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346 J.14. BERNARDO

give information about 8. Suppose that we are interested 1n the value of some

real function U=0(9) of the parameters. Without loss of generality, one may assu ¢
me that ¢ is the first component of 8, for otherwise an appropriate transforma-

tion couwld ke made to achisve such a sitvation. Then, 8=id,w), w=iwi,wz,....wkt.

The pasic idea underlying our construction of a reference posterior distribution
for ¥ is as follows. First, generalizing earlier work by Lindley (1956), the ex-
pected information atout ¥ to pe provided by % when the prior density of 8§ is

p18) 18 defined to ke
z,pe) ) = ”p(z.@) Logf’,%’if_}c.s az

vhenever the integral exists. Similarly, the residusl expected 1nformation about
each of the mi?s when P 1s known may be defined as

iz ey - ”pm,e) mgppL’;jJ?", lﬁ’ as az

Hewr, Let Ein) pe rpthe experiment wnich consists of » independent replications of
E and consider IY{E(n),p(8)}}, the expected information about ¢ to be provided by
E{n) when the prior density of &={y,w} is p(@)=p (P pw|y) . By performing infini-
te reElications of E one could expect to know 0, and thereforxe ¢. Thus, the mum—
per T¥{E(»),p(8}}, if it exists, measures the amount of misgrng wnformation about
¥ that one could abtain by repeating F when the prior is p(8). It seems natural
to define diffuse opimions asout Y relative to F as those described by that cen-
sity w(y) maximizing the missing rnformation avout 4, TVE(e),p(8)}, for any fixed
piw|y), providing suen a aénsity exists.

ALL prior censities of the form wip)p(w|y) will be called w-diffuse relative #o E:
they differ in the opinions they describe apout the value of w given . We propo
se to select as reference pricr the more 'y-diffuse’ awmong them that we define
to be the on? maximizing each of the missing residval informaticns about the wi's
given ¢, I% lpi’E‘(@u),1rl1p)a;'(f.u||,b)}, when the marginal prior of § is wiyY), providing
such a density niw|y) exists. The reference posterior distribution of P will be
that cbtamed by the formai use of Bayes theorem with the reference prior wig)=
=TI Tiw|P) just described. -

Only & slight generalization of earlier work by Stone (1958) 18 necessary to es-
tablish that if, as is usual, the posterior distribution of y is asymptotically
normal with precision s, (B} where § is the mecamum likelihood estimator of §
then for any positive prior pt(g), i.e. such that p()>0 for any 8, and nee,

1/2
v =1 n 10g 8
I {E(?’” rp(e)} = Zlogj{ew + p(@) log Wdﬁ + o1}
It follows (Bermardo, 1976} that if s, {6) may be deccmposed such that

. h(@)l/2 = i) flw)
then the missing information acout o Is mesamized, for any fixed plu|) , when
plp)=m () .

Similarly, if the posterior distribution of w. given ¥ 18 agymptotically normal
with precision sug (8) and “
h{(ﬁ)l/z = izl g8k}

where £} contains all the components of § except uw,, then the missing information
B0OUL wg gaven g is waximized wnen plwg|pi=wiwg) Tor any fixed plujlv:, j#¢, am
for any fixed 7(g). Therefore, in such a case the Y-reference prici 1is -

mo I m deg) }
and the reference posterior for ¢ is that obtained from such a prior.
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THE FEFERENCE POSTERIOR CF THE RATIO OF TWO MRANS

Consider again the Fieller—Creagy problem. Here, &={y,n,6} and y=./n. The problem
may ce reparametrized in terms of U={y,n,0). It is kmown (Walker, 1968) that the
posterior distribution of ¢ 1s asymptotically normal with precision matrix #F(7)
where § is the maximum likelihood estimator of z and F(T) 1s Fisher's informa-
tion matrax of typical element

3¢
- —_ dz
’p‘z‘maCiBE;j logpwlt)

In this case, the matrix is easily found to be

¥ [n* om0
rin| = P n 1+ 0
1 0 0 4

It follows that the asymptotic posterior distribution of ¢ amd those of 1 and o
gliven y are normal with respective precisions (see e.g. Graybill, 1961, cn. 3)
nag (8, nan (8), wa (8), winere

i -2
#n (L) =n2fl+1.p2) L5

-2
m ) = (IHp?)o
Ra () = 4O’~L
Thus, the y—diffuse densities are those of the form

=1/

2
ppm.o) = (4™ “pin,old)

and the y-reference prior 1s ﬂ(w,n,o}:(lwz)_l/ Zc"l or, in terms of the original
parametrization
. =1/2 -1
mmear = {ufm?) o (1}
The reference posterior distribution of y=u/m after the samples o={m; Lz ... s

and YY1 a2 rym: NEVE Deen observed may now be produced via Bayes Theorem.
Our reference prior combines nicely with the likelihood function so that, unlike
the posterior density for ¢ obtained from the usual prior piy,n,g)l=c™+. the re-
ference posterior distributicn for | may be obtained in closed form.

Indeed, the joint density of the two samples is

- Dt ' )
(n'v'm]/zc \nmlepr; SZM(E—u)‘#-m@—h)‘]

plesylum,ol = 2m (2}

vhere ©=Lef/n,§~Iyi/m, and SP=I(p;~%)*+I(y;=5)? Combining (1) and (2), the joint
posterior density of 8={u,n,c} is

1/20— {7+ 1)

pl,n,o|eyl = uine) explﬁ-iszm (Z-u) (E—n)Q}}

so that, since the Jaccbian of the one~tc-one transformation from §={u,n,c} to
=y, .0t 15 1/)n| . the joint posterior censity of r=l¢,n,0} is

—1/20— thn+L)

PTG z,y) o« (LHpF) xp{ﬁﬂssz:‘c—w”m(g—n) 2}] (3)

Using gamma-related integral results, ¢ 18 easily integrated out from (3) to get

— [ By 2] —
P ey o (et T2 g7 IR } {2

e _mgwn&wzr‘”*m’/z
' 2 {E-]7) mhpdy
m+ U

[ie
N 8

(4)
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