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Adding flavor to the AdS/CFT correspondence.
Dp-Dq brane intersections.

Holographic dual of the Higgs branch. Macro & micro descriptions.

Higgs branch of the Dp-D(p+4) system. 
D3-D7: 4d N = 4 SU(N) SYM f+ N  fundamental hypermultiplets.

Higgs branch of the Dp-D(p+2) setup.
D3-D5: 4d N = 4 SU(N) SYM + 3d fundamental hypermultiplets.

Dp-Dp, F1-Dp & M-theory M2-M5 intersections.
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mixed COULOMB-HIGGS phase:

Q̃i(Φ3 + m) = 0 , (Φ3 + m)Qi = 0 . (2.4)

These equations can be satisfied by taking Φ3 as:
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, (2.5)

where the number of m′s is k, so that in order to have Φ3 in the Lie algebra of SU(N)
ΣN−k

i=1 m̃i = km. This choice of Φ3 lead us to take Qi and Q̃i as:

Q̃i =
(
0 · · · 0, q̃1

i · · · , q̃k
i

)
, Qi =
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0
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0
qi
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k
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

. (2.6)

Indeed, it is trivial to check that the values of Φ3, Q̃i and Qi displayed in eqs. (2.5) and
(2.6) solve eq. (2.4). Since the quark VEV in this solution has some components which
are zero and others that are different from zero, this choice of vacuum leads to a mixed
Coulomb-Higgs phase.

The vanishing of the F -terms associated to the adjoint scalars gives rise to:

[Φ1, Φ3] = [Φ2, Φ3] = 0 , (2.7)

together with the equation:
Qi Q̃i + [Φ1, Φ2] = 0 . (2.8)

In (2.8) Qi Q̃i denotes a matrix in color space of components Qi
aQ̃

b
i . For a vacuum election

as in eq. (2.6) we can restrict ourselves to the lower k × k matrix block, and we can write
eq. (2.8) as:

qiq̃i + [Φ1, Φ2] = 0 , (2.9)

where now, and it what follows, it is understood that Φ1 and Φ2 are k × k matrices.
Eq. (2.9) contains an important piece of information since it shows that a non-vanishing

VEV of the quark fields q and q̃ induces a non-zero commutator of the adjoint fields Φ1 and
Φ2. Therefore, in the Higgs branch, some scalars transverse to the D3-brane are necessarily
non-commutative. Notice that Φ1 and Φ2 correspond precisely to the directions transverse
to the D3-brane which lie on the worldvolume of the D7-brane (i.e. they correspond to the
directions 4, · · · 7 in the array (2.1)). This implies that the description of this intersection
from the point of view of the D7-branes must involve a non-vacuum configuration of the
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woldvolume gauge field components of the later along the directions 4, · · · 7. We will argue
in the next subsection that this configuration corresponds to switching on an instantonic
flux along these directions.

In order to match the field theory vacuum with our brane description we should also be
able to reproduce the D-flatness condition arising from the lagrangian (2.2). Assuming that
the quark fields Q̃ and Q are only non-vanishing on the lower k × k block, we can write this
condition as:

|qi|2 − |q̃i|2 + [Φ1, Φ
†
1] + [Φ2, Φ

†
2] = 0 . (2.10)

The constraints (2.9) and (2.10), together with the condition [ΦI , Φ3] = 0, define the mixed
Coulomb-Higgs phase of the theory.

2.1 Gravity dual of the mixed Coulomb-Higgs phase

As it is well-known, there is a one-to-one correspondence between the Higgs phase of N = 2
gauge theories and the moduli space of instantons ([12, 13, 14]). This comes from the fact
that the F - and D-flatness conditions can be directly mapped into the ADHM equations
(see [15] for a review). Because of this map, we can identify the Higgs phase of the gauge
theory with the space of 4d instantons. In the context of string theory, a N = 2 theory can
be engineered by intersecting Dp with D(p+4) branes over a p + 1 dimensional space. In
particular, if we consider the D3-D7 system, the low energy effective lagrangian is precisely
given by (2.2). In this context, the Higgsing of the theory ammounts to adding some units
of instantonic DBI flux in the subspace transverse to the D3 but contained in the D7, which
provides a natural interpretation of the Higgs phase-ADHM equations map.

Let us analyze this in more detail. Suppose we have N D3-branes and Nf D7-branes. In
the field theory limit in which we take α′ to zero but keeping fixed the Yang-Mills coupling of
the theory on the D3’s, the gauge dynamics on the D7-brane is decoupled. Then, the SU(Nf )
gauge symmetry of the D7-brane is promoted to a global SU(Nf ) flavor symmetry on the
effective theory describing the system, which is N = 4 SYM plus Nf N = 2 hypermultiplets
arising from the D3-D7 strings; and whose lagrangian is the one written in (2.2). The gravity
dual of this theory would be obtained by replacing the branes by their backreacted geometry
and taking the appropriate low energy limit. However, in the limit in which Nf # N we can
consider the D7-branes as probes in the near-horizon geometry created by the D3-branes,
namely AdS5 × S5:

ds2 =
r2

R2
dx2

1,3 +
R2

r2
d"r 2 , (2.11)

where "r is the six-dimensional vector along the directions orthogonal to the stack of D3-
branes and the radius R is given by R4 = 4π gs N (α′)2. In addition, dx2

1,3 is the metric
of the 3 + 1 dimensional Minkowski space along which the D3-branes lie. The type IIB
supergravity background also includes a 4-form RR potential given by:

C(4) =

(
r2

R2

)2

dx0 ∧ · · · ∧ dx3 . (2.12)

Let us now write the AdS5 × S5 background in a system of coordinates more suitable
four our purposes. Let "y = ( y1, · · · , y4 ) be the coordinates along the directions 4, · · · , 7 in
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D-terms

(adjoints)



Dissolved D3-branes:N = 2 THEORIES

(Douglas; Witten)

MHiggs ≡
4d Instantons
Moduli space 

T7

∫
P[C(4)] ∧ tr(F ∧ F )

[ ]

≡F- & D-flatness
D3 WV theory ADHM constraints

instantons along 4567

D7 action
WZ term

SD7 = −T7

∫

d8ξ e−φ Str
[

√

−det(g + F )
]

+
T7

2

∫

Str
[

P [C(4)] ∧ F ∧ F
]

= −T7

∫

d4x d4y Str [1] = −T7 Nf

∫

d4x d4y

!= f(L)
no force

{

Notice that in the total action (2.25) the transverse distance L does not appear. This “no-
force” condition is an explicit manifestation of the SUSY of the system. Indeed, the fact
that the DBI action is a square root of a perfect square is required for supersymmetry, and
actually can be regarded as the saturation of a BPS bound.

In order to get a proper interpretation of the role of the instantonic gauge field on the
D7-brane probe, let us recall that for self-dual configurations the integral of the Pontryagin
density P(y) is quantized for topological reasons. Actually, with our present normalization
of F , P(y) is given by:

P(y) ≡ 1

16π2

1

(2πα′)2
tr

[

∗FF
]

, (2.26)

and, if k ∈ ZZ is the instanton number, one has:
∫

d4y P(y) = k . (2.27)

A worldvolume gauge field satisfying (2.27) is inducing k units of D3-brane charge into the
D7-brane worldvolume along the subspace spanned by the Minkowski coordinates xµ. To
verify this fact, let us rewrite the WZ action (2.22) of the D7-brane as:

SD7
WZ =

T7

4

∫

d4x d4y C(4)
x0x1x2x3 tr

[

∗FF
]

= T3

∫

d4x d4y C(4)
x0x1x2x3 P(y) , (2.28)

where we have used (2.26) and the relation T3 = (2π)4 (α′)2 T7 between the tensions of the

D3- and D7-branes. If C(4)
x0x1x2x3 does not depend on the coordinate y, we can integrate over

y by using eq. (2.27), namely:

SD7
WZ = k T3

∫

d4xC(4)
x0x1x2x3 . (2.29)

Eq. (2.29) shows that the coupling of the D7-brane with k instantons in the worldvolume
to the RR potential C(4) of the background is identical to the one corresponding to k D3-
branes, as claimed above. It is worth to remark here that the existence of these instanton
configurations relies on the fact that we are considering Nf > 1 flavor D7 branes, i.e. that
we have a non-abelian worldvolume gauge theory.

2.2 A microscopical interpretation of the D3-D7 intersection with
flux

The fact that the D7-branes carry k dissolved D3-branes on them opens up the possibility of
a new perspective on the system, which could be regarded not just from the point of view of
the D7-branes with dissolved D3s, but also from the point of view of the dissolved D3-branes
which expand due to dielectric effect [23] to a transverse fuzzy IR4. To see this, let us assume
that we have a stack of k D3-branes in the background given by (2.13). These D3-branes
are extended along the four Minkowski coordinates xµ, whereas the transverse coordinates
#y and #z must be regarded as the matrix scalar fields Y i and Zj, taking values in the adjoint
representation of SU(k). Actually, we will assume in what follows that the Zj scalars are
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FT Analysis

where we have chosen the Minkowski coordinates xµ as our set of worldvolume coordinates
for the dielectric D3-brane. Similarly, the WZ term can be written as:

SD3
WZ = T3

∫

d4x Str
[ (

r̂ 2

R2

)2 ]

. (2.40)

Let us now assume that the matrices θij are self-dual with respect to the ij indices, i.e. that
∗θ = θ. Notice that, in terms of the original matrices Y i, this is equivalent to the condition:

[Y i, Y j ] =
1

2
εijkl[Y

k, Y l] . (2.41)

Moreover, the self-duality condition implies that there are three independent θij matrices,
namely:

θ12 = θ34 , θ13 = θ42 , θ14 = θ23 . (2.42)

The description of the D3-D7 system from the perspective of the color D3-branes should
match the field theory analysis performed at the beginning of this section. In particular,
the D- and F-flatness conditions of the adjoint fields in the Coulomb-Higgs phase of the
N = 2 SYM with flavor should be the same as the ones satisfied by the transverse scalars
of the dielectric D3-brane. In order to check this fact, let us define the following complex
combinations of the Y i matrices:

2πα′ Φ1 ≡ Y 1 + iY 2

√
2

, 2πα′ Φ2 ≡ Y 3 + iY 4

√
2

, (2.43)

where we have introduced the factor 2πα′ to take into account the standard relation between
coordinates and scalar fields in string theory. We are going to identify Φ1 and Φ2 with the
adjoint scalars of the field theory side. To verify this identification, let us compute the
commutators of these matrices. From the definitions (2.36) and (2.43) and the self-duality
condition (2.42), it is straightforward to check that:

[ Φ1 , Φ2 ] = − θ23

2πα′
+ i

θ13

2πα′
,

[ Φ1 , Φ†
1 ] = [ Φ2 , Φ†

2 ] =
θ12

2πα′
. (2.44)

By comparing with the results of the field theory analysis (eqs. (2.9) and (2.10)), we get the
following identifications between the θ’s and the vacuum expectation values of the matter
fields:

qiq̃i =
θ23

2πα′
− i

θ13

2πα′
, |q̃i|2 − |qi|2 =

θ12

πα′
. (2.45)

Moreover, from the point of view of this dielectric description, the Φ3 field in the field theory
is proportional to Z1 + iZ2. Since the stack of branes is localized in that directions, Z1

and Z2 are abelian and clearly we have that [Φ1, Φ3] = [Φ2, Φ3] = 0, thus matching the last
F -flatness condition for the adjoint field Φ3.

It is also interesting to relate the present “microscopic” description of the D3-D7 in-
tersection, in terms of a stack of dielectric D3-branes, to the “macroscopic” description of
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∫
d4y

Nf

π2

( 2πα′)2 θ2
⇒

Nf

π2 P(y)

e.g. One SU(2) instanton: P(y) =
6

π2

Λ4

(ρ2 + Λ2)4
, we recover: v ∼

Λ

α
′

(Guralnik et al)
(Erdmenger et al)

MAP MICRO MACRO description

subsection 2.1, in terms of the flavor D7-branes. With this purpose in mind, let us compare
the actions of the D3- and D7-branes. First of all, we notice that, when the matrix θ is
self-dual, we can use eq. (2.20) and write the DBI action (2.39) as:

SD3
DBI(self − dual) = −T3

∫

d4x Str
[ (

r̂ 2

R2

)2

+
1

4
θ2

]

. (2.46)

Moreover, by inspecting eqs. (2.40) and (2.46) we discover that the WZ action cancels
against the first term of the right-hand side of (2.46), in complete analogy to what happens
to the D7-brane. Thus, one has:

SD3(self − dual) = − T3

4

∫

d4xStr [ θ2 ] = −π2 T7 ( 2πα′ )2
∫

d4xStr [ θ2 ] , (2.47)

where, in the last step, we have rewritten the result in terms of the tension of the D7-brane.
Moreover, an important piece of information is obtained by comparing the WZ terms of the
D7- and D3-branes (eqs. (2.28) and (2.40)). Actually, from this comparison we can stablish
a map between matrices in the D3-brane description and functions of the y coordinates in
the D7-brane approach. Indeed, let us suppose that f̂ is a k × k matrix and let us call f(y)
to the function to which f̂ is mapped. It follows from the identification between the D3- and
D7-brane WZ actions that the mapping rule is:

Str[ f̂ ] ⇒
∫

d4yP(y) f(y) , (2.48)

where the kernel P(y) on the right-hand side of (2.48) is the Pontryagin density defined in
eq. (2.26). Actually, the comparison between both WZ actions tells us that the matrix r̂2

is mapped to the function $y 2 + $z 2. Notice also that, when f̂ is the unit k × k matrix and
f(y) = 1, both sides of (2.48) are equal to the instanton number k (see eq. (2.27)). Another
interesting information comes by comparing the complete actions of the D3- and D7-branes.
It is clear from (2.47) and (2.25) that:

( 2πα′ )2 Str[ θ2 ] ⇒
∫

d4y
Nf

π2
. (2.49)

By comparing eq. (2.49) with the general relation (2.48), one immediately gets the function
that corresponds to the matrix θ2, namely:

( 2πα′ )2 θ2 ⇒ Nf

π2 P(y)
. (2.50)

Notice that θ2 is a measure of the non-commutativity of the adjoint scalars in the dielectric
approach, i.e. is a quantity that characterizes the fuzziness of the space transverse to the D3-
branes. Eq. (2.50) is telling us that this fuzziness is related to the (inverse of the) Pontryagin
density for the macroscopic D7-branes. Actually, this identification is reminiscent of the one
found in ref. [36] between the non-commutative parameter and the NSNS B-field in the string
theory realization of non-commutative geometry. Interestingly, in our case the commutator
matrix θ is related to the VEV of the matter fields q and q̃ through the F- and D-flatness

12

Mk×k ⇒ f(!y)



Meson spectrum ( p |Dp⊥D(p + 4)) in the Higgs branch

Assume one SU(2) instanton & only aµ != 0

Only WV gauge field fluctuations: A = A
inst

+ a up to order S
D(p+4)

a
2

M ∼

mq

geff (mq)
(v → ∞) (as in D.A. & A.V. Ramallo; R. Myers & R.M. Thomson)

M ∼ v (v → 0) WKB approx.

Spectral flow: M(v, L = 0) v → ∞
M(v = 0, L = 1)
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Our result

(Erdmenger et al)

[

SD(p+4)
∼

√
g F abFab

]



D3-D5 system [ ]( p − 1 |Dp⊥D(p + 2))

4d N = 4 SU(N) SYMD3 WV: + N f 3d fdmtal. hypermultiplets at x3
≡ x = cons 0

(DeWolfe, Freedman, Ooguri)

{

x
µ !y !z

N f
N

0   1   2   3   4   5   6   7   8   9

X X X

X X X X X

D3

D5

X

X

{ {

!y(ρ, S2)

SUGRA DUAL (Macro picture)

N  D5 probes  f
AdS5 × S

5in

{

|!z| = L

ξa = (x0, x1, x2, ρ, S2)

x
3

= cons

ρ

xD3

D5 ρ

x

D5

D3∫
S2

F = q = kπα
′

x = −

q

ρ
+ cons

Microscopical description: k dielectric D3-branes fuzzy along the S2 dΩ
2

2 =

3∑

I=1

dY
I
dY

I

3∑

I=1

Y
I
Y

I
= 1;

[ ]

k dielectric D3’s  
AdS5 × S

5in

{

|!z| = L

ξa = (x0, x1, x2, ρ)

x = x(ρ)
Y

I =
JI

√

C2(k)

[JI , JJ ] = 2i εIJK JK SU(2)

+

Field Theory

q =





















0

.

.
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α1

.

.

.

αk


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

XI

H = 2πα′φI

H

XA
V = 2πα′φA

V

456

789

Higgs
Vacuum
φV =

(

A 0

0 0

)

A (N-k) x (N-k)[ ]

+
Nahm equations:

∂3φ
I
H +

i

2
εIJK [φJ

H , φK
H ] + αIδ(x3) = 0

bilinear in q , q-

ρ = −

πkα′

x
φI

H =
f(x)

√

C2(k)

(

0 0
0 JI

)

ρ2
≡ XI

HXI

H

S
micro
D3 =

(large k)
S

macro

D5



Meson spectrum in the Higgs branch( p − 1 |Dp⊥D(p + 2))

Compute the whole set of fluctuations around
D5

D3

∫
S2

F = q+

Full mesonic mass spectrum continuous and gapless 

SUSY embeddings of the Dp in the F1 background with WV gauge flux andF1-Dp intersection:
bending along the F1 were found. Again the spectrum becomes continuous and gapless.

M2-M5 intersection:
background with WV gauge flux and bending along the direction // to the probe were found and 
shown to be SUSY. Meson spectrum becomes continuous and gapless.

M-theory codimension one defect. M5-probe embedding in the M2

( p − 2 |Dp⊥Dp) [D3-D3 system:                         + 2d fdtal. multiplets]4d N = 4 SU(N) SYM

Dp

Dp’

|W |

|Z|

W = λ
1

+ iλ
2 ‖ Dp

Z = Y
1

+ iY
2 ‖ Dp’

|W |

|Z|

Dp

Dp’
SUSY↔ ∂̄W = 0 (holomorphic embeddings)

W = cons
localized defect
discrete massive spectrum

W != cons
brane recombination
continuous & gapless spectrum

(Constable, Erdmenger, Guralnik, Kirsch)

W =

c

Z
↔

Higgs branch
F and D conditions[ ] (Guralnik et al)


