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Introduction and motivations

Introduction and motivations

@ In studying supersymmetric theories a useful tool, beside a
natural framework, is the use of superspace techniques.

In the case of SUSY with 8 real supercherges two off-shell
formalisms in superspace used:

e Harmonic superspace (HS) [A. S. Galperin, E. A. lvanov, S. N.
Kalitsyn, V. Ogievetsky, E. Sokatchev (1984)],
very powerful for quantum computations (N = 2,4 SYM)

@ Projective superspace (PS) [A. Karlhede, U. Lindstrom, M. Rogek
(1984)],
useful in studying sigma models and explicit construction of
hyper-Kahler and quaternionic-Kahler metrics
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Introduction and motivations

Superspace SUGRA with 8 supercharges?

@ SUGRA in harmonic superspace
[A. S. Glaperin, N. A. Ky, E. Sokatchev (1987)];
[A. S. Galperin, E. A. Ivanov, V. I. Ogievetsky, E. Sokatchev (1987)];
has many unclear ingredients, only prepotential theory

@ SUGRA in projective superspace is actually unknown
How to increase our understanding?

For AdS5/CFT4, brane-world and extra-dimensions physics:
5D superspace SUGRA. =  Strategy:

@ Study simplest curved case: 5D A = 1 AdS superspace
(AdS®1®)

@ Then 5D N =1 SUGRA

@ Generalize to SUGRA with eight supercherges D<6

Here we will focus on projective superspace
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Ads®I8 Projective Superspace

5D N =1 anti-de Sitter supergeometry

o AdS®8=SU(2,2|1)/SO(4,1)xU(1)
@ Holonomy group: SO(4,1)xU(1)

Covariant derivatives:
Parametrization: zM = (x™,0/), m=0,..,4, i=1,..,4,i=1,2

1 be
DQA:E/A\ + (DAJ + EQA MB?:

E; = Eﬁf‘%(z)aM supervielbein
My, Q,P¢ Lorentz SO(4,1) generators & connections
J, &, U(1) antiHermitian generator & connection

[ . ] j i1 1 i i
[J.Di] = I, D%, [M3.Di] = g(ewDBH%D&) ,

My, Ji=y . Ji=J;
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Ads®I8 Projective Superspace

Algebra of covariant derivatives

{Dg,%} = —2ieDy 5+ 3iwele, 50 + 4wl M,
. 1 . o
[Dg,,Dé] = EwJ’j(rg);Dﬁy, w = const ,
1 . .
[Ds,D;] = —w?I*M,; , J2:—§J’jJJ,->O,

@ Find it from coset construction

@ Or, ansatz so that: (i) Torsion covariantly constant;
(i) SO(4,1) x U(1) belongs to the automorphism group

= Bianchi identities determine the algebra

Note: —w?J? is the constant negative curvature of AdS®
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Ads®I8 Projective Superspace

Killing supervectors

@ To costruct off-shell multiplets and action principles it is
necessary to study the isometry group of AdS®l8.
@ The isometry group SU(2,2|1) is generated by those
supervector fields §A(Z)EA which enjoy the property
_Ap. _ ¢ip api _ _Leapp S
§=8"Dy =D+ & a__Z£ ap & Da s
0Dy = —[(E+ pd + N TM3,), D3] =0,

fix €2, €& p, AP¥ via the Killing supervector quations

@ Isometry transformations of matter superfields on Ads®e
Sex = —(E+pd +NFMya)x

all using covariant derivatives and U(1), SO(4,1) generators
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Ads®I8 Projective Superspace

Analytic subspace

@ To study multiplets the most interesting part of the algebra is:
{Da Dyt = 2Dy + BiweTe, 50 + 4iw] My 5

+

@ Introduce more structure: isospinors u;- inert under J,

{Df, Dg} = 4wt M5,
(utu ) =utlus £0, Di=ufDi, JH= uiiujiJ"j
when @ is a Lorentz scalar superfield, consistently impose
DgQ(z, vty =0, analyticity condition

Depending on the choice of u,.i, and the properties of @, such as
his u* dependance, we will have HS or PS.
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Ads®I8 Projective Superspace

AdS®!® Projective Superspace

o Now consider the isospinors u: with (u;~, u;t) € GL(2,C)
@ Projective superfields: analytic and depends only on u,-+

D} QM(z,ut)=0, DTTQM =0, zeAdS’®
03:QM = —(£+ pJ) Q)
@ Need u;: (utu™) # 0 to consistently realize the action of J:
(n) — t+p—— —nJt—) QW
1QW = — A (5D =yt )l

QM =0, & Q(z,cut)=c"Q"(z,uT), ceC

Dt =uti 2, DT =y 2
o Q("(z,u") is a homogeneous function of u™ of degree n
— s a tensor field over CP! (ut ~ cut)
o we define Q(”)(z, u™) as a projective multiplet of weight n

Important: no smoothness on the ut dependance of Q("(z, u™)
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Ads®I8 Projective Superspace

More on multiplets in projective superspace

@ Restrict to the north chart of CP': utl +#£0

QU (ut) = (u*l)"o["l(d QM) =Q"(1,¢)
QM(z,¢) = Z QPl(z)ck

k=—00

where Q,[("](z) are in general unconstrained AdS®/® superfields.
o Now analyticity condition D} Q(") = 0:

DiQl(¢) = ¢P3Q(0) . Di! = Dia),

If the expansion of QI"(¢) terminates from below or above then
some Q"(¢) became constrained.
Classification of multiplets in terms of the beahviour of the series
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Ads®I8 Projective Superspace

Projective action principle (flat case)

@ In 5D flat PS: [S.M. Kuzenko (2006)] generalizing 4D PS
[A. Karlhede, U.Lindstrom, M. Rotek (1984)], [W. Siegel (1985)]

Invariant under projective transformations (S independ of u™)

a o0

(i, ut) = (i ,u")R, R= ( b

) € GL(2,C)
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Ads®I8 Projective Superspace

Projective action principle in AdS®® (1)

o In AdS®8: DI £t+ =0, LTH(z, cut) = 2L (z, u),
Ansatz ((D~)2 = D% D

1 udut! Al
s = —me/df’xe[(p )
LB wI (D) + B (wJ”)2] £ (z, u™)

)

with 51 and 2 some coefficients (to be determined).
@ Work in Wess-Zumino gauge

R 1 2.
= V3= e"(x) O + ZwsC(x) My,

Ds 5

3 is the covariant derivatives of 5D AdS space

[Vg,VB] = —w2J2M§B
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Ads®I8 Projective Superspace

Projective action principle in AdS®® (I1)

@ Impose projective invariance = (5 = —i125/24, 3, = —18
@ Supersymmetry 0¢S = 0 leads to the same restrictions

(much more involved computation)

Then the projective and SU(2,2|1) invariant action is

1 v du™’ 5 A4
? - —zw?{oﬁu—w/d“[@ )

25 A
— W) (D7) + 18 (wIT7)?

(i, ot
24 L (zu )’
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Ads®I8 Projective Superspace

Some models

Within the previous formalism, it is possible to formulate in AdS°/8
projective superspace [S. M. Kuzenko, G. T.-M. (2007)]:
@ Superconformal tensor multiplets models

[A. Karlhede, U. Lindstrém & M. Rotek (1984)], [N. Berkovits &
W. Siegel (1996)], [B. de Wit, M. Roek & S. Vandoren (2001)]

in D=5 flat projective superspace [S. M. Kuzenko (2006)]

@ hyperkahler sigma-models on (tangent)cotangent bundles of
Kahler manifolds.
[S. M. Kuzenko (1998)], [S. J. Gates & S. M. Kuzenko (1999, 2000)],
[M. Arai & M. Nitta (2006)], [M. Arai, S. M. Kuzenko & U. Lindstrém
(2007)]

@ Superconformal (charged) hypermultiplets sigma-model
[S. M. Kuzenko (2006)]

@ Vector multiplet, Chern-Simon couplings and vector-tensor
dynamical systems
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N =1 SUGRA in projective superspace

5D off-shell SUGRA in projective superspace?

How to generalize to a 5D N = 1 supergravity theory the previous
construction?

@ To our knowledge the off-shell geometry of 5D " minimal”
SUGRA in superspace has been studied only in [Howe (1982)]
generalizing 4D N = 2 minimal Poincaré SUGRA of

[Breitenlohner, Sohnius (1980)]
Then let us start with the 5D SUGRA geometry of [Howe (1982)]
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5D N = 1 SUGRA in projective superspace

Geometry of 5D N = 1 off-shell Poincaré SUGRA (1)

@ The tangent-space group is chosen to be SO(4,1) x SU(2)
The superspace covariant derivative D; = (D, D}) are

N 1 5.
_ M b kI
Da = E370p+ 5957 My + @55 Ju + V3 Z

E;\M(z) is the supervielbein,
o Q,77(2) is the Lorentz connection,
o [Ju, Dil = —6(,Dpa, and ®,¥(2) is the SU(2)-connection,
o Z areal gauged central charge with connection V;(z)
@ The covariant derivatives obey the anti-commutation relations

. 1 o~
_ C kl d
[Da:Dg} = Tag D¢+ Rag Ju+ 5Rag™ Moy + FapZ

° 7-2\36 are the torsions,
o Ry" and R3¢ SU(2)- and SO(4,1)-curvature,
o Fj;z the central charge field strength
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5D N = 1 SUGRA in projective superspace

Geometry of 5D N = 1 off-shell Poincaré SUGRA (II)

Supergravity gauge group is generated by the local transformations:

Dy — Dy =eDye ™™ K=K (2)Dp+ K& (2)M,y+KH(2) Jy+7(2)Z

Given a tensor superfield U(z), it transforms as follows:
U— U =efU

@ Now, following Howe, we use the SUGRA constraints

Téxjg = _215ij(re)@§ ) F&Jﬁ = —216'78&5 , (dimension-0)
TAJBZ = Té; Be = Fé 5=0, (dimension-1/2)
Tp© = Téﬁ(jék) =0 (dimension-1)

Solving the superspace Bianchi identities we derive the 5D algebra
of covariant derivatives (which was not given by Howe)

Towards 5D curved projective superspace Gabriele Tartaglino-Mazzucchelli



= 1 SUGRA in projective superspace

SUGRA covariant derivatives algebra

(Do Dy = 2Dy —aicle 57
. ij okl . <3b ij
+3ie,557 M g = 21(5%) 4 (Fap + Nyp ) J
_dipeda, 1 jj_abedey, oy g sciipg L
—iegpe F M,y + —e’¢ Néb(rc)&BMdéJrMS M&ﬁ s
; 1 . 1 b A 1 de bre A
R _ “ra .Yl kK _ = R Rei _ = . dé bty ¥
(D5, DL = (M) SkDs = D Fy(T);7 D 5 CabeaeN™ (25 Dl
. 5 O 1 O
+(—aE,y L)t — L) NG ) g
+(}(rﬁ)&’:{'DuF N E(rA)A rD’YJngd E(FA &’AY(;SD;@J'FAA
2 El &[3_2 3lga - ) Q a&p
S 1 PO
M) axDPIFEY 50 _ 2.y, DPIEYS R
+5T2)pa PPFAT 55 — ~(13)5, DY F YMss s
. - Ly k _ 1 patkph
[D;, D3] = E(DkFég)D,Y—g(D D2 Fy) i+ FypZ
(e =) Do - R v vy D) v
(;Emhdé[a( )«75 B - 5( d[a)aa e *;( )«73 da''be
1 de ik ed 1 i 48
5 TN NG, + L DEDg Py — (555 Fae Py + ~(%3) 355 S )M
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= 1 SUGRA in projective superspace

SUGRA covariant derivatives algebra

(DL D} = —2iefD y—aicle 2

&

&d F) & 2
2Dy = %(rg)@%jwf‘f - % Fap(r) D - %Eaaaa@’\’aé(iz’e)/;%p%
+( - 35sz36, + g(ré)éagkfﬁ/ B %(rs)ﬁ&&JkNA')Ju
(DD = S DVF - L) el DR,
+—(rs)ﬁ&DﬁJF“5§ - %(ré)BﬁDﬁJFaS)Mw ’
[Pa; Dl = %(D;?FQE)D’Q, - %(D‘*(kbgFaﬁ)Jk/ +FyZ
(E7) 5 D™ = 2 ()Mol + (), 55,

FS ik ed 1 i 56
(3)5 8N Ngg + 3 DA Dy, Fogy — (5590 5 Fae g + - (73555 s,j)M

You see the AdS®I® algebra: Si = Ji, U(1) J = JK
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5D N = 1 SUGRA in projective superspace

Some comments about the algebra

@ Algebra is parametrized by 3 superfields:

Si = git, N,; = —Nj., F,;, = —Fj, (the central charge field

strength) and covariant derlvatives of them
e fy;, Ny and S are constrained by the Bianchi identities.

@ For example: a very important constraint is
Dhsl = (z 5); VD) (3F%P 4 N?)  — DS 0

S¥is a 5D O(2) tensor multiplet
Note: introduced uii, it follows D&LSJer =0,D,5 =0
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5D N = 1 SUGRA in projective superspace

Projective superspace

The construction works with few generalization of the AdS case.
First note

(DD} = —4i (Fag + Nag) I + 415 M,
We define scalar projective superfields of weight-n as
o field over CP?
Q(z,cut) = " QM (z,u"), ceCr

@ infinitesimal gauge transformations

6Q =6 = KQ = (KEDg + KUy +72) Q1
1 - — n
7(u+u—) (u&uf;D —nu&u/))Q( )

@ Analyticity condition:

Ju @™ = —

+0o(n) —
DLQM =0
which is consistent ({Dg,DE}Q(") =0) due to JTHQ(M =0



5D N = 1 SUGRA in projective superspace

Projective action principle in Wess-Zumino gauge (1)

. . )
Dsl = Va4V (x)Dh|+ ¢"(x)Ju +Va(x)Z,  Dj|= 507
Here V3 are space-time covariant derivatives,
. 1 s
Vs =e;+ws R €3 = egm(X) aﬁ, s Wy = 5 Wg,bC(X) MB?:

with e;™ the component inverse vielbein

w3P€ the Lorentz connection

Wg,z is the component gravitino

#3K = d4¥| SU(2) connection

V3 = V3| central charge gauge field (graviphoton)
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5D N = 1 SUGRA in projective superspace

Projective action principle in Wess-Zumino gauge (I1)

Remember that in the AdS®/® case the action was uniquely fixed
by two independent requirements

@ Projective invariance (computationally much simpler)

e Isometry SU(2,2|1) invariance
Once implemented the consequences of the Wess-Zumino gauge,
with the lagrangian £ (for simplicity ZLT+ = 0)

e an analytic DI LT+ =0

o weight two LT F(cut) = 2L+ (u™) projective superfield
compute the projective variation (6§D, = bDY) of

1 udut! 5
S = f ey

and iteratively add terms to impose projective invariance
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5D N = 1 SUGRA in projective superspace

Action in Wess-Zumino gauge

~2is(p )

The projective invariant action
—y¢ 4 Lyabi-p-p-p-
[(D ) + v DDy - o

1 urdu® 5
S—__— ¢ 1=
2T ?{ (utu)* /d xe
3by Avp B—1ly 6——y— 1 aB——gmy—m— abya - & — y—
—2(2) WV T DEDy — o PTTDID; +4(E) s Wy T D;
WA DS 41857 TS

—61 7 () 4 s W WP e 4 18 (zﬁf’)déwg‘iwif’s} ﬁ**’

expected to be Locally supersymmetric action.

Note that the existance of such action is highly non-trivial and is

also a consistency check of the algebra



5D N = 1 SUGRA in projective superspace

Action in Wess-Zumino gauge

The projective invariant action

expected to be Locally supersymmetric action.

Note that the existance of such action is highly non-trivial and is
also a consistency check of the algebra

Note that the covariant terms are the one of the AdS action
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Outlooks

Conclusions and Outlooks

@ For the first time a formalism of curved projective superspace

o 5D N =1 AdS superspace
o 5D N =1 Poincaré SUGRA (to appear)

@ Several open questions:
e Wess-Zumino action useful because ready for a general
component analysis
besides WZ gauge: manifestly supersymmetric action principle?
e What about 5D Weyl multiplet and conformal SUGRA?
e Applications and D < 67
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