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Abstract

In survey sampling the randomized response (RR) technique can be used to obtain truthful
answers to sensitive questions. Although the individual answers are masked due to the RR
technique, individual (sensitive) response rates can be estimated when observing multivariate
response data. The beta-binomial model for binary RR data will be generalized to handle
multivariate categorical RR data. The Dirichlet-multinomial model for categorical RR data is
extended with a linear transformation of the masked individual categorical-response rates to
correct for the RR design and to retrieve the sensitive categorical-response rates even for small
data samples. This specification of the Dirichlet-multinomial model enables a straightforward
empirical Bayes estimation of the model parameters. A constrained-Dirichlet prior will be intro-
duced to identify homogeneity restrictions in response rates across persons and/or categories.
The performance of the full Bayes parameter estimation method is verified using simulated data.
The proposed model will be applied to the college alcohol problem scale study, where students
were interviewed directly or interviewed via the randomized response technique about negative

consequences from drinking.
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1 Introduction

The data collection through surveys based on direct-questioning methods has been the most com-
mon way. The direct-questioning techniques are usually assumed to provide the necessary level of
reliability when measuring opinions, attitudes, and behaviors. However, individuals with different
types of response behavior who are confronted with items about sensitive issues of human life re-
garding ethical (stigmatizing) and legal (prosecution) implications are reluctant to supply truthful
answers. Tourangeau, Rips, and Rasinski (2000), and Tourangeau and Yan (2007) argued that
socially desirable answers and refusals are to be expected when asking sensitive questions directly.

Warner (1965), and Greenberg, Abu-Ela, Simmons, and Horvitz (1969) developed RR tech-
niques to obtain truthful answers to sensitive questions in such a way that the individual answers
are protected but population characteristics can be estimated. These techniques are based on
univariate RR data. Recently, RR models have been developed to analyze multivariate response
data, where the item responses are nested within the individual. Although the individual answers
are masked due to the RR technique, individual (sensitive) characteristics can be estimated when
observing multivariate RR data. Fox (2005) and Bockenholt and van der Heijden (2007) introduced
item response models for binary RR data. The applications are focusing on surveys where the items
measure an underlying sensitive construct. The so-called randomized item response models have
been extended to handle categorical RR data by Fox and Wyrick (2008) and De Jong, Pieters, and
Fox (2010).

The class of randomized item response models are meant for large-scale survey data, since person
as well as item parameters need to be estimated (Fox and Wyrick, 2008). For categorical item
response data, more than 500 respondents are often needed to obtain stable parameter estimates.
Furthermore, the randomized item response data are less informative than the direct-questioning
data, since the RR technique engenders additional random noise to the data. Fox (2008) proposed a
beta-binomial model for analyzing multivariate binary RR data, which enables the computation of

individual response estimates without requiring a large-scale data set. The beta-binomial model has



several advantages like a simple interpretation of the model parameters, stable parameter estimates
for relatively small data sets, and a straightforward empirical Bayes estimation method.

Here, a Dirichlet-multinomial model is proposed for handling multivariate categorical RR data
such that individual category-response rates can be estimated. The individual observed RR data
consist of a number of randomized responses per category. Each individual set of observed numbers
are assumed to be multinomially distributed given the individual category-response rates. The
individual category-response rates are assumed to follow a Dirichlet distribution. The individual
response rates are related to the observed randomized responses, which make them not useful for the
inferences basing on regular statistical approaches. However, it will be shown that the individual
category-response rates are linearly related to the model-based (true) category-response rates. The
latter one relates to the latent responses, which are expected under the model when the responses are
not masked due to the randomized response technique. The parameters of the linear transformation
are design parameters and are known characteristics of the randomizing device that is used to mask
the individual answers. The transformed categorical-response rates will provide information about
the latent individual characteristic that is measured by the survey items. Analytical expressions
of the posterior mean and standard deviation of the true individual categorical-response rates will
be given. The expressions can be used for estimation given prior knowledge or empirical Bayes
estimates of the population response rates. Furthermore, a WinBUGS implementation is given for
a full Bayes estimation of the model parameters.

To model and to identify constraints of homogeneity in category-response rates, the restricted-
Dirichlet prior (Schafer, 1997) is used. The restriction on the Dirichlet prior can be used to
identify effects of the randomized response mechanism across individuals, groups of individuals,
and response categories.

In the next section, the randomized response technique is described in a multiple-item setting.
The beta-binomial model is described for multivariate binary RR outcomes. Then, as a generaliza-
tion, the Dirichlet-multinomial model is presented for multivariate categorical RR data. Properties

of the conditional posterior distribution of the true individual categorical-response rates are derived



given observed randomized response data. Then, empirical and full Bayes methods are proposed to
estimate all model parameters. A simulation study is given, where the properties of the estimation
methods are examined. Finally, the model will be used to analyze data from a college alcohol
problem scale survey, where U.S. college students were asked about their alcohol drinking behavior
with and without using the randomized response technique. The restricted-Dirichlet prior will be
used to test assumptions of homogeneity over persons and response categories. In particular, it will
be shown that the effect of the RR method varies over response categories, where the RR effect

will be the highest for the most sensitive response option.

2 Multivariate Randomized Response Techniques

In Warner’s RR technique (Warner, 1965) for univariate binary response data, in the data collection
procedure a randomizing device (RD) is introduced. For each respondent the RD directs the choice
of one of two logically opposite questions. This sampling design guarantees the confidentiality of
the individual answers, since they cannot be related directly to one of the opposite questions.

Greenberg et al. (1969) proposed the unrelated question technique, where the outcome of the
RD refers to the study-related sensitive question or an irrelevant unrelated question. The RD is
specified in such a way that the sensitive question is selected with probability ¢; and the unrelated
question with probability 1—¢;. This RR method is extended to a forced response method (Edgell,
Himmelfarb, and Duchan, 1982), where the unrelated question is not specified but an additional RD
is used to generate a forced answer. Each observed individual answer is protected, since it cannot
be revealed whether it is a true answer to the sensitive question or a forced answer generated by
the RD. As a result, the observed RR answers are polluted by forced responses.

Let RD = 1 denote the event that an answer to the sensitive question is required and P(RD =
1) = ¢1 and RD = 0 otherwise. A forced positive response to item k is generated with probability

¢or. For a multiple-item survey, the probability of a positive RR of respondent i, given a forced



response sampling design, can be stated as

P(Yig=1|¢,pix) = P(RD = 1)pi, + (1 — P(RD = 1))y, (1)

where the true response rate of person ¢ to item k is denoted as p;;. Note that the response model
for the RR data is a two-component mixture model. For the first component the sensitive question
needs to be answered and for the second component a forced response needs to be generated. Thus,
the randomized response probability equals the true or the forced response probability depending
on the RD outcome. With ¢y > 1/2, for all k, the data contain sufficient information to make
inferences about the true response rates.

The multiple items will be assumed to measure an underlying individual response rate (e.g.,
alcohol dependence, academic fraud) such that p;; = p; for all k. This individual response rate
can be estimated from the multivariate RR data. Note that in a multivariate setting the RD
characteristics are allowed to vary over items such that the proportion of forced responses can vary
over items. In practice, the sensitivity of the items may vary although they relate to the same
sensitive latent characteristic. This variation in sensitivity can be controlled by adjusting the RD
characteristics, which are under the control of the interviewer.

The forced response model in Equation (1) can be extended to handle polytomous multivariate
RR data. Let ¢ox(c) denote the probability of a forced response in category ¢ for ¢ = 1,...,Cy
such that the number of response categories may vary over items. The categorical-response rates
of individual i are denoted as p;(1),...,p;(Ck), which represent the probabilities of honest (true)
responses corresponding to the response categories of item k. The probability of an observed

randomized response of individual 7 in category c of item k can be stated as,

P (Y, = c| ¢,pi) = duepi(c) + (1 — d1x)dar(c). (2)

This forced RR model for categorical data can be used to measure individual categorical response

rates related to a sensitive characteristic. The individual answers are not known but the multivariate



data make it possible to retrieve information about latent individual characteristics.

3 The Beta-Binomial Model for Multivariate Binary RR data

Let each participant ¢ = 1,...,N respond to £ = 1,..., K binary items. The observations
Uil, - - ., Uir Tepresent the answers of the i*? participant to the K items. The response observations
are assumed to be Bernoulli distributed given response rate p; for individual ¢. The observations are
assumed to be independently distributed given the response rate. Therefore, the sum of individual
response observations is binomially distributed with parameters K and p;.

It is to be expected that the response rates vary over participants. This variation is modeled
by means of a beta distribution with parameters & and 5, which specify the distribution of the
response rates. This leads to the following hierarchical model for the multivariate binary response

observations,

Ui |pi ~ BIN(K,p),

p’b’dag ~ B(&7B>7

where U;. = >, Ui
Within a Bayesian modeling approach, the beta prior distribution for parameter p; is a con-
jugated prior when the data are binomially distributed given the response rate. In that case, the

posterior distribution of the response rate is also a beta distribution. That is,

A flu | pi)w(pi | & B)
g (pl i ) [ fui [ pi)(pi | & B)dpi

F(K"’_d"‘B) wi+a—101 _ o \K—u+B-1
F(ui.+d)F(K—ui.—|—ﬂ~)pZ (1= ps) ’

which can be recognized as a beta density with parameters u;. + & and K — ;. + B . The posterior



mean and the variance are

u; +

E(p; u4.7d7lé -
(pi | s ) K+a+p

(i + @) (K —ui + B)

Vv % zﬂ;~7~ = = =~ 5
ar(p | i, &, ) (K+a+B+1)(K+a+p)?

respectively. It follows that posterior inferences can be directly made when knowing the population
parameters & and f3.

In a forced response design, the observations u are masked and randomized responses y are
observed. The RD specifies the probabilities governing this randomization process such that an
honest response is to be given with probability ¢; and a positive forced response with probability
(1 — ¢1)¢2. The probability of observing a positive response from participant ¢ to item k is related

to the true response by the following expression:

P(Yy=1|p;) = ouf(u | pi)+ (1 —01)p2

= ¢1pi + (1 — d1)p2 = A(py).

It can be seen that the forced response design corresponds with a linear transformation of the
response rate. This linear transformation function, A(.), operates on the individual response rate
of the true responses. Therefore, the beta-binomial model accommodates the forced response

sampling mechanism by modeling the linearly transformed response rates; that is,

Yi |pi ~ BIN(K,A(pi)),
Alp)) ~ B(a,B),

where the transformation parameters ¢; and ¢o are characteristics of the RD and are known a

priori.



A population distribution is specified for the transformed response rates. The transformed
response rates are a priori beta distributed, which is the conjugated prior for the binomially dis-
tributed likelihood. As a result, the posterior distribution of the transformed response rates is beta
distributed with parameters y;. + a and K — y;. + 5.

The posterior expected response rate given the randomized responses can be expressed as

Yi. + «

E(Ap) [y ) = 073

A(E(pi) | yi, o, B)

= 0Epi|yi,a,B)+ (1 —¢1)po,

using that the expected value of the linearly transformed response rate equals the linearly trans-
formed expected response rate. As a result, the posterior expected value of the (true) response rate

can be expressed as

Yi. +

. . o —1
E(pi|yi,a,B) = ¢ <K+a+5

-1
)+ 1= oo 0
In the same way, an expression can be found for the posterior variance of the true response rate,

(yi. + ) (K —y; +B)
(K +a+B+1)(K+a+B)?

Var (p’L | yi.7a76) =

There are two straightforward methods for estimating the hyperparameters o and . The
method of moments and the method of maximizing the marginal likelihood. Given the estimated
hyperparameters, empirical Bayes estimates of the response rates can be derived by inserting the
hyperparameter estimates into Equation (3). Furthermore, the estimation of confidence intervals

and Bayes factors is described in Fox (2008).



4 The Dirichlet-Multinomial Model for Multivariate Categorical

RR Data

The number of responses per response category over items for person ¢ are stored in a vector
w;, = (ui1,...,u.c)t, where u; . = > g Uike for ¢ =1,...,C. They represent the number of choices
per response category over items. In the college alcohol study we will present in Section 7.2,
the data represent the frequency of alcohol-related negative consequences. In marketing research,
Goodhardt, Ehrenberg, and Chatfield (1984) considered data about individual number of purchases
per brand in a time period. In social research, Wilson and Chen (2007) considered frequencies to
television viewing questions from the High School and Beyond survey study in the United States.
Their item-based test is assumed to measure the daily television viewing habit and interest is
focused on time-specific population response rates.

The number of responses per category given the category response rates are assumed to be
independently distributed. They can be modeled by a multinomial distribution with parameters K

and category response rates p;1, ..., pic. For respondent i, the contribution to the likelihood is
K! ug
f w | p)==—— p.LC.
( 1 | z) Hc uzc' |C| c

The variability in the vectors of response counts is often higher than can be accommodated by the
multinomial distribution. Therefore, individual variation in category response rates is modeled by

a Dirichlet distribution with parameters & = (&1, ..., &c), which is represented by

ae—1

- TD(ao)
m(p; | a)_HCF(O&c)E[pic

where &g = ), d&.. The within-individual and between-individual variability in response rates is
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described by a Dirichlet-multinomial model; that is,

Uit,...,Uic | pit, ... .pic ~ Mult(K,pi,...,pic),

Dils -+ DiC ~ D(ai,...,ac),

where U; . = > Uik for ¢ = 1,...,C. The compact form of this expression can be written in

terms of vector notation

where Ui, = (Ui.h ey Uilc)t.
The Dirichlet distribution is a conjugate prior for the parameters of the multinomially dis-
tributed responses. Therefore, the conditional posterior distribution of the category response rates

is a Dirichlet distribution, which is represented by

fu | pi)m(pi | &)
J f(ug. | pi)m(pi | &)dp;
'K +a) Wi et o1
B Hc F(uzc + dc) H ic ’

p(pi|w,a) =

The posterior mean and the variance of the category response rates of individual i equals

- Ui+
E(pic | ui‘va) = IZ{C+ &OC

and

(Ui,c + &C)(K + o — (uilc + &c))
(K +ap+ 1)(K 4 ap)? ’

Var(pic | u;., &)

respectively, where the prior parameters & are unknown.

According to Equation (2), the probability of an observed randomized response in category c
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for item k can be expressed as

P(Yik=c|pic) = ¢1pic+ (1 — ¢1)pa(c)

- A(pzc)7

where A(p;c) is the linearly transformed category-response rate of person ¢, which depends on
the parameters of the forced randomized response design. Let y; = (vi1,...,%.c)’ denote the
vector of observed randomized count data per response category across items for subject i. The

Dirichlet-multinomial model for the observed randomized count data per category takes the form

A(pl) ~ D(a)7
where Y; = (Y;.1,...,Yic)! and A(p;) = (A(pi1),-- -, Apic))" .
The conditional posterior distribution of the transformed category-response rate can now be

stated as

p(A(P:) | yi @) LK + ao) TT(Apic)yreteet,

N ]._[c F(yzc + OCC) P

Subsequently, the posterior expected (true) category-response rate can be obtained through a linear

transformation. That is,
Yi.c T Q¢
E(A(pic) | yiva)=""—— = A(E(pic) | yi, ) (5)

K+«
= O01E (pic | yi., o) + (1 — ¢1)d2(c).

Applying the inverse of the linear transformation on F(A(p;.) | yi., ), the conditional posterior
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expected value can be obtained as

Bl |vin0) = op ! (e 2

)+u—¢ﬁwxd

The expression for the conditional posterior variance can be derived in a similar way and is equal

to

(yzﬂc + ac) (K + ap — (yilc + ac))
¢? (K + ag + 1) (K + ap)?

Var (pic | Yi.,a) =

5 Empirical Bayes and Full Bayes Estimation

There are two major approaches for estimating the model parameters when the prior parameters
are unknown. An empirical Bayes approach, where the prior parameters are estimated from the
marginal likelihood of the data and a full Bayes approach where hyperpriors are defined for the

prior parameters and all model parameters are simultaneously estimated.

5.1 Empirical Bayes Estimation

The marginal distribution of the data given the prior parameters is obtained by integrating out
the category-response rates. In Appendix A, a derivation is given of the marginal likelihood of the

randomized response data given the prior parameters a. This conditional distribution is given by

pivle) = T1[  pivil m0)p(am) | )dam)

_ H Kl T(ap) JI.T'(oe+yic)
Ly d L T(e0) Tlao + K)
There are two ways of obtaining empirical Bayes estimates from this marginal likelihood. The
most straightforward way is using the method of moments (Brier, 1980; Danaher, 1988; Mosimann,

1962). The second way is the method of marginal maximum likelihood (Paul, Balasooriya, and

Banerjee, 2005).
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5.1.1 Method of Moments

Let the sum of the prior parameters be g and the fraction g—g for each ¢ be greater than zero.

Now, the observed proportion of category responses is used to estimate the fraction g—g; that is,

—

N
«
N yio/K = =,
i=1 o

forc=1,...,C. The sum of the prior parameters ay is estimated using a relationship between the
covariance matrix of the observed data, denoted as 3, of dimension (C' — 1)(C — 1), and of the
category response rates, denoted as X, of dimension (C'— 1)(C — 1). Mosimann (1962) showed

that
(1 + Oéo)zy = (K + Oéo)EA(p). (6)

The observed data can be used to estimate the covariance matrices; that is,

(N-1)7" foil (Yie — ?..C)Q diagonal terms,

(N—-1)7t Efil (Yie =Y o) (Wi — 7 ) off-diagonal terms, ¢ # ¢/
and

S 7 . (K—7 . /K diagonal terms,
A(p) =
~Y.Y.o/K off-diagonal terms, ¢ # ¢/,

where ¥ . = >, yie/N. The relationship in Equation (6) can be transformed to specify a relation-

ship between the determinants of both covariance matrices, which can be used to estimate the «y.

In this way, the estimate &g can be obtained from

N 1/(C—1)
‘Ey‘ B K+ ag
A~ - 1 M

Sa0)| o
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5.1.2 Method of Marginal Maximum Likelihood

The Dirichlet prior parameters can also be estimated from the marginal likelihood given the ob-
served randomized response data. The so-called marginal maximum likelihood estimates are the
values for the parameters that maximize the marginal (log-)likelihood function. To facilitate the
computation of marginal maximum likelihood estimates, an analytical expression is required of
the marginal log-likelihood of the Dirichlet parameters given the randomized response data. The
derivation of this marginal log-likelihood function is given in Appendix A. The terms not including

any parameters can be ignored, which leads to the following expression

N |yia—l yi.c—1 K-1
l(a!y)ocz Zlog(a1+j)—|—...+ Z log(ac—l—j)—Zlog(ao—l—j) . (7)
i=1 | j=0 j=0 5=0

The marginal maximum likelihood estimates can be obtained using the Newton-Raphson algo-
rithm. Convergence problems of the latter are often associated with the parameter initialization
step. Dishon and Weiss (1980) suggested using moment estimates as initial parameter values for

the Newton-Raphson procedure.

5.2 Full Bayes Estimation

The model in Equation (4), can be extended with a hyperprior for the prior parameters. Then,
the model consists of three levels, where level 1 defines the distribution of the randomized response
data, level 2 the prior distribution for the level-1 parameters, and level 3 the distribution of the
prior parameters. In such an hierarchical modeling approach, uncertainties are defined at different
hierarchical levels. In the empirical Bayes estimation approach, the prior parameters are estimated
using only the observed data, but in a full Bayes estimation approach the (hyper) prior information
as well as the data are used.

In a full Bayes estimation approach all defined uncertainties can be taken into account. There-

fore, a Markov chain Monte Carlo (MCMC) method will be used to estimate the posterior densities
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of all model parameters, which includes the transformed category response rates and the population
parameters ox.

To implement an MCMC procedure the collapsing property of the multinomial and Dirichlet
distribution can be used. Assume that for each respondent the cells 2,...,C are collapsed and that
in total two cells are observed with ¥}y = ;2 + ... + y;.c. The distribution of the collapsed data

are binomially distributed given the category response rate; that is,

p (i1, yia | AP:) o (A(pin))"* (1= A(pan))¥2 . (8)

In the same way, the collapsing property of the Dirichlet distribution can be used. The collapsed
Dirichlet prior for the transformed category response rate, A(p;1), is a beta distribution with
parameters o; and g — a1, which leads to a beta-binomial model for the first transformed category
response rate.

This procedure can also be applied to the second response category. Let y's = y;3+ ... +yic
denote the collapsed data. The observed data of respondent ¢ in category two are binomially
distributed, where the responses to category one are excluded. Therefore, consider A(p;2)/(1 —
A(pi1)) as the correctly scaled success probability such that the collapsed randomized response
data are binomially distributed,

4 Yi.2 . Yis
P (yi2,yis | Api)) o <1A(Apl(jo)ﬂ)) (1 - %) ' Y

Subsequently, the induced beta prior has parameters ag and (o — a1 — a2).
Now, the distribution of the observed data according to the multinomial distribution can be
factorized as a product of binomial distributions. Let the data consist of three cells such that

K = y;1 +yi2+ i3, and let Equation (8) and (9) define the distribution of the collapsed data sets.
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Then, the conditional distribution of the observed data can be given as

; Yi-2 . Yi.3
Py [A®) o Alpan)” (1 Adpa)) ¥ (1—A(Ap<p)>> (1_1—A(Ap(p))>

1—A(pia 1 — A(pin
o A(pil)yi.lA(piQ)yi,QA(pig,)yiﬁ,

which equals the unnormalized multinomial density. It can be shown in a similar way that the
product of beta distributions defines the Dirichlet prior due to the collapsing property of the latter
one.

This factoring of the Dirichlet-multinomial in components of beta-binomials is used in the
WinBUGS (Spiegelhalter, Thomas, Best, and Lunn, 2003) implementation given in Appendix B.
The implementation is given for N persons, K items, and five response categories, where the
randomized response data are specified as multinomially distributed. Then, the individual category-
response probabilities are specified as beta distributed, where the beta prior parameters are derived
from the Dirichlet parameters.

The implementation requires the specification of a hyperprior for the Dirichlet parameters.
There is often little information available about the category-response rates in the population.
When a substantial number of cells does not contain observations, the parameters might not be
estimable or the estimates are located on the boundary of the parameter space. A flattening prior
that smooths the estimates toward a unique mode located in the interior of the parameter space is
preferred when the data are sparse. The prior that assigns a common value of one or greater(say,
e.g., oo = 1 for ¢ = 1,...,C) will have this smoothing or flattening property. Therefore, it might
seem reasonable to restrict the prior parameters to a common value but this uninformative proper
hyperprior also fixes the influence of the prior, which might be too weak for small sample sizes.
It is also difficult to determine the amount of prior information given the sample information. A
uniform prior, a ~ U(0, 10), will also have this flattening property but the data will be used to

estimate the prior parameters. The influence of the prior is estimated from the data. When the



17

data are sparse, a more informative prior is needed to obtain stable parameters estimates but the
data will be used to estimate the amount of prior information. Furthermore, the estimated prior
parameter estimates will reveal whether the observed data do not support the model. In that case,
a substantial amount of prior information is needed, more than 20% of the sample data, to obtain

stable parameter estimates.

6 Restricted Dirichlet-Multinomial Modeling

The Dirichlet-multinomial model in Equation (4) is a saturated model in the sense that the category-
response rates are freely estimated over individuals. The Dirichlet prior does not impose any
restrictions that are typically present in a cross-classified data structure.

Schafer (1997) proposed a constrained Dirichlet prior to impose a loglinear model on the individ-
ual response rates. This constrained prior forms a conjugate class since it has the same functional

form as the multinomial likelihood. The constrained Dirichlet prior is represented by

A(pi) o H A(pic) ™!

log (A(pi)) = M,

where M is the design matrix that defines a restriction on the transformed response rates.

In the same way, a restriction can be defined on the (true) category-response rates instead of the
transformed category-response rates. It will restrict the posterior solution to that area where the
loglinear model on the category response rates is true; that is, log (p;c) = M., for c=1,...,C.
Such a constrained prior makes the strong assumption that the category-response rates can be
partitioned according to the implied structure. Here, such a model restriction will be particularly
used to test alternative models that assume a certain homogeneity in category-response rates over

individuals or groups of individuals.
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7 Application of the Dirichlet-Multinomial Model

A simulation study is performed to evaluate the performance of the full Bayes method for estimat-
ing the population proportions. Furthermore, the full and empirical Bayes estimates of the true
individual response rates are compared under different conditions given categorical randomized re-
sponse data. Then, the model is used to analyze randomized response data from the college alcohol

problem scale (CAPS, O’Hare, 1997).

7.1 Simulation Study

In order to investigate the performance of the full Bayes estimation method, data were simulated
under various conditions. The number of persons (N equaled 100 or 500), items (K equaled ten
or fifteen), response categories (C equaled three or five), and randomizing device characteristics
(¢1 equaled .6 or .8) were varied. The data generation procedure comprised the following. For
each respondent C' category-response rates were simulated from a Dirichlet distribution given prior
parameters . The prior parameters were constant or varied over response categories. For the
constant case, the sum of the prior parameters equaled C' and the prior parameters equaled one
such that the population proportions equaled 1/C'". For the non-constant case, the sum of the prior
parameters was not equal to C' and the prior parameters (a1, ag, a3) equaled (1,2,1) for C = 3 and
(a1, a9, a3, g, ) equaled (1,2,4,2,1) for C=5. The simulated category-response rates were used
to generate true response patterns, which were randomized using the forced response design with
randomizing device probabilities ¢; and ¢ = 1/C. Ten independent samples were generated for
each condition.

The parameters were re-estimated using WinBUGS. The WinBUGS code of the Dirichlet-
multinomial model for RR data is given in Appendix B. For each data set, 15,000 iterations
were made with a burn-in period of 5,000 iterations. Each model parameter was estimated by the
average of the corresponding sampled values, which is an estimate of the posterior mean.

The method was successful in model parameter estimation. In both cases, the point estimates
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are close to the true values and the standard deviations become smaller when increasing the number
of respondents. Similar trends were found for the cases of three and five response categories.
However, for the C=5 case, the reduction in the estimated prior weights is better visible when
increasing the number of items and/or decreasing the percentage of forced responses. This follows
from the fact that more parameters need to be estimated with the same amount of observed data.

In Table 1, for C=5, the estimated population proportions per category are presented. The
prior parameters were divided by the sum of the prior parameters such that they were scaled in
the same way as the true generating values. Note that each estimate is an average of the estimates
corresponding to the ten independently generated data sets. It can be seen that the prior parameter
estimates resemble the true values quite well for the constant and non-constant case. Increasing the
number of persons leads to more accurate results, since the estimated standard deviations become
smaller.

When decreasing the percentage of forced responses, the standard deviations remain constant
for the case of ten and fifteen items, and 100 and 500 persons. The actual amount of information will
increase when the amount of forced responses is reduced, since the forced responses are just random
noise to mask the individual answers. From Equation (5) it can be seen that the the number of items
K as well as «g determine the prior weight in the computation of the individual expected posterior
category-response rate. It is clear that particularly for these situations the prior weights reduce since
the sum of the prior parameters become smaller. That is, the influence of the population prior on
the posterior mean category-response rates becomes smaller when decreasing the amount of forced
responses. The observed RR data will contain more information about the individual category-
response rates when less forced responses are observed and less prior information will be used to
estimate the response rates. Note that the standard deviations of the sum of the prior parameters
(ap) become smaller when decreasing the number of forced responses. The typical advantage of
the full Bayes estimation method applies here, where the prior weights are also estimated from
the data. Note that for ¢; = .6, 40% of the data are forced responses. So, the actual amount of

information in the data is rather limited but the population parameters can still be recovered. The
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decrease in the amount of forced responses leads to more accurate results.

When increasing the number of items, the standard deviations only become slightly smaller.
The additional amount of five RR observations did not led to a substantial increase in the precision
of the posterior mean estimates. The increase in items led in to a higher estimate of ag with a
smaller standard deviation. As a result, the posterior mean response rates will be more influenced
by the data than the prior information due to the higher number of items and the higher posterior

mean estimate of «y.

Insert Table 1 About Here

In this simulation study, the posterior mean response rates were also compared for different
number of respondents (100 and 500) and different prior values. To evaluate the prior influence,
individual category-response rates were estimated using the simulated and estimated prior param-
eters, and through a full Bayes estimation method. Per response category, the mean squared error
(MSE) of the estimated response rates was calculated. The MSE comprises a comparison of the

estimate of the individual response rate with the true value. For category ¢, the MSE can be stated

as N N
MSE(f)c | y) = Z E(pic _ﬁic)2 + Z VGT(ﬁiC)2,
i=1|c i=1|c

where the first term is the cumulative bias between the true value and its estimate and the second
term represents the cumulative variance of the estimate.

In Table 2, the MSEs are presented for five response categories, where the cumulative bias
and variance terms are given in parenthesis. Two empirical Bayes estimates are considered, the
MSE(pgp,a. = 1) and the MSE(p, a.), which is based on prior parameters that are set to
one, denoted as the homogenous prior, and the simulated prior parameters, respectively. The
MSE(prp) is based on full Bayes estimates using the WinBUGS program. The simulated prior
parameters correspond to the non-constant case with a = (1,2,4,2,1), which differs from the

homogenous prior with prior parameters equal to one.
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For 100 and 500 persons, the bias is smallest for the full Bayes estimates and they are slightly
better than empirical Bayes estimates given the true prior parameters. The full Bayes estimates are
accurate with respect to bias since the prior weights are also estimated from the sampled data. The
estimates using the homogenous prior, with all prior parameters equal to one, have the highest bias
but smaller MSEs than those based on the full Bayes estimates. For the latter one, the estimated
variances are much higher due to the fact that the prior parameters also need to be estimated.
Therefore, the homogenous prior leads to quite accurately estimated category-response rates and

performs better than the full Bayes estimates given the MSEs.

Insert Table 2 about here

7.2 Response Rates of Alcohol-Related Negative Consequences

The college alcohol problem scale (CAPS; OHare, 1997) was used to measure frequencies of alcohol-
related negative consequences among college students. Thirteen items of the CAPS scale were
used that covered socio-emotional problems (hangovers, memory loss, nervousness, depression)
and community problems (drove under the influence, engaged in activities related to illegal drugs,
problems with the law). Each item has a five-point scale (one = never/almost never, five =almost
always).

A total of 793 US college student were at random divided in two groups. One group of 351
participants answered the questionnaire directly without using a randomizing device, denoted as
the direct-questioning (DQ) group. The other group, denoted as the RR group, consisted of 442
participants and they responded to the questionnaire according to a forced randomized response
design, where ¢1 = .60 and ¢2(c) = .20 for c = 1,...,5. The RR group used a spinner to answer the
questions. The spinner was developed such that 60% of the area was comprised of answer honestly
space, and 40% of the area was divided into equal sections to represent the five possible answer
choices.

The main focus of the study was to investigate whether the RR technique improved the accuracy
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of self-reports. The sensitivity of the response categories was evaluated, where it was expected that
a strong confirmation to an item is more sensitive than a negative confirmation. The Dirichlet-
multinomial model with a restricted Dirichlet prior was used to evaluate the effect of the RR
technique per category, where the between-group differences in mean category-response rates were

investigated.

7.2.1 Group-Specific Population Proportions

The Dirichlet-multinomial model was estimated using group-specific population proportions such
that the DQ and the RR group each had their own prior parameters. In Table 3, the full Bayes
mean estimates of the population proportions and standard deviations are presented. Note that
the estimated population proportions of the RR group are transformed such that they estimate
the true category proportions in this group. The estimated population proportions corresponding
to the observed response rates are given in parenthesis, which also take the forced responses into
account. The standard deviations are given in the next column, where the standard deviations of
the non-transformed proportions are given in parenthesis.

It can be seen that the estimated population proportion of category one of the DQ group is
higher and that the other category-mean proportions are smaller compared to the RR group. This
indicates that the respondents in the DQ group are less likely to confirm experiences with alcohol-
related negative consequences. However, the respondents were randomly assigned to the RR group,
which suggests serious underreporting in the DQ group. Although the RR group contains more
respondents than the DQ group, the standard deviations of the estimated population proportions
of the RR group are higher, since 40% of the data are forced responses. The standard deviations of
the non-transformed population proportions are comparable since they are based on all data. The
RR group has a higher estimate of the prior weight (ap) compared to the DQ group due to the
number of forced responses. As a result, the posterior means of the individual category-response

rates are more influenced by the prior in the RR group than in the DQ group.
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Insert Table 3 about here

7.2.2 Linear Restricted Category Response Rates

To investigate the category-specific effect of the RR method, a loglinear model was defined for the
category-response rates. For each category, the logarithm of the true category-response rates were
explained by a constant and a category-specific RR effect. This restriction of the Dirichlet prior is

given by

log(pic) = Aoc + McRR;,

for ¢ = 1,...,C, where RR; equals one when respondent ¢ belongs to the RR group and zero
otherwise. Note that the loglinear representation was only used to evaluate the category-specific
RR effect.

In Table 4, the intercept and RR effect are presented per category for the DQ and RR group.
The 95% highest posterior density (HPD) region is also given for each parameter. The estimates
can be used to compute the posterior expected population proportion per category in each group.
It follows that about exp(—.62) = 54% and exp(—.62 — .27) = 41% in the DQ group and the RR
group, respectively, say that they almost never experience negative consequences of drinking. The
other posterior mean percentages can be computed in a similar way.

The RR effect is negative for the first category (labeled almost never) and positive for all
other effects. From the HPD regions follow that all RR effects are significantly different from
zero. It can be concluded that in the DQ group, respondents underreported any experiences of
negative consequences and, subsequently, overreported that almost never negative consequences
were experienced. Furthermore, the estimated RR effects increase with an increase in the number
of negative experiences, where the fifth category has the highest RR effect. Thus, an increase in the

number of experiences of alcohol-related negative consequences leads to a more sensitive response
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option. The difference between the groups with respect to the posterior expected proportion of
respondents that admits experiencing negative consequences is highest for the fifth response option.
In that case, around 1% of the DQ group admits to have almost always alcohol-related negative
consequences, which is around 13% in the RR group. It can be concluded that the RR technique
led to a higher degree of cooperation and more accurate data, especially when the response options

become more sensitive.

Insert Table 4 about here

The response data from the RR group were used to explore ethnic differences in experiencing
alcohol-related negative consequences. The responses from the DQ group were shown to be biased,
since effects of under- and overreporting were found. In this study, the racial origin of the respon-
dents was administered. The RR group consisted of 2% Asians, 83% white Americans, 11% African
Americans, and 12% belonged to another race. An indicator variable, labeled Ethnicity, was used
in the log-linear model that represented the racial origin of each respondent.

In Table 5, the estimated category-specific effects of ethnicity on the individual category re-
sponse rates are given. Each posterior mean effect is accompanied with a posterior standard
deviation (SD) and a 95% highest posterior density (HPD) interval. Under the column labeled
Effect, the estimated effects are represented, where each category-specific intercept represents the
average population level on the logarithmic scale. Under the column labeled Scaled Effect, the
intercept represents the average population level of the African Americans on the logarithmic scale.
The scaled ethnic effect of the this group is in that case equal to zero.

For the first category, the African Americans score significantly higher than the other groups.
Furthermore, the estimated scaled effects of the other groups are significantly smaller. This means
that the percentage of African-Americans experiencing almost never negative consequences is much
higher compared to the other groups. In the same way, it follows that the percentage of African-

Americans experiencing negative consequences seldom to almost always is lower than that of other
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groups. In the second category, the white Americans also score significantly higher than the African
Americans, which follows from the scaled effects. The third to fifth response categories did not

show any significant ethnic differences.

Insert Table 5 about here

8 Discussion

For small data samples, the Dirichlet-multinomial model is proposed for categorical RR data, where
a linear transformation of the response rates is implemented to adjust for the RR sampling design.
This model is a generalization of the beta-binomial model for binary RR data. Both models are
suitable for sensitive-survey studies and small data samples. The individual category-response
rates are related to the observed data, but a linear transformation can be used to derive the true
categorical-response rates. The parameters of this linear transformation are the characteristics of
the randomizing device and they are usually known. The derived expressions of the posterior expec-
tation and variance of the category-response rates are useful in case of empirical Bayes estimation
or explicit prior knowledge about response rate population parameters.

The idea of full Bayes parameter estimation was elaborated using the synthetic data set. The
simulation study has shown that full Bayes model was able to rather accurately estimate values
of parameters for different number of response categories. The method was equally successful in
retrieving the parameters for the constant case of homogenous prior parameters as well as for the
case of non-constant prior parameters. Moreover, the simulation study concluded that increasing
the number of persons leads to more accurate results, while the variation of the percentage of forced
responses does not influence the accuracy.

A constrained-Dirichlet prior is used to identify homogeneity in response rates over items and
persons. Therefore, the WinBUGS program was extended to define a constrained-Dirichlet prior,

where a loglinear model was defined on the true category-response rates.
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An important effect was identified in the real data study, which showed that the effect of the RR
method varied over response categories. A priori it was assumed that the response options varied
in their sensitivity, where a higher degree of accordance with the sensitive item but this hypothesis
was never tested in the literature. The analysis showed a substantial increase in agreement with
more sensitive response options under the randomized response condition.

In RR studies the topic of compliance is often an issue. Respondents are instructed to follow the
RR instructions but may for different reasons act differently. In large-scale sample studies, a latent
class structure can be integrated in the model to identify non-compliant behavior. The responses
from the non-compliant subjects are modeled differently. The Dirichlet-multinomial model can
also be extended with a two-component latent-class structure to allow for non-compliance, but

that would require more response data to obtain stable parameter estimates.
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A Derivation of the Marginal Log-Likelihood Function

Here, the derivation of the marginal likelihood expressed by Equation (7) is given. The marginal

distribution of the RR data given the prior parameters a can be stated as

Mwa)=11/_pWMAWMMNmHMﬂNm»

- Hny T ) TG taam)
i.Cc* c (pi)

C

_ Oéo) Hcr(ac+yi.c)
a HH ylc'H I(oe) Tlao+K)

The gamma function I" can be represented as a factorial function, where I'(n) = (n—1)!. Therefore,

the marginal distribution can be rewritten in terms of factorial multipliers.

(ap — 1) TI.(cc+yic—1)!
ply | e) HHyzc'H(ac—l) (g + K —1)!

The factorial multipliers of the last fraction can be manipulated such that

(ctyic=1! = | [I%4((ae—1) +5) | (=1t

- [ [0 (o + 5) } (a0 —1)!

and

(0 +K -1 = | [I, (a0~ 1) +) | (0 =1)

- [ Hg[‘i_ol(ao +7) } (o — 1)
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The density p(y | ) can be rewritten as

g [T+ ) |- [ T a0 +) |

.|
i cyl.c- Hf(:_ol(a() +])

and the the logarithm of the density p(y | &) can be stated as

N Tyii—l yi.c—1 -1
lla]y) Z[Zlog(al+j)+...+Zlog(ac+j>— log(a0+j> ,
i=1 7=0 j7=0 =0

leaving out the first term, which is a constant.



31

B WinBUGS Code of the Multinomial-Dirichlet Model

The code of the Dirichlet-multinomial model for RR data is given for N persons, K items, and five

response categories. The randomizing device has parameters ¢1 and ¢o.

model

for (i in 1:N)

{
y[i,1:5] dmulti(q[i,] ,K)
q[i,1]" dbeta(alpha[1], betatotl)
q2_star [i]” dbeta(alpha[2], betatot2)
q[i,2]<—q2_star [i]*(1—q[i,1])
q3_star [i]” dbeta(alpha[3], betatot3)
qli,3]<—q3_star[i]x(1—-q[i,1]—q[i,2])
q4_star [i]” dbeta(alpha[4],alpha[5])
qlid]<—qd_star[i]«(1—q[i,1]—q[i,2]-q[i,3])
qlib]<=1-q[i,1]=ali,2]-q[i,3]—q[i,4]

alpha[1]~ dunif (0,10

alpha[2]” dunif (0,10

alpha [4]~ dunif

(0,10)
(0,10)
alpha [3]~ dunif (0,10)
(0,10)
(0.5,10

alpha [5]~ dunif

alphaO<—sum (alpha[1:5])



betatotl <—sum(alpha[2:5])
betatot2 <—sum(alpha[3:5])

betatot3<—sum(alpha [4:5])

for (i in 1:N)
{ for (¢ in 1:5)
{

pli,c] <= (q[i,c] — (1—phil)*phi2) / phil

32
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Table 1: Full Bayes estimates of population proportions for five response categories, 100 and 500
respondents, and 10 and 15 items.

K =10 K=15
Const. Non-Const. Const. Non-Const.
Parameter Mean SD  Mean SD Mean SD  Mean SD
N =100
¢1=0.6
a1 /o .209 .016 .144 .013 207 .014 .145 .012
ag /o .203 .016 .200 .015 .205 .014 .205 .013
as/ap 197 016 318  .018 197 014 308  .015
ay /g 195 .016 198 .015 195 .014 195 013
a5/a0 .196 .016 .140 .013 .195 .014 147 .012
Qo 12.003 1.642 15.615 2.225 12.082 1.432 17.445 2.204
¢1 =0.8
a1/ 199 017 123 .013 206 .016 114 011
as /g .207 .017 .208 .016 .194 .015 .201 .014
as /g 190 017 350 .019 202 .016 357 017
ay /g .205 017 .204 .016 .201 .016 197 .014
as /o 200 017 116 .012 197 016 119 011
Q) 7.785 1.008 12.217 1.679 7.984 861 14.183 1.781
N =500
¢1 =0.6
a1 /g 196 .007 .140  .006 204  .006 141 .005
ag /o 197 007 203 .007 201 .006 201 .006
asg /g 202 .007 321 .008 201 .006 319 007
ay /o 201 .007 195 007 196 .006 200 .006
as /g 203 .007 141 .006 .198  .006 139 .005
o 14.276 1.116 22.994 2.083 15.534 1.001 26.183 2.057
¢1 =0.8
a1 /ap 197 .008 122 .006 .200  .007 122 .005
g /g 202 .008 201 .007 202 .007 .198  .006
as/ap 203 .008 357  .008 200 .007 357 .007
ay /g .198  .008 201 .007 200 .007 201 .006
as /g 200  .008 119 005 .198  .007 122 .005
Qo 8.351  .526 15.232 1.265 8.672  .454 16.511 1.110
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Table 2: Estimated MSEs concerning response-rate estimates for five response categories, and 100
and 500 respondents. The bias and variance components of the MSE are given in parenthesis,
respectively.

Category MSE(ppp,a.) MSE(pPep,a.=1) MSE(prp)

N=100
c=1 45 (.44, .00) 52 (.51, .01) 90 ( .42, .48)
c=2 .66 (.66, .01) 85 (.84,.01)  1.33 (.59, .74)
c=3 118 (1.16, .02) 1.53 (1.50, .02)  2.11 (1.01, 1.09)
c=14 .90 ( .89, .01) 1.05 (1.03, .02)  1.67 ( .88, .79)
c=5 51 (.51, .00) 56 (.55, .01) 8 (.47, .50)
N = 500
c=1 222(2.20,.02) 3.12 (3.08, .04)  4.27 (1.95, 2.32)
c=2 429 (4.24, 05) 5.32 (5.25,.07)  7.66 (4.00, 3.66)
c=3  6.24 (6.15, .09) 7.91 (7.79, .12)  10.78 (5.62, 5.16)
c=4 434 (4.30, .05) 5.22 (5.15,.07)  7.63 (4.14, 3.49)
c=5 251 (249, .02) 3.18 (3.14, .40)  4.54 (2.26, 2.27)




Table 3: CAPS: Estimated population proportions per category for the DQ and RR group.

DQ (351) RR (442)

Mean SD Mean SD
ar/ag 2590 .010 A471(.363)  .012(.007)
ag/a 161 .007 .170(.182)  .010(.006)
ag/ag 129 .006 153(.172) .009(.006)
ag/ag  .069 005 131(.159)  .009(.005)
as/ap .051  .003 .075(.125) .008(.005)

g 9.872 .648 20.360 1.672
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Table 4: CAPS: Category-specific intercepts and RR effects.

Intercept RR Effect
Mean SD HPD Mean SD HPD
1 Almost never -.62 .03 -.68, -.56 =27 .03 -.33,-.22
2 Seldom -2.13 .07 -2.28,-2.00 43 .08 .28, .57
3 Sometimes -2.39 .08 -2.56,-2.23 .65 .08 49, 81
4 Often -3.61 .16 -3.93,-3.33 1.65 .13 1.39,1.91

5 Almost always -4.71 .18 -5.09,-4.37 2.70 .13 2.45, 2.94
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Table 5: CAPS: Ethnic differences per response category.

Effect Scaled Effect

Cat. Ethnicity Mean SD  HPD Mean SD HPD
1

Asian -.04 .12 -29, .17 -.18 .16 -.51, .11

White American -.03 .05 -.12,.07 -.16 .05 -.26,-.06

African American 13 .06 .02, .24 .00

Other -.06 .08 -.22,.08 -.20 .10 -.40,-.02
2

Asian 25 .19 -.14, .60 46 .26 -.08,1.00

White American -.02 .08 -.17,.13 19 .09 .00, .37

African American -21 .10 -.40,-.03 .00

Other -.01 .12 -.26, .22 20 .16 -.14, .50
3

Asian -23 .20 -.60, .17 -.28 .27 -.80, .25

White American .07 .08 -.09, .22 .03 .09 -.15,.20

African American .04 .10 -.15,.23 .00

Other A1 .12 -.12, .36 .08 .16 -.23, .39
4

Asian 13 .20 -.27, .50 22 .27 -.30, .76

White American .06 .08 -.10, .21 A5 .09 -.02, .32

African American -09 .10 -.29,.09 .00

Other -10 .12 -.34, .13 -.01 .16 -.33,.28
5

Asian -.01 .19 -.37,.35 07 .25 -43,.55

White American -.03 .07 -.18,.10 .04 .08 -.12,.19

African American -08 .09 -.25,.09 .00

Other A2 11 -11, .33 19 .14 -.09, .46




