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Abstract

Given a non atomic, finite and complete measure space (€2, %, 1)
and a Banach space X, we define the modulus of continuity for a
vector measure [ as the function wp(t) = sup,g)</|F|(£) and in-

troduce the space VP4(X) of vector measures such that tp_’lwp(t) €
L((0, ()], ). We show that VP¢(X) contains isometrically LP4(X)
and that LP9(X) = VP4(X) if and only if X has the Radon-Nikodym
property. We also prove that VP4(X) coincides with the space of
cone absolutely summing operators from L into X and the duality
VPI(X*) = (LP9(X))* where 1/p+1/p =1/q+1/¢ = 1.

We finally identify V?4(X) with the interpolation space obtained
by real method (V1(X), V®(X))1/p q-

Spaces where the variation of F' is replaced by the semivariation
are also considered.

1 Introduction

Throughout this paper (€2, 3, 1) stands for a non atomic, finite and complete
measure space, X will be a (complex or real) Banach space and X* its topo-
logical dual space. As usual p’ will denote the conjugate exponent of p, i.e.,
S =1L

Given a complex-valued measurable function f we shall denote by p¢ the
distribution function of f, ps(X) = p(Ey) for A > 0 where E\ = {w € Q :
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|f(w)] > A}, by f* the nonincreasing rearrangement of f, f*(t) = inf{\ :
py(A) <t} and we write f**(t) = 1 [ f*(s)ds.

Then the Lorentz space LP? consists of those measurable functions f such
that || f||;, < oo, where

1
0o dt) ¢
. {Q/ [t%f*(t)}q—} , 0<p<oo, 0<qg< oo,
15, =9 ok

P t
suptr f*(t) 0<p<oo, ¢g=oc.
>0
Of course LPP = LP and if we put [|f[l,, = [|/*|;, then we get an

equivalent norm and LP? for 1 < p < oo, 1 < g < 0o are Banach spaces.

Let us recall also that simple functions are dense in LP? for ¢ # oo,
and also the duality results, (LP')* = LP'* for 1 < p < oo, as well as
(LP9)* = [P for 1 < p,q < oo.

The reader is referred to ([Hu|, [BS], [SW], [L]) for these results and for
the basic information on Lorentz spaces.

All these notions make sense also for vector-valued strongly measurable
functions by replacing the modulus by the norm. This leads to the natural
definition of the Lorentz-Bochner spaces LP%(X), where the norm is defined
by (| Fllracxy = I Gl x lpg-

In the vector-valued case we still have the density of simple functions,
but the corresponding duality (LP4(X))* = LP¢(X*) only holds for Banach
spaces X such that X* has the Radon-Nikodym property. The reader is
referred to [DU] for a proof in the case p = ¢ or to [GU] (see Theorem 3.2
there) for a proof even in a more general case of Kothe-Bochner space E(X)
for certain Banach lattices including LP4. An identification of the dual space
without assumptions on X can be achieved from some general results on the
dual of F(X) where E is a Banach lattice (see [B] to get a description in
terms of weakly measurable functions or [GU] for a formulation in terms of
vector measures).

Since LP(X) coincides with LPP(X), let us first mention here that in the
particular case of Lebesgue-Bochner spaces LP(X) the dual can be repre-
sented as the space of X*-valued measures of p’-bounded variation, denoted
by V7 (X*) (see [D]).

Our objective will be to define a space of vector-valued measures in such
a way that contains L”9(X) isometrically and that coincides with V?(X) for

p=q.



Following [GU] one could define V(X)) as the space of vector measures
F(A)

such that sup,cp || > ser ﬁ X4llpg < 00 where the supremum is taken over
the set D of all finite partitions 7 of {2, but we would like to present a notion
independent on the knowledge of Lorentz spaces of functions.

In this paper we shall present a natural definiton of a modulus of con-
tinuity of a vector meausure (see Definition 2.1) which will allow to define
the space VP4(X) independently of the notion of L”9(X) and which extends
the previous one for measures dG' = fdu, and also will coincide with the one
presented above (see Corollary 2.11).

In the case ¢ = oo, Marcinkiewicz spaces are denoted VP*°(X) and

VP>°(X) and defined by the existence of a constant C' > 0 for which || F/(A)|| <
1 1
Cu(A)7 or |F|(A) < Cu(A)¥ for all A € 3.
To deal with the case ¢ < oo, we define two different modulus of conti-

nuity for a vector measure, namely Wr(t) = sup, <[ F(E)[| and  wp(t) =
sup,,gy<¢|F'|(E). Then we define the spaces VP?(X) and VP9(X) consisting

of vector measures such that tp_’lwp(t) € L((0, u()], %) and 2*F € VP4(K)
for all x* € X* respectively. Also a space where wp is replaced by Wp is
considered.

The paper is divided into three sections.

In the first one, it is proved that V?9(X) contains isometrically L»9(X)
and that LP?9(X) = VP4(X) if and only if X has the Radon-Nikodym prop-
erty. It is also shown that V?9(X*) coincides with the dual of LP"7(X).
Section three deals with identification of the previous spaces of vector-valued
measures as spaces of operators. In particular we show that VP7(X) and
VP4(X) can be described as spaces of bounded operators from LF¢ into X
and cone absolutely summing ones respectively.

In the last section we describe the space as an interpolation space obtained
by interpolation, using the real method, of two natural spaces of vector mea-
sures, namely V?4(X) = (V1(X), V(X)) y,, where V!(X) corresponds to
the space of u-continuous measures of bounded variation and V*°(X) the
subspace of those measures such that ||F'(A]| < Cu(A) for all A € ¥.

ADKNOWLEDGEMENT: We would like to thanks the referee for his or
her suggestions to improve the paper.



2 DMarcinkiewicz and Lorentz spaces of vector
measures

Let us recall that the variation of a vector measure F': ¥ — X at the set F
is given by |F|(E) = sup,, > acr,, |F(A)|| (7 stands for a finite partition of
E and the supremum is taken over all such partitions) and the semivariation
is given by | F'[|(A) = sup),«=1 [z*F[(A). It is worth mentioning (see [DU])
that
IFII(4) ~ sup |F(B)| &
BCA

Let us first introduce the following notion of “modulus of continuity of a
vector measure”.

Definition 2.1 Let (2,3, 1) be a non atomic finite measure space and write
I =(0,u(2)]. Let X be a Banach space and let F' be an X -valued measure,
we define, fort € I, the functions

Gr(t) = sup [|F(E)|  and  we(t) = sup |FI(E)

n(E)<t u(E)<t

Remark 2.1 (a) Taking into account that p is non atomic, and using (1)
one easily sees that for allt € I,

wp(t)= sup |F|(E) and &p(t)~ sup ||F|(E).
p(E)=t n(E)=t
(b) F < if and only if%ir% Wr(t) = 0 and, for vector measures of bounded
variation, it is also equivalent to %ir% wr(t) =0.
(c) wp = +00 if and only if there exists t € I such that wp(t) = 400 or,

equivalently, I is not of bounded variation.

Proposition 2.2 If f € L}(X) and F(E) = [ fdu then t f**(t) = wp(t) for
allt € I.

PROOF. The result follows easily from the facts |F|(E) = [ || f|ldn and
f(l)t fr(s)ds = Sup,(E)<t Jellflldp. m

Proposition 2.3 Let F' be a vector measure. Then either wp = 400 on [
or wg 1s nondecreasing, continuous and concave.
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PROOF. Let us assume wp(t) < +oo for some t € I. Hence F has
bounded variation and clearly wg is nondecreasing.
Let us see first that

wp(s +h) —wp(s) 2 wp(t +h) —we(t) (2)

forall 0 < s <t<p(2)and 0 < h < p(2) —t.
Indeed, given ¢ > 0 and ¢,t+h, s € I, there exist measurable sets Ey, Fyp,
and F for which u(E;) =t, u(Eyp) =t + h and p(FEs) = s and

wr() = |FI(B) <&,  wplt+h)—|F|(Bup) <2,  wp(s)—|F|(E,) <e.

Let Aj, be a measurable set with u(Ay,) = h and A, C Eyyp \ Fs. Then

we(s +h) = |F[(EsU Ap) = |[FI(E) + [F|(An)
> wr(s) —e +[F(An) + [F|(Eppn \ Ap) — wr(t)
> wp(s) =&+ |F|(Een) — wr(t)
> wp(s) —e+wp(t+h) —e—wp(t).

As long as it is valid for any € > 0 we get (2).
Therefore for any s,t € I one gets

wr(s) = wp(t)] < wp(ls —17) — wr(07)

where wp(a®) = limy, g+ wp(a + h).
Hence wp is uniformly continuous in /.
It is easy to see from (2) that, for s,t € I,

u)F(s—Zl—t) > wr(s) ;—wp(t)‘

This fact, together with the continuity, gives the concavity of wp. B

A measure F is said to belong to V?(X) (respect. VP(X)) if

wmzw{zﬂ%$¥Y<w,

e Acn M

ZE*FAP%
(respect. 17l = s (32 EDE) <o)

reD, %=1 \ice M

5



where the supremum is taken over the set D of all finite partitions 7 of €).

In particular, if F' € VP(X) then ||[F(A)] < C,u(A)ﬁ for all measurable
set A. This gives us the way to define weak — V?(X).

Definition 2.4 Let (2,3, 1) be a measure space, X a Banach space and
1 < p < oo, Let us define by VP>°(u, X) and VP>®(u, X) the spaces of
X-valued measures for which there exists a constant C > 0 such that

[ F(A)] < Cu(A)ﬁ forany A €S (equiv. Op(t) < CtYP)

and
|F|(A) < Cu(A)# forany AeX  (equiv. wp(t) < CtYP)
respectively.
We shall consider in these spaces the norms
F(A -1
[ |lywoe(x) = sup L N = supt® Wp(t)
Aex p(A)v tel
F|(A -1
VFllvmey = sup T0A) o 67 e 1)
Aex [ (A)¥ tel
We shall use the notation || - ||, when the context is not ambiguous
keeping the notation || - ||pee for vector-valued functions.

Remark 2.2 (a) For p = oo we clearly have V°o®(X) = V(X)) and it
coincides with V>°(X) (see [D]).

(b) Observe that, since 1 < p < oo and () < oo, measures in VP> (u, X)
are pi-continuous, and measures in VP> (u, X) are of bounded variation.

(c) It is clear that, using (1), F' € VP*(u, X) if and only if
IFI(A) < Cu(A)7" for any A € %

if and only if
' F € VP™(K), for all " € X™.

There are many ways to define spaces of vector measures which extend
the Lorentz spaces. We shall try to get a natural way to define V?9(X), in
such a way that the map f — dG = fdu defines an isometric embedding
from LP9(X) and that the space coincides with V?(X) and VP> for p = ¢
and ¢ = oo respectively.



Definition 2.5 Let X be a Banach space, 1 < p < oo and 1 < q < co. Let
us define VP4, X') and VP9 (u, X) as the space of vector measures such that

wp(t) € L1, %)

[un

—1
N

dt
t7 wp(t) e LI(1, 7) and t»®

~|

respectively. We consider then the norms

=1 dt\1/q
||F||Vp,q(X) = (/I(t P’ wF(t))QY)

and .y
7~ a
1 gy = ([ (7 D))
We shall use the notation ||-||,, when the context is not ambiguous keeping
the notation || - ||,q for vector-valued functions.

Definition 2.6 Let X be a Banach space, 1 <p < oo and 1 < q < oo. Let
us define VP(u, X') as the space of vector measures F' : ¥ — X such that
r*F € VPUK), for all z* € X*. We consider then the norm

[Fllvracxy = sup (2" Fllypqk)-

flz*]|<1
Let us now recollect some elementary results about these spaces.

Proposition 2.7 Let 1 <p < oo and 1< q < oo. Then:
(a) (VPUX), |- lvracx)) and (VP9(X), | - ||vracx)) are Banach spaces.
(b) VP(X) C VP*(X) C VPo(X).
(c) VP(pu, X) C VPI(X) C VPI(X).
(d) VP9(X) C VP(X) and VPI(X) C VP (X).

PROOF. The proofs of (a), (b) and (c) are easy and left to the reader.
To see (d) note that, since wp is nondecreasing, integrating s=%?~! from
t to p(€2), we have

, @ d
U7 () < 01(/” (5717 wF(s))q_SS)l/q + Oy,
t

for some constants C, Cy > 0. Similar estimate holds for @r(t). B



Example 2.1 Let 1 < p,q < oo and let us take X = LP9(p, Q). Consider
the LP%-valued measure F given by F(FE) = xg for E € X. Then

(i) wp(t) = 400 fort € 1.

(ii) Dp(t) = tv fort e .

(iii) For any x* = ¢ € X* = LP9 the measure x*F(E) = [, ¢du for
Eel.

Therefore

(i’) F ¢ V™*(X) for any r,s.

(ii’)FE]N/T’S(X) iffl<r<pands=occorl<r<p andl <s < oco.

(i) F e V(X)) iffr=p and s> ¢ or1 <r <p.

In particular, there exist Fy € VW0 (X)\ VW'9(X) and Fy € V">=°(X) \
VP (X)),

The importance of the following lemma is evident from the several refer-
ences to it in the subsequent results.

Lemma 2.8 Let 1 <p<oo and 1 < g < oo. The following are equivalent:
(a) F e VP(X).
(b) There exists ¢ > 0, p € L such that |F|(A) = [, edu for all A € 3.
Moreover if |F|(A) = [yedp for all A € ¥ for some ¢ > 0 then

[ENvrac) = l1#llpa-
PROOF. Assume (a) and ¢ = 0o. Let us take F' € VP*(X). Then using

the Radon-Nikodym Theorem we find a nonnegative function ¢ such that
|F|(A) = [, @du for all A € X. Now observe that

F|(A FI(A
Aex ,U(A) p’ t>0 \u(A)=t ¢t

) Lt
— sup (tp_/l sup /gpdu) :SUPtP_’l/ ©*(s)ds
t>0 p(A)=t /A >0 ’
L gk
= suptre (t) = ”SOHPOO'
>0

For ¢ < oo if F' € VP9(X) then F' € VP*(X). From the previous case we
find a nonnegative function ¢ such that |F|(A) = [, pdu for all A € ¥. Tt is
plain now to see that || F||,, = ||¢|lpe With a look at Proposition 2.2.

The converse follows from Proposition 2.2 as well. B

With the help of last lemma we can prove the following theorems.

8



Theorem 2.9 Let X be a Banach space and 1 < p < 00,1 < q < oo. Then
(a) LP9(X) is isometrically embedded into VP1(X).
(b) LP(X) = VPUX) if and only if X has the Radon-Nikodym property.

PROOF. Let f € LP9(X) then the measure F(F) = [ fdu belongs to
VP4(X). This follows from the fact |F|(E) = [ ||f]|dp and Lemma 2.8 for
o= Il

To prove (b) let us assume that LP9(X) = VP9(X) and let T : L' — X
be a bounded operator. We need to show that 7" is representable (see [DU]).
Note that F(E) = T'(xg) gives a measure in V*°(X), and then F' € V7?(X).
Now the assumption gives that there exists f € LP9(X) such that F(E) =
[z fdu for all E € 3. This shows that T'(1)) = [ fdu for all ¢ € L.

Conversely, let us assume that X has the Radon-Nikodym property and
take F' € VP4(X). Due to the fact that F' is u-continuous and with bounded
variation, one gets F(E) = [5 fdu for all E € ¥ for some f € L'(X). To
show that f € LP?(X) apply Lemma 2.8 for ¢ = || f|| again. W

Lemma 2.10 Letl <p< oo andl <g<ocorp=qg=o0. IfF € VP1(X)
then

[Fllvracy ~ sup{Slaal IFAD] ¢ | anva e < 13
= SUP{Z|ai||F|(Ai) : ||ZaiXAi||p’q’§]-}-

PROOF. If ¢ is the function in Lemma 2.8, we use theorem 4.7 of [BS]
(p. 220) on the dual norm in the space LP?, to say that || F,, = ||¢]pq is

equivalent to sup {fo @l Iy [1fllyar1}.
Hence

1£]lpq = sup {/ sO(ZIaiIXAi)du f= ZaiXAm £l =< 1}
= sup {Z!az!/ pdp - pa < 1}
= sup{ ||| FI(A HZCY,L ,/gl}

= sup {3 feull P4, :uz%miuyq/gl},




The equality of both suprema in the last step follows easily from the definition
of variation |F|(4;). B

Corollary 2.11 Let 1 <p<oo and 1 < g < oo. Then F € VP9 X) if and
only if

sup || Z XA”pq <09

weD AEW

where the supremum is taken over the set D of all finite partitions w of €).
In particular, VPP(X) = VP(X) for all 1 < p < oo.

PROOEF. Let 7 be a partition in D. Then

||F )l
||Z A XAHLm(X) = 1> R Xallzva
Aeﬂ Aem
||F )l

= w0 v Wl =1}
Aer

= sup{)_ aA||F D caxallyy =1}
Aer Aem

We have used in the last equality the fact that E.(v¥) = Y 4cx L deXA

defines a bounded operator of norm 1 in L?-7. W

Now using the convenient results for spaces of measurable functions we
obtain the following embeddings.

Corollary 2.12 Let 1 <p< o0, 1 <q1 < g2 <00, 1 <p; <py < 0 and
1 <q,r<oo. Then
(a) VPO (X) C VP2 (X), VP8 (X) C VP(X) and VP9 (X) C VP2 (X).
(b) VP1(X) C Vf”l”"(X),f)m’q(X) C )N/p“"(X) and VP21(X) C VPrr(X).

Our next step is the description of the duality of the vector-valued Lorentz
function spaces by vector measure spaces.

Theorem 2.13 Let 1 < p < oo and 1 < qg < oo orp =q = 1. Then
VI (X) = [P(XO)
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PROOF. Let F € VP4 (X*) and ¢ the functional over LP4(X) given as
usual by ¢p(>; wixa,) = >i(wi, F(A;)). We have quickly that

[6r(>_zixa)l < D laill[|F (A

for every simple function. Then Lemma 2.10 gives that ||¢p| < C||F||,y 4 for
some constant C' > 0.

Now let ¢ € [LP9(X)]*. For each A € ¥, F4(A) is the element of X* such
that Fj,(A)(z) = ¢(xxa). Observe that F' is well-defined and a countably
additive measure (by continuity of ¢). It is plain that ¢ = ¢p,. Then, we
can conclude since

< 1}

pg <1l <1 ‘v’i}

|Eollyw < C/sup{zm IF(A)
= Csw{ Sl FAN | T
= sup{|z Ty, F f ZszA € qu( )7 ||f||p:q < 1}

= C'sup§lor(d_zixa)l: f =D wixa, € LP(X), |[fllpg < 1}
= ol

Corollary 2.14 Let 1 < p,q < co. Then [LP4(X)]* = L7 (X*) if and only
if X* has the Radon-Nikodym property.

3 Vector measures and operators

We just comment that a vector measure F' provides us with a linear opera-
tor Tr acting on characteristic functions as Tr(y4) = F(A), and it can be
obviously extended by linearity to the set of step functions.

In this way we clearly identify

Ve(X) =V*(X) = L(L' X).

11



In this section we analyze the cases VP4(X) and VP4(X).
To describe the spaces VP4(X) in terms of operators we need the following
lemma.

Lemma 3.1 Let 1l <p< oo and 1 < qg<oco. If F € V»(X) then

”FHVIMI(X) ~ Sup{H ZO&lF(Al)“ . || ZaiXAz‘ p'q’ S 1}
PROOF. Using Lemma 2.10 for the particular case X = K we have
[Fl[veaxey = sup [[2"Flyea =
fz*]I<1

= sup{3 ol [ F(A)] | oo llyw < 1, 0] <1
= sup{| (0 F(A0),2%)] < | o llye < 1 o] < 1)

= sup{l| o F ()]« | cnxallp < 13

Therefore, the next results are straightforward corollaries.
Theorem 3.2 Let 1 <p < oo and 1 < q < oo. Then
VP (X)) = LI, X).
Corollary 3.3 Let 1 <p<oo and 1 < g < oo. Then
V(X)) = (I8, X)*.

From Theorem 3.2 we have that V7" (X) is a subspace of the space of
operators from LP? to X. If we want to understand the corresponding class
of operators we need to recall the following notion.

Definition 3.4 (see [S], p. 244) Let E be a Banach lattice and B a Banach
space. A linear operator from E to B is said to be cone absolutely summing
(c.a.s.) if there is a constant C > 0 such that for every k € N and every

family e1, ey, ..., ex € E of positive elements we have
k k
M T(e)s <C sup Y (e et
i=1 le*|lg=<1i=1

We denote by I (E, B) the set of such operators and its norm is given by
the infimum of the constants C' satisfying the previous inequality.

12



Remark 3.1 It is rather easy to give an equivalent defintion (see [S], p.
244) by using that if ey, eq, ..., e are positive elements in E then

sup_ > [{es ) =112 el (3)

lle* [ g+ <1 j=1

Let us mention here that LP? are, clearly, Banach lattices and next the-
orem allows us to identify the space II% (LP9, X).

Theorem 3.5 Let 1 < p < oo and 1 < q < oo orp = q = 1. Then
VP (X)) =TI (P9, X).

PROOF. Let F € VP9 (X) and Ty : LP? — X defined as explained in
the begining of the section. Let us see that T € II% (LP?, X). If N € N and
f1, fo, ..., fn are nonnegative functions in LP¢ then Lemma 2.8 gives the
existence of p € LP" such that for all f € LP4

ITe(f)] < /Q | Fledp.

Therefore

N N N
STl < 320 fuodi) = [[ (3 fo wdu<||2fn||pqllF||pq
n=1 n=1 n=1

Hence, from (3), one gets ‘|TFHH1+ < |NE |y -

Now if 7" € TIL(LP?, X)) and Fr : ¥ — X is defined by Fr(A) = T'(x4), it
is obvious that T = T, and Fr is countably additive. Let f = >~ a; x4, € LP1
with || f|,, < 1, then

D laal (1P (Al = DT (lealxa) Il < 1Tl 13- Tewilxa,

i

pa < |7l -

Therefore [|Fr|ly,¢ < C[[T|m , and the proof is over. B

4 Lorentz spaces and interpolation

Even though the main definitions are written down, we refer to the reader
to [BS] or [BL], where a wide study of interpolation spaces is developed.
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Definition 4.1 (The K-functional) Let (Xo, X1) be a compatible couple of
Banach spaces. The K-functional can be defined for every f € Xo+ X1 and
t>0 by

K(ft; Xo, X1) = inf{|| follx, +t[[fillx, - f = fo+ fi},

where the infimum is taken from all the possible representations f = fo + fi

of f with fo € Xy and f; € X;.

Theorem 4.2 ([BS], p. 298) Let (Q,%, ) be a totally o-finite measure
space, then

K(f,608,0%) = [ 1 (s)ds =17 (0)

Definition 4.3 (/BS], p. 299) Let (Xo, X1) be a compatible couple and sup-
pose 0 < <1, 1<qg<ooor0<6<1, qg=o00. The space (Xo, X1)o,
consists of all f in Xo+ X for which the functional

1
00 dt) e
K (f, )] = 0<fh<1 1<¢g<
Hf”@,q _ {/D { (f: )} t } ) ) =~(q oo,

supt "K(f,1), 0<60<1, g=cc.
t>0

is finite (here K(f,t) := K(f,t; Xo, X1)).

Let us denote by V*(X) the space of u- continuous vector measures of

bounded variation and write || F||y1x) = [F|(€).
Of course, V>°(X) C V}X) and VP4(X) C V}X) forall 1 < p < oo
and 1 < g < o0.

Theorem 4.4 Let F € VI(X) and t > 0. Then
wr(t) < K(F,t;VY(X),V®(X)) < 2wr(t).

PROOF. Assume F' = G + H with G € VI(X) and H € V>*(X). It
follows from |F| < |G|+ |H| that wr(t) < wa(t) + wy(t).
Note that

wg(t) = sup |G(E) < |GI(Q) = [|Gllvi(x)

w(E)<t

14



and

|H|(E)
wi(t) = sup |H|(E) <t sup
w(E)<t wE)<t 1(E)

=t H||lve(x)

then we get the first estimate taking the infimum over all decompositions.

Assume now that wp(t) is finite. Since |F| is a p-continuous measure we
can find a function ¢ > 0 such that |F|(A) = [, ¢dp for every measurable
set A.

We take £ = {w € Q : p(w) > ¢*(t)}. Since p, y ¢* are mutually
right-continuous inverse functions, then p(F) < t.

Let us define G(A) = F(ENA) for A € ¥. In this case |G|(A4) = [, pcdu
for all A, where pg = pxg. It is easy to check that

= {1 15250

and from here we can deduce that ||G|lyv1x) = [|¢a|ln = O“(E) ©*(s)ds.

Defining H(A) = F(A) — G(A) = F((2\ E)N A) for all A € ¥, we have
that |H[(A) = [, pudp for every A, where oy = oxo\g. It is clear that

Yo (V) = { fe(A) — pp(@(t)) 0 <A < ¢*(t)

0 A > p*(t)
Therefore
wr(s) = @ (s + pe(e™(1)))-
Hence
A S o} 0
sup 10 < sup 22O < i () = o, (0 00) < 70

And consequently ¢||H||yee(x) < to*(2).
Now, using the decomposition of F' and the properties of ¢*, we get

w(E) t

15



Theorem 4.5 If1 <p < oo and 1 < g < o0, then
VPI(X) = (VHX), V(X))o
where £ =1 —6.
P

Using the reiteration theorem (see [BS], page 311) and Corollary 2.11 one
gets

Theorem 4.6 If1 < py,ps < oo and 1 < q < oo, then
VPAUX) = (VPH(X), V(X))o
1_ 10, 60
where = o T

Let us mention something about the interpolation when we change also
the spaces where the measures take values in. For the difference between
(VP(X7),VP2(X3))p,q) and VP9((Xy, X)) we recall that VP(X) = LP(X)
if X has the Radon-Nikodym property and simply refer the reader to the
paper by M. Cwikel (see [C]) where it is shown that for spaces of vector
valued functions the equality only may happen for ¢ = p where * = =4 9

Even in the case ¢ = p the expected interpolation result does not hold
for vector-valued measures. The reader is referred to [BX] for the difference
between (VP1(X7), VP?*(X3))p, and VP9((X1, X2)g,p). Although there the au-
thors deal with interpolation between spaces of vector-valued harmonic func-
tions, instead of vector-valued measures, they can be identified according to
the results in [B1] or [B2].
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