular, if ®(I1} (X®Y,Y)) C I,(Y, L(X,Y)) for some 1 < p < oo then
dim(Y") < occ.

Proof. (i) Let T : X®Y — Z be a (q,p,Y)-summing operator. We only have to

show that T#(y) € I, ,(X,Z) for every y € Y. Let z1,...,7, € X and y € Y,
then

n 1
(Z I (25 2 )11 )
1
< m), (1) sup {an il }

2*€Bx+

~—
Q=
I

(@)

n

= Myl ) s (Sl )}

z*EBx* i=1
Hence T#(y) € Iy, (X, Z) with 7 ,(T#(y)) < llylly - 7, (7).

(ii) Let o € X and xf € X* such that ||zo|| = 1 and (zo,z5) = ||z§]| = 1.
For each A € L(Y,Z) we consider the operator Tys 4 : XQV = YV, Tpx a(u) =
A((u, z)), which is (1,Y)-summing (and also (g,p,Y)-summing), then Tz#g,A €
I, ,(Y, £(X,Y)). Therefore

WIP(TIO, - sup (Z| Yir Y ) > (Z“ AY; ||gxy))

B =
Q=

y*EBy«
[e%} 1
> (Y Iusaleo 2yl
j=1
o 1
- (ZHA wllg) "
This gives the result. |

2. Composition of (p,Y)-summing operators. The classical theorem of
Pietsch stated that if T is p-summing and S is g-summing then ST is r-summing,
with 7 = min{1, >+ 7} (see [2], Theorem 2.22 or [4], Theorem 19.10.3). This result
was generalized by N. Tomczak (see [14]) who proved that if S is (s,?)-summing
then ST is (r,q)-summing, where = - + 1 <1, 1 = > + 7 < 1. In this section

we are going to generalize Tomczak’s result for (p,Y')-summing operators.

LEMMA 2.1. Let 1 < p < oo and let T : X®QY — Z be a (p,Y)-summing
operator. There exist a probability measure u on (Bxs,w*) such that for any
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z* € Z* there exists a non-negative function f,« € Ly (Bx«, ) verifying
(2%, T ()] < /B [l{w, M ly fo= (2" )dpa(z™)
-

for allu € X&Y and ||f.- ||z, <y (T)]|z*]]-

Proof. Since T is (p,Y)-summing, from Theorem 1.1 we can find probability

measure g on (Bx«,w*), a closed subspace X,(Y) of L,(u,Y) and an opera-

tor T € L(X,(Y),Z), such that Tjpixgy = T and ||T| = my (T'), where the

operator iygy : X®Y — C(Bx-)®Y is the isometric embedding defined by

ixay (Do zj®y;) =Y i.(x;) ®yj, ix is the natural embedding of X into C'(Bx-),

and jp is the restriction to i x gy (X ®Y") of the inclusion j, : C(Bx«,Y) — Ly(p,Y).
Moreover, for all u € X®Y,

(T (=), dixay (u))]

(=", Tipixay ()|
12"z 1T l7p? x oy (W], (v
mp (T)]|2"]

VA

IN

Z*

Jrixey (WL, wy)-

That is, T*(2*) € (X,(Y))* with ||T*(z*)|| < 7Y (T)||z*||z-. Then, by Hahn-
Banach extension theorem and the duality (L,(u,Y))* = V? (4, Y*) (see for in-
stance [3]), we can find a vector valued measure Fy» : B — Y* with p’-bounded
variation such that |F..|, < ) (T)||z*||z- and F.«|(x,(v))- = T*(z*). Then, for
all u € X®Y, we have

(=", T(w) = (T*(z"), Jpixay () = (Fe, jpixay(u) = /B (u,2%) dF:+(27)

and then

().

On the other hand, it is known that there exists a non-negative function f,. €
Lp/ (Bx* s ,LL) with

(2", T (u))| S/ [[{w, 2") |y d| F-

X *

|FZ*

(mzémw

for all E € B and ||f.-[|r,, = [Fe|p < Wg(T)HZﬂ

z+. Therefore
(2", T'(u))] S/B [{w, )|y fo (z7)dp(z™).

This finishes the proof. a

THEOREM 2.2. Let X, Y, Z and W be Banach spaces, T € 11} (X®Y, Z) and

S € U;+(Z,W). Then the operator ST : X&Y — W is (r,q,Y)-summing where
r.op s qg p t—

and qu(ST) < 7t (S) 'WZ(T)-
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Proof. Let du(z*) be associated to T as in Lemma 2.1. Let (u;)?; be a fi-
nite sequence of elements in the space X®Y and set u; = o;v; where o; =
(fo* (s, 2*)||L-dp(z*)) /P, Then, by Hélder’s inequality, we have

(inST(uinmf < (i |ai|p)%(i||ST(vi>||av)%
< me(S)oi g _sup (fjuz*,T(w»vf (2.1)

€By«

We have to estimate the latter expression. Observe that

n

Il = (f *fj||<ui,w*>||§du<x*))‘l’s up (3 o 2)1)

r*EBx i—1

On the other hand, since T is (p,Y)-summing, by Lemma 2.1 we have
(2%, T'(vi))] < / [{vi, "My fo= (z7)dp(z).
Byxx
Hence we observe that
(2%, T'(vi))] < Ufl/ i, @ MNPl s, Y I for ()P o ()P dipa(a)
o+
and using Holder’s inequality twice

1
7

ozlm(/ (Iiatss Y o ) PO (U o () )7 1 (7))
By

IN

!
b
ql
L,

IN

([ Mo b 0 ) 5

Then . )
(== T < 1117, ( / I, VI o ()P dia(a®))
.
Summing up overi =1,...,n, we get
" : L' " , :
(Sl @) < WU, (3 a1 @O duta))
i=1 Bxx =1
p’ p’ n %
< N NN, sup (30 s )]l)
P P I*GB)(* —1
n 1
< ferlley, s (3 s, a™))7)
z*EBx* i—1
n 1
< )Nz sup (3 s, a)])
r*EBx i—1
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Applying this inequality to the right hand side of (2.1), we get

(fj||ST<ui>||u)i5ws7t(s>7r:<s> sup (fj||<ui,w*>||q)5

r*EBx*
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