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AdS/CFT correspondence

AdS/CFT correspondence (planar limit: N — oco):
(N =4 SYM)pq, 5 < (string theory) oqs, » 55

Recorded a considerable progress since '97. Can be mapped to a spin
chain. Integrability... [Minahan-Zarembo, Staudacher-Beisert,.. ]

Can be extended to include 1/N corrections, which correspond to string
interactions. Still can be mapped to a spin system: dynamical model, but
no integrability!

Available tools: Statistical physics/Thermodynamics

Corneliu Sochichiu (INFN — LNF, Frascati & Dilatation Operator October 5, 2007 4/ 16



AdS/CFT correspondence

AdS/CFT correspondence (planar limit: N — oco):
(N =4 SYM)pq, 5 < (string theory) oqs, » 55

Recorded a considerable progress since '97. Can be mapped to a spin
chain. Integrability... [Minahan-Zarembo, Staudacher-Beisert,.. ]

Can be extended to include 1/N corrections, which correspond to string
interactions. Still can be mapped to a spin system: dynamical model, but
no integrability!

Available tools: Statistical physics/Thermodynamics

Object of study: Dilatation operator/Mixing matrix
[Beisert-Kristjansen-Plefka-Semenoff-Staudacher|

Corneliu Sochichiu (INFN — LNF, Frascati & Dilatation Operator October 5, 2007 4/ 16



AdS/CFT correspondence

AdS/CFT correspondence (planar limit: N — oco):
(N =4 SYM)pq, 5 < (string theory) oqs, » 55

Recorded a considerable progress since '97. Can be mapped to a spin
chain. Integrability... [Minahan-Zarembo, Staudacher-Beisert,.. ]

Can be extended to include 1/N corrections, which correspond to string
interactions. Still can be mapped to a spin system: dynamical model, but
no integrability!

Available tools: Statistical physics/Thermodynamics

Object of study: Dilatation operator/Mixing matrix
[Beisert-Kristjansen-Plefka-Semenoff-Staudacher|

Spin

Two approaches: { Matrix

} parametrization.
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Spin vs. Matrix approach

Spin description:
v The planar limit is easy
" (Planar) Integrability is manifest
X Non-planar corrections are difficult

X Semi-classical limit is difficult
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Spin vs. Matrix approach

Spin description:

v The planar limit is easy

" (Planar) Integrability is manifest

X Non-planar corrections are difficult

X Semi-classical limit is difficult
Matrix description:

X Planar limit requires some effort

X No integrability for any finite matrix size
v Non-planarity is natural

" Semi-classical limit is easy

Taking into account the non-planar contribution to AdS/CFT requires
matrix model approach.
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Dilatation Operator. . .

@ ...corresponds to a dynamical system through the identification
RG-flow < Dynamics

@ ...in terms of a differential operator can be directly interpreted as a
Hamiltonian of QM system "™ Matrix Model description.

o ...is well studied in (mostly compact sectors of) N' =4 SYM.

@ ...plays key role in theories with conformal invariance: N’ = 4 SYM,
(B-deformed versions, Quiver theories as well as in ordinary gauge
theories e.g. QCD.

@ ...we need to know it for a generic gauge theory
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Objective

To propose a recipe to construct the dilatation operator as a differen-
tial operator acting on the space of normal symbols of local composite
operators.

The procedure should. . .
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Objective

To propose a recipe to construct the dilatation operator as a differen-
tial operator acting on the space of normal symbols of local composite
operators.

The procedure should. . .

@ ...apply to renormalizable models with massless fields

@ ...be as “Geometric” as possible
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The Setup [Polyakov|

“Alphabet”: {¢a} localized fields and their derivatives in SYM:
{WA} = {FMV7¢7¢7VF7V¢7V¢"'}
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The Setup [Polyakov|

“Alphabet”: {¢a} localized fields and their derivatives in SYM:
{Wa} = {Fuu,@%VF?Vqﬁ,Vl/)--'}

“Language”: (gauge invariant) combinations of letters

“Words": simplest gauge invariants, one-trace composite operators,

“Phrases":

“Dual states":

Opps.. A, =t Wa Wa, ... Wy,

Opih,..ALOBiB..B, - - O,
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Renormalization & Operator mixing

Dimension is given by the renormalization scale.

Consider a set of composite local operators O closed under
renormalization (mixing)

oken = z(n),' 0,

Anomalous part of Dilatation Operator

_1 0Z(N)
A=zt 220
dlog A\
Anomalous dimensions
AOy = \O,
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General Construction

We have to analyze the RG-transformation of a composite operator O in
perturbation theory. Mixing matrix Z(A) can be found considering
divergent terms in correlators of O with another probe operator (0,

(: (’);,(gi)) 20 ) =(: (’);, cem V9 o Do

The source of relevant divergences is the Wick expansion of products

ef:V(¢)::<90:_(1—/:V(¢):+21!//:V(¢):: V(¢):+...>:(’)O:

So, we should modify Qg in such a way to cancel divergences and find the
scale dependence after the cancelation.
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Tools

Wick expansion in functional form can be cast into [see Kleinert]
O, Ox = eqé“yD“B(}’_X)‘V)b’*’(’);,OX = O0'xO(x,y)

+ — star product resembles one in noncommutative theories!

v 0
Ax = ———— Not a functional derivative!
Pax Ipa(x)
e.g. Euclidean massless propagator for a scalar field,
1 5ab
D —y)=——=
»x =)= 4 (x —y)?

Functional Wick expansion can be generalized to the product of 3,
4,.. . factors
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Tools

Differential regularization/renormalization scheme in real space allows to
regularize singular expressions like [Freedman-Johnson-Latorre|,

2,2

1 _ 1 Dk_lln,u X

T k>2
X2k T TRk = 1)I(k - 2)! X2 =

introduces a scale dependence:

0 [ 1 ] [ 1 ] 82 k2
= | —5p = || = O746(x)
Op | x% ] e x2k 4k=1(k — 1)1(k — 2)!
where we used the property

1
D; = —47T25(X)
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One vertex level

Regularizing the terms in the we get for the first order in
interaction potential

_/d}/[vint()/)*] = —/dy [e‘z’y'Dy'ﬂ Vy

:—/dy (sty'[Dy]'<Z+%(¢Zy®¢v5y)'[Dy®Dy]‘(¢\§®¢v’)
1
41

() D57 (35 +

(35 [DEY] - (574) + . ) v,
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Two vertex level

Second level yields

1
I fay / dya[Vint (1) * Vi (y2)+]

21
1
:E/d)ﬁ/dhx

{(szl © Gy © dpy) - [Dyy © Dyyyy © D] - (38 By, )+

(652 @ dy,) - [DE? @ Dyy—y, ® Dy ] - (6%2 ® ¢y, @ B) + ... }Vy1 V,,-
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Example: Compact sector of N/ = 4 SYM at one loop

The compact sector is generated by scalar fields only and no derivatives,

031---3L1;b1---bL2;--- =tr d)al - ¢3L1 tr ¢b1 - gf)bLZ .

The one-loop part comes from the first term in of the Wick
expansion:

[ V(941 = 555 Vie(9)

where

~

5H(6) = GalF(ON)Far V(9) = & il 0nP
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Conclusions

@ Non-planar gauge string duality can be described using matrix models
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