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About this talk . . .

■ Motivation:

General Relativity by itself seems unable to justify the late-time

cosmic acceleration.Modifications of the Einstein-Hilbert
lagrangian relevant at very low cosmic curvatureshave been

proposed as a mechanism for the late-time cosmic speed-up. Such

theorieslead to cosmic acceleration, but are they compatible with

solar systemobservations?



● About this talk . . .

● f (R) gravities?

● Schwarzschild-like solutions

● Scalar-tensor representation

● Post-Newtonian limit

● Constraining thef (R) lagrangian

● Summary and conclusions

The End

Gonzalo J. Olmo Edinburgh, April 21st, 2006 - p. 2/9

About this talk . . .

■ Motivation:

General Relativity by itself seems unable to justify the late-time

cosmic acceleration.Modifications of the Einstein-Hilbert
lagrangian relevant at very low cosmic curvatureshave been

proposed as a mechanism for the late-time cosmic speed-up. Such

theorieslead to cosmic acceleration, but are they compatible with

solar systemobservations?

■ Aim:

◆ Show how thesolar systemdynamics in f (R) gravities is

affected by the evolution of the cosmic background.
◆ Use elementary observational facts to constraint the form of the

lagrangian f (R) .
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f (R) gravities?

■ They are a family of modified gravity theories of the form

S= 1
2κ2

R
d4x

√−g f(R)+Sm
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f (R) = R+ R2

M2 f (R) = R− µ4
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f (R) = R+ R2

M2 f (R) = R− µ4

R f (R) = R−µ2 lnR

■ Virtues:
◆ They can be designed to modify the early time and/or late time

cosmic dynamics keepingGR as an intermediate phase.

f (R) = R− µ4

R + R2

M2
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f (R) gravities?

■ They are a family of modified gravity theories of the form

S= 1
2κ2

R
d4x

√−g f(R)+Sm

■ Examples:

f (R) = R+ R2

M2 f (R) = R− µ4

R f (R) = R−µ2 lnR

■ Virtues:
◆ They can be designed to modify the early time and/or late time

cosmic dynamics keepingGR as an intermediate phase.

f (R) = R− µ4

R + R2

M2

■ Defects:
◆ Involveddynamicalequationsmake difficult the analysis.
◆ Thoughcosmic speed-upis easily verified,supernovae

luminosity curves seemunable to constraint the form of f (R).
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Schwarzschild-like solutions

■ The e.o.m. derived fromS= 1
2κ2

R
d4x

√−g f(R)+Sm are:

f ′(R)Rµν − 1
2 f (R)gµν −∇µ∇ν f ′(R)+gµν� f ′(R) = κ2Tµν

3� f ′(R)+R f′(R)−2 f (R) = κ2T
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Schwarzschild-like solutions

■ The e.o.m. derived fromS= 1
2κ2

R
d4x

√−g f(R)+Sm are:

f ′(R)Rµν − 1
2 f (R)gµν −∇µ∇ν f ′(R)+gµν� f ′(R) = κ2Tµν

3� f ′(R)+R f′(R)−2 f (R) = κ2T

■ Schwarzschild-like solutions do exist:

ds2 = −A(r)dt2 + dr2

A(r) + r2dΩ2

A(r) = 1− 2C
r + Λr2

3

Λ =
R0 f ′(R0)− f (R0)

2 f ′(R0)

R0 is solution of R0 f ′(R0)−2 f (R0) = 0

Fine tuning could make these theories viable!!!
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■ The e.o.m. derived fromS= 1
2κ2

R
d4x

√−g f(R)+Sm are:

f ′(R)Rµν − 1
2 f (R)gµν −∇µ∇ν f ′(R)+gµν� f ′(R) = κ2Tµν

3� f ′(R)+R f′(R)−2 f (R) = κ2T

■ Schwarzschild-like solutions do exist:

ds2 = −A(r)dt2 + dr2

A(r) + r2dΩ2

A(r) = 1− 2C
r + Λr2

3

Λ =
R0 f ′(R0)− f (R0)

2 f ′(R0)

R0 is solution of R0 f ′(R0)−2 f (R0) = 0

Fine tuning could make these theories viable!!!

■ HOWEVER, R0 =const solutions do not satisfy valid boundary
conditions neither at the interphase with matter nor at infinity.

◆ R is a dynamical object.
◆ Right solutions must interpolate between the source regionand

the asymptotic cosmology.
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Scalar-tensor representation

■ Defining φ ≡ d f/dR and V(φ) = R f′− f , the e.o.m. turn into:

Rµν(g)− 1
2gµνR(g) = κ2

φ Tµν − 1
2φ gµνV(φ)+ 1

φ
[

∇µ∇νφ−gµν�φ
]
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Rµν(g)− 1
2gµνR(g) = κ2

φ Tµν − 1
2φ gµνV(φ)+ 1

φ
[

∇µ∇νφ−gµν�φ
]

■ The scalar field is governed by the trace equation:

(3+2ωBD)�φ+2V(φ)−φ dV
dφ = κ2T

This is aBrans-Dicketheory with ωBD = 0 and V(φ) 6= 0 .
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Scalar-tensor representation

■ Defining φ ≡ d f/dR and V(φ) = R f′− f , the e.o.m. turn into:

Rµν(g)− 1
2gµνR(g) = κ2

φ Tµν − 1
2φ gµνV(φ)+ 1

φ
[

∇µ∇νφ−gµν�φ
]

■ The scalar field is governed by the trace equation:

(3+2ωBD)�φ+2V(φ)−φ dV
dφ = κ2T

This is aBrans-Dicketheory with ωBD = 0 and V(φ) 6= 0 .

■ Since ωBD = 0 is fixed, observations must constraintV(φ)

■ The Scalar-Tensor representation clarifies the interpretation of the

e.o.m. and simplyfies the computation of the post-Newtonian limit:

gµν ≈ gB
µν +hµν ⇒ Second order equations

φ ≈ φB +ϕ ⇒ Second order equations
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Post-Newtonian limit

■ Expanding aboutgµν = ηµν +hµν , φ = φ0 +ϕ we find:

h(2)
00 ≈ 2GM⊙

r + V0
6φ0

r2

h(2)
i j ≈ δi j

[

2γGM⊙
r − V0

6φ0
r2

]
with

M⊙ =

R
d3xρsun

G = κ2

8πφ0

[

1+ e−mϕr

3

]

γ = 3−e−mϕr

3+e−mϕr

where m2
ϕ ≡ φ0V ′′

0 −V ′
0

3 ⇔ m2
ϕ ≡ f ′0−R f′′0

3 f ′′0
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where m2
ϕ ≡ φ0V ′′

0 −V ′
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3 ⇔ m2
ϕ ≡ f ′0−R f′′0

3 f ′′0

■ Note: φ = φ0 + κ2

12π
M⊙e−mϕr

r ⇔ φ ≡ f ′(R) = f ′(R0)+ f ′′(R0)∆R
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h(2)
00 ≈ 2GM⊙

r + V0
6φ0
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h(2)
i j ≈ δi j

[

2γGM⊙
r − V0

6φ0
r2

]
with

M⊙ =

R
d3xρsun

G = κ2

8πφ0

[

1+ e−mϕr

3

]

γ = 3−e−mϕr

3+e−mϕr

where m2
ϕ ≡ φ0V ′′

0 −V ′
0

3 ⇔ m2
ϕ ≡ f ′0−R f′′0

3 f ′′0

■ Note: φ = φ0 + κ2

12π
M⊙e−mϕr

r ⇔ φ ≡ f ′(R) = f ′(R0)+ f ′′(R0)∆R

■ Elementary observational constraints:

G≈ constant

γ ≈ 1







→ e−mϕr ≪ 1
from centimeters to

planetary scales

No cosmological

constant effects







→
∣

∣

∣

V0r2

6φ0

∣

∣

∣
≪ 1 in solar system scales.
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Constraining the f (R) lagrangian

■ The cosmic expansion changes the effective mass

m2
ϕ ≡ R0

3

[

f ′(R0)
R0 f ′′(R0) −1

]
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■ The cosmic expansion changes the effective mass

m2
ϕ ≡ R0

3

[

f ′(R0)
R0 f ′′(R0) −1

]

■ The growth off ′′(R) drives the cosmic speed-upandincreasesthe

interaction rangelϕ = m−1
ϕ (In GR m2

ϕ = ∞, lϕ = 0)
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Constraining the f (R) lagrangian

■ The cosmic expansion changes the effective mass

m2
ϕ ≡ R0

3

[

f ′(R0)
R0 f ′′(R0) −1

]

■ The growth off ′′(R) drives the cosmic speed-upandincreasesthe

interaction rangelϕ = m−1
ϕ (In GR m2

ϕ = ∞, lϕ = 0)

■ Viable theories must lead to constant or decreasinglϕ .

■ If l = bound to today’slϕ then l2
ϕ ≤ l2 is satisfied by

[

f ′(R)
R f′′(R)

−1
]

≥ 1
l2R → d ln f ′

dR ≤ l2

1+l2R → f (R) ≤ A+B(R+ l2R2

2 )
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■ The cosmic expansion changes the effective mass

m2
ϕ ≡ R0

3

[

f ′(R0)
R0 f ′′(R0) −1

]

■ The growth off ′′(R) drives the cosmic speed-upandincreasesthe

interaction rangelϕ = m−1
ϕ (In GR m2

ϕ = ∞, lϕ = 0)

■ Viable theories must lead to constant or decreasinglϕ .

■ If l = bound to today’slϕ then l2
ϕ ≤ l2 is satisfied by

[

f ′(R)
R f′′(R)

−1
]

≥ 1
l2R → d ln f ′

dR ≤ l2

1+l2R → f (R) ≤ A+B(R+ l2R2

2 )

■ Since f ′ > 0 and f ′′ > 0 it is also bounded from below:

−2Λ ≤ f (R) ≤ R−2Λ+ l2R2

2

See G.J.O.Phys.Rev.Lett.95,261102 (2005),

and G.J.O.Phys.Rev.D72,083505 (2005)
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Summary and conclusions

■ f (R) gravitieswith nonlinear terms that grow at low curvatures

lead to cosmic speed-up.
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■ f (R) gravitieswith nonlinear terms that grow at low curvatures

lead to cosmic speed-up.

■ The change in the late-time cosmic dynamics has dramatic effects

in local, post-Newtonian systems.
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lead to cosmic speed-up.

■ The change in the late-time cosmic dynamics has dramatic effects

in local, post-Newtonian systems.

■ The only f (R) lagrangians compatible with Solar System

dynamics are bounded by:−2Λ ≤ f (R) ≤ R−2Λ+ l2R2
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Summary and conclusions

■ f (R) gravitieswith nonlinear terms that grow at low curvatures

lead to cosmic speed-up.

■ The change in the late-time cosmic dynamics has dramatic effects

in local, post-Newtonian systems.

■ The only f (R) lagrangians compatible with Solar System

dynamics are bounded by:−2Λ ≤ f (R) ≤ R−2Λ+ l2R2

2

Moral

The dynamics of thesolar system, galaxies, . . . in gravity the-

ories with dynamical fields others than the metric(φ,Aµ, . . .)

might be strongly affected by the cosmic evolution. Such

effects, if they exist, should not be in conflict with consistent

models offormation and evolution.
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Thanks !!!

¡Gracias!!!
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