Differential inversion of V1 non-linearities
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Abstract

The current models of early visual processing in the human brain consist
of a linear wavelet-like transform of the image followed by a compressive non-
linear mapping that accounts for the masking and adaptation phenomena.
The use of this set of transforms in both directions, direct and inverse, has a
variety of applications in neuroscience and image processing.

However, the non-linear part of the model is particularly difficult to invert.

In this work we analyze rigorously a differential method to invert the non-
linear part of the current V1 model, originally proposed in [1]. The existence
and uniqueness of the solution, the conditions to ensure the invertibility and
the convergence rates with regard to conventional gradient-based methods to
solve non-linear equations are analyzed in the context of the divisive normal-
ization model of the non-linearity. However, the most appealing feature of
the differential approach considered here is that it does not depend on the
particular functional form of the non-linearity but on its local (differential)
properties. Therefore it can be applied either to recently proposed models
which are non-parametric or to more complex parametric models that may
appear in the future.

1 Introduction
The standard model of human low-level image analysis has two basic stages [2, 3, 4],
a1ty (1)

in which the input image, a, (array of luminances in the spatial domain) is first
transformed into a vector, ¢ = T - a (with components ¢y, f =1... M), in a local
frequency domain (the transform domain) using a linear filter bank, T' [5, 6, 7).
Then, a set of mechanisms responds to each coefficient of the transformed signal
giving an output, r = R(c), which is the image representation in the response
domain [8, 9, 10, 4, 2].

The linear transform should be a local-frequency representation as is commonly
used in transform coding (e.g., block-DCT or a wavelet filterbank). It is well known
that the perception of errors in coefficients of local frequency or wavelet repre-
sentations is not independent, a phenomenon known in the perceptual literature
as masking [2]. Specifically, the presence of large coefficients can reduce the vis-
ibility of errors in coefficients that are nearby in position, orientation and scale.



The linear coefficients may be modified so as to more accurately represent percep-
tual distances by normalizing (dividing) each coeflicient by a gain signal obtained
from a combination of adjacent coefficients [11, 12, 2, 1, 13]. This is consistent
with recent models of neurons in visual cortex, in which primarily linear neural
responses are modulated by a gain signal computed from a combination of other
neural responses [14, 8, 9, 10, 4]. So, the second stage, the divisive normalization
stage describes the gain control mechanisms normalizing the energy of each linear
coefficient by a linear combination of its neighbors in space, orientation and scale:
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Particularly, this response model, the energy-normalization model, is that of Refs. [4,
15, 2, 16]. Each coefficient ¢; is first rectified and exponentiated. Each of the re-
sulting values are then divided by a weighted sum of the others, where h;; is the
set of weights that specify the interactions between all the coefficients of the vector
¢ and coefficient ¢;. The sign (or phase, in the case of a complex-valued transform)
of each normalized coefficient, is inherited from the sign of the corresponding linear
coefficient, sgn(c;).

Other models could be also considered, both more complex parametric models
that may appear in the future and models which are non-parametric, as those
recently proposed [17].

In general, these non-linear models share a common problem: the difficulty in
inverting them, which is necessary in variety of applications in neuroscience and
image processing, such as image compression.

In this work we analyze in detail a differential method to invert the non-linear
part of the current V1 model (eq. 2), originally proposed in [1]. In section 2 the
method is presented in detail. The existence and uniqueness of the solution and the
conditions to ensure the invertibility are also studied. The method is analyzed in
the context of the previous divisive normalization model and it is compared with
conventional gradient-based methods to solve non-linear equations in section 3. The
paper finishes in section 4 with some concluding remarks.

2 Differential inversion

The idea here is putting the inversion as an initial value problem [18]: given a known
stimulus-response pair, (cg, 7o), the stimulus -the transform-, ¢, that gives rise to a
particular response, 7, can be obtained propagating the initial value (co,79) using
the differential behavior,

de=VR™'(r") - dr (3)

i.e., solving the integral:
c=co+ / VR ') - dr’ (4)
T0

where VR stands for the Jacobian matrix of the transformation R.

This initial value problem can be solved because for each particular point in
the integration path, the unknown jacobian, VR™!(r’), can be computed using
VR (r") = VR(d)™L
Even though an accurate Runge-Kutta integration of eqs. 3 and 4 is needed, it is
worth to take a look at a naive Euler integration of eq. 3 in M steps:

Cn) = C(n—1) + VR(c(n_1)) " - dr (5)



where the increments in r are given by dr = (r — rg)/M. We quote this result
to stress the similarities and differences with the standard gradient-based search
procedures.

2.1 General invertibility condition

The differential method requires the differential equation 3 to be integrable. The
existence and uniqueness of an initial value problem is guaranteed if the jacobian
to be integrated, VR™!, is bounded for every step in the integration path [18].

3 Inversion of the divisive normalization

In order to check the behavior of the proposed method, the procedure is used to
invert the previous non-linear model (eq. 2).

Firstly, the parameters values used are introduced in section 3.1. Secondly, the
conditions for invertibility of the divisive normalization are studied in section 3.2.
Finally, the results are compared with a conventional gradient-based method to
solve non-linear equations in section 3.3.

3.1 Parameters of the divisive normalization

For this paper, we use a 16 x 16-point block DCT for the transformation 7. The
main results are general, and would apply to wavelet-style filter bank representations
as well.

There are three basic sources from which one can obtain the normalization
parameters: psychophysics [19, 2, 20], electrophysiology [4] and image statistics [21,
22]. In the psychophysically-inspired divisive normalization considered in this paper,
the parameters are chosen by fitting data from human vision experiments, using a
method similar to that of [19, 2]. As in [2], we augment the standard DCT with
an additional scalar weighting parameter, «, accounting for the global sensitivity to
the frequency range represented by each basis function (the CSF [23]). Thus, the
transform coefficients, ¢;, are given by:

where Tj; are the basis functions of the linear transform that analyzes the image a;.
The amplitudes of the DCT are expressed in contrast dividing the coefficients by
the local luminance. Similar contrast measures have been proposed in the literature
in the context of pyramidal decompositions [24, 25, 26].

The parameters of the normalization are determined by fitting the slopes of
the normalization function in eq. 2 to the inverses of the psychophysically measured
contrast incremental thresholds for gratings [19, 2]. The values of «, § and h that fit
the experimental responses of isolated sinusoidal gratings [27] are shown in figure 1.
In the same way, the exponent was found to be v = 0.98.

Given an image, a, of size N x N, if T corresponds to a non-redundant basis,
the size of the vectors ¢, 7, o, 5 is N2. The size of the matrix, hij, is N2 x N2
For redundant bases the dimensions will be bigger. Considering these sizes, an
arbitrary interaction pattern in the matrix A would imply an explicit (expensive)
computation of the products ; hij lc;|7. Fortunately, the nature of the interactions
between the coefficients is local [2, 28], as shown in figure 1. This fact induces a
sparse structure in h and allows a very efficient computation of j hijlei|” using
simple convolutions. Since our experimental data don’t constrain the shape of the
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Figure 1: Parameters «, 8 and (three examples of the interaction kernels in) h that fit the
contrast incremental threshold data for the DCT case. The different line styles represent
different frequencies: 4 cpd (solid), 8 cpd (dashed) and 16 cpd (dash-dot). The bottom
right figure shows some examples of the normalized response as a function of coefficient
amplitude, on a zero background.

interaction function, following [2] we assume that each row of the matrix h has a

Gaussian form over scale (spatial frequency) and orientation. Specifically, we set
the kernels h;; as,

hy = exp(—lfi — fi2/o%)
1
op = lfil+005

where f; and f; are 2D vectors that represent the frequency (in cycles per degree)
of the elements i and j. The distance |f; — fj|2 determines a circular neighbor-
hood in the 2D frequency domain that relates coefficients of similar frequency and
orientation.

For other bases of interest such as wavelets, the normalization model can be
extended introducing spatial interactions in the Gaussian kernels using the results
reported in [2] or [28]: the spatial extent of the interactions is about twice the size
of the impulse response of the CSF.

3.2 Invertibility of the divisive normalization

Let D, and Dg be diagonal matrices with the absolute value of the elements of r
and ( in the diagonal, then from eq. 2 it follows:

"=~ D,-h)™" Dy - |r] (6)

st)



where the absolute value and the exponent v are applied in a element-by-element
basis. As in eq. 2, the sign (or phase) of each coefficient, ¢;, is inherited from the
sign (or phase) of the corresponding normalized coefficient, r;.

Note that an analytic solution is possible in this particular case. However, the
proposed method is applicable to more complex non-linearities, R, even if they are
not analytically invertible.

As said, the differential method requires the differential equation 3 to be inte-
grable. In our case from eq. 6, we have:

N2
1 _ _ oI
= sgn(ri);|ci|1 "1 (I-D,- h)ijlﬁj + Z (
1=1

VRl — IR (r);

—D,-h)
i or; :

-1
ar; L3y
(7)
which involves the matrix (I — D, - h)~*.
Therefore, to ensure the existence of the solution, the following condition has to
hold.
Let V and X be the eigenvector and eigenvalue matrix decomposition of D,. - h:

D, -h=V-\-V!
As we show below, the invertibility condition turns out to be:
Amaz = maz(X;) < 1 (8)

According to eq. 7 the matrix (I —D,.-h) has to be invertible, i.e. det(I—D,-h) # 0.
However if some eigenvalue, \;, is equal to one, then det(A\;I— D,.-h) = 0. In theory,
it would be enough to ensure that \; # 1, but in practice, as the spectrum of D,.-h
is almost continuous (see the examples of Fig. 2), the matrix is likely to be ill-
conditioned if the condition 8 does not hold.

We have empirically checked the invertibility of the normalization that uses psy-
chophysically inspired parameters for the local-DCT by computing the maximum
eigenvalue of D, - h over 25600 blocks randomly taken from the Van Hateren nat-
ural image data set [29]. Figure 2.a shows the average eigenvalues spectrum and
figure 2.b the PDF of the maximum eigenvalue. In this experiment on a large
natural data base the maximum eigenvalues are always far enough from 1. These
results suggest that the normalization with these parameters will be invertible, and
it will remain invertible even if the responses r undergo small distortions such as
quantization.

3.3 Experimental results

In order to check the performance of the differential inversion, several experiments
are carried out. Moreover, a traditional gradient-guided search is also quoted here
to stress the differences of the differential procedure with a standard root-finding
method that uses equivalent information.

3.3.1 Standard gradient-based search: root finding in non-linear equa-
tions

Obtaining ¢ from eq. 2 can be also formulated as a non-linear root finding problem:
we have to find the vector ¢ that minimizes the error |[r — R(c)|. The standard
techniques to solve these problems involve a gradient-based iterative search such
as the steepest descent or the Newton-Raphson methods [30]. For example, the
evolution of the steepest descent solution is:

Cn) = Cn-1) + H(n1y - VR(C(n-1)) - (r = R(c(n-1))) (9)
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Figure 2: Behavior of D, - h for a set of 25600 blocks taken from the Van Hateren data
base [29]. (a) Average eigenvalues spectrum. Dashed lines represent the standard deviation.
(b) PDF of Amax

where u?ﬁ ; is the factor that minimizes the error in each step.

The differential technique to solve R~!(r) is an alternative to these standard
methods. The way in which the problem is posed and the fact that the convergence
to the solution is theoretically guaranteed (provided some condition holds, see sec-
tion 3.2) make a difference in the proposed technique. However, the resemblance
of the Euler integration, eq. 5, with a gradient-guided search, eq. 9, suggests that
the proposed method should be compared with the minimization techniques that
use the same information. On the other hand, the proposed procedure would be
pointless if the problem of the inversion were so easy that could be solved by a
straightforward minimization. To prove that this is not the case, next we com-
pare the performance of the differential technique with a standard steepest descent
method.

3.3.2 Inversion results

Figure 3 shows the average error of the reconstructed image-block as a function
of the number of gradient computations (each step of the 4*"-order Runge-Kutta
method uses 4 gradient computations). For this test we used 2560 blocks and
different initial guesses.

This experiment shows that the steepest descent method cannot successfully
solve the problem because it gets trapped in local minima (far from an acceptable
solution). This suggests that the inversion problem is not trivial. The error surface
may have multiple different local minima as suggested by the fact that the solution
depends on the initial guess. On the contrary, the proposed technique achieves
better solutions, faster, and regardless of the initial conditions.

The convergence of the proposed method can also be seen through the inverted
images for different number of steps: 1, 2, 4, 6, 8, 14 19 and 25. Figures 4, 5, 6 and
7 show the inversion for different well-known images, when the initial condition is
the average DCT block in the training set.

According to these experiments, we could conclude that the proposed method
achieves the inversion (with a non-significant distortion) of all blocks, in few steps
and not depending on the initial conditions.

For the majority of blocks, an acceptable inverse is obtained with a small number
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Figure 3: Error of the inverse using the steepest descent method (upper thin lines) and the
differential method (lower thick lines). The different line styles indicate different initial
conditions: average DCT block in the training set (dotted lines), flat spectrum (dashed
lines) and 1/ f spectrum (solid lines).

of steps (around 4), it does not matter the initial conditions. Only few blocks need
a higher number of steps, but 25 steps have never been exceeded. Therefore, the
method does not seem sensitive to the initial conditions, the final distortion depends
on the block itself.

4 Concluding remarks

In this paper, a differential method for inverting the non-linear part of the current
V1 model is proposed. This numerical inversion algorithm is general and applicable
to more complex non-linearities, R, even if they are not analytically invertible. This
allows to use the ideas proposed here with more complex perceptual models that
may appear in the future. The only requirement is to compute the jacobian VR.

The method has been applied to invert the divisive normalization (eq. 2). The
results indicate that the inverse is achieved in few steps, not depending on the initial
conditions. Moreover, the error of the inverse using our method is dramatically
reduced compared with when the steepest descent method is used.
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