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Appendix A

Summary of
Basic Formulae

Summary

Two sets of tables are provided for reference. Thefirst recordsthe definition, and
the first two moments of the most common probability distributions used in this
volume. The second records the basic elements of standard Bayesian inference
processes for a number of special cases. In particular, it records the appropriate
likelihood function, the sufficient statistics, the conjugate prior and correspond-
ing posterior and predictive distributions, the reference prior and corresponding
reference posterior and predictive distributions.

A.1 PROBABILITY DISTRIBUTIONS

The first section of this Appendix consists of a set of tables which record the
notation, parameter range, variable range, definition, and first two moments of the
probability distributions (discrete and continuous, univariate and multivariate) used
in this volume.
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Univariate Discrete Distributions

A. Summary of Basic Formulae

Br(z|6) Bernoulli (p.115)

0<d<1 z=0,1
pla) = 67(1— 6)'
Elz] =6 Viz] = 0(1 - 0)
Bi(x|6,n) Binomial (p.115)
0<f<l,n=12,... z=0,1,...,n
n X n—=r
o) = (M)ora-0)
Elz] = nb V]z] = nb(1 —0)
Bb(z|«, 5,n) Binomial-Beta (p. 117)
a>0,>0,n=12,... z=0,1,...,n
_ (" . o T(a+ 0)
) = (et (@0 —2) = T (B a+ 5+ )
B o ~ naf (a+B+n)
Bl =n373 = G e+

r=a,a+1,...,b
a = max(0,n — M)
b = min(n, N)

(N+M)1
c:
n
nNM N+ M —n
(N+MZ2N+M—1

Vil =
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Univariate Discrete Distributions (continued)
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Nb(z |6,7) Negative-Binomial (p. 116)

0<f<1,7r=1,2,... r=0,1,2,...
r+x—1 - s
p(x)—c( re1 >(1—9) c=190

1-46

El[z] =r0 Vizg]=r B

Nbb(z | o, 5,7) Negative-Binomial-Beta (p. 118)

a>0,3>0 r=12... r=0,1,2,...
oy =e(7H571) _ et 1)
r—1 Fa+p+r+a) T(a)T(B)

B B a+pB+r—1 rf3

Blel=7—7 Vil= (a—2) (@—1)(a—2)

Pn(z|\) Poisson (p. 116)

A>0 z=0,1,2,...

p(x) =c % c=¢e?

Elz] =X Vizg] = A

Po(x | a, 5,n) Poisson-Gamma (p. 119)

a>0, >0 v>0 r=0,1,2,...
~ T(a+ux) vt B

A= e ")

Ela] = y% Viz] = % {1 + %]
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Univariate Continuous Distributions

A. Summary of Basic Formulae

Be(z|a,3) Beta (p.116)

a>0,8>0

p(z) =c 2z 1(1 —z)’!

O<zr<l1
_ I(a+ B)
L(a)L'(3)

Viz] =

af
(a+B)(a+B+1)

un(z|a,b) Uniform (p. 117)

b>a a<x<b
p(a) = c=(b—a)"
Elz] = 1(a+1b) Viz] = 5(b—a)?
Ga(z|a,3) Gamma (p.118)
a>0,8>0 >0
p(z) = c x0 e " c= F?a)
Elx] = ap! Viz] = aB™
Ex(z|0) Exponential (p.118)
0>0 z >0
p(x) =ce™™ c=0
Elz] =1/6 Vir] =1/6°
Go(z |, B,n) Gamma-Gamma (p. 120)
a>0,>0n>0 x>0

(2) = ! _ 8% T(a+n)
P = By T(a) T

_ B _ A +n(a-1)

El[x] =n——v Viz] = (a—1)2(a—2)
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Univariate Continuous Distributions (continued)

*(x|v) =x2 Chi-squared (p. 120)

v>0 z>0
’ 1/2)1//2
— (v/2)-1_,—z/2 — (
p(x) =cx e ¢ (/%)
Elz]=v Viz] = 2v

x*(x|v,\) Non-central Chi-squared (p. 121)

v>0,A>0 x>0
p(x)zZPﬂ(i‘%)xz(xW—FQi)

=0
Elz]=v+ A Viz] =2(v +2X)

lg(z |, ) Inverted-Gamma (p. 119)

a>0,0>0 x>0
p(@) = ca @B/ o %

__b _ B
Bl =05 Vi = ey
x Yz |v) Inverted-Chi-squared (p. 119)
v>0 z>0
p(r) =c g w/2+1) g =1/202 c= %{3}:;

1 2

Blel =75 Vil = o =2p0 -0
Ga (x|, ) Square-root Inverted-Gamma (p. 119)
a>0,0>0 x>0
p(iC) =c x7(2a+1)eﬂ3/w2 c= %

N \/BF(a —1/2) _ B 2
Bl = YT Vie) =~ ~ Bla)
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Univariate Continuous Distributions (continued)

Pa(z |a,3) Pareto (p. 120)

a>0,8>0 B <z <400
p(x) = ¢ a= (@t c=ap*
_ Ba _ ﬂQ(x
Elr] ==, a>1 Viz] = "iPey @ 2

Ip(z|a, B) Inverted-Pareto (p. 120)

O[>0, ﬂ>0 O<l’<671
p(r) = ca®! c=ap”
Elz] =8 ala+1)"! Viz] = B 20(a+ 1) 2(a+2)"!

N(z|p,A) Normal (p.121)

—00 < < 400, A >0 —0 < x < 400
p(z) = c exp{—i\(z — p)*} c= N2 (2r)71/?
Elz] =p Viz] = A71

St(x | p, A\, ) Sudentt (p. 122)

—oo < pt <400, A>0,a>0 —00 < T < 400
_ —(a I(3a+1 A\ 2

p(x) = c [1+a Aa —p)?] 2 c= 7(?((0;0[) ) (E)
Elz]=pu Viz] = X la(a —2)71
Flz|a,B) =F,p Snedecor F (p. 123)
a>0,8>0 x>0

B xa/271 B T (%(a +ﬁ)) aa/?ﬂﬂ/?
P = G e SRR TCFIEY)

_ b _ 2 (a+B-2)
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Univariate Continuous Distributions (continued)

Lo(z|«,3) Logistic (p.122)

—o<a<+4oo, >0 —00 < x < +00
p(z) =8 exp {7z —a)} [1+exp{-F " (w—a)}]
Elz]=«a Viz] = °m*/3

Multivariate Discrete Distributions

Mu(x | 6,n) Multinomial (p. 133)

0= (61,...,6;) T = (1,...,2k)
0<6 <1, 2’;:10[9 Siya<n
n=12,. z; =0,1,2,...
k+1 k k
p(x) = k+1 He” Or1=1— Z@, Ty =N — er
=1 =1
E[l‘b] = n9i V[Z‘L] = n97~,(1 — 9[) C[l‘i,xlj] = —n&ﬂj

Md (x| 6,n) Multinomial-Dirichlet (p. 135)

a:(a17"'7a/€+1) m:(mla"'axk‘)
a; >0 z;=0,1,2,...
n=12,... Y <n
frl e n!
e =e] 157 e
=1 (Ze+1 aﬂ)
ol =TT (a+€-1) Thor =n— Y @
k+1
n—&-z
Elx;] = np; Vi) = = ZLH npz-(l — i)
o n+zk+l

C’[:Ly—,x]-]

PSR ’ Ty
(=1
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Multivariate Continuous Distributions

Diy(x| ) Dirichlet (p. 134)

a:(al,...,akH) a::(xl,...,xk)
a; >0 O<z <1, S,z <1

k k+1
« -1
( Zx‘) k+1~ /?4 1 = (Ze )
=1

Trhtl N
1/;11 ()

=1
a; Elz](1 — Elxi]) —Elz|Elz)]

Elx;]) = Vig)]] = —————— Claj,zj] = —————
S 1+ 355 o Tyt

No(z,y | u, A, a, 3)  Normal-Gamma (p. 136)

pER, A>0, a>0,3>0, zeR, y>0

p(z,y) =N(z | u, \y) Galy | a, 3)

Elz] = p Ely] =ap™! Viz] = A a = 1) Vly| = ap?

p(z) = St(z | p, af "X, 20)

Ni(x | p, X) Multivariate Normal (p. 136)

= (1, .., ) €RF x=(ry,...,21) €RF

A symmetric positive-definite
ple) =cexp{—5(@—p)'Ae—p)}  c=|X[22n)*?

Elx]=p Vi) = X!

Pay(z,y|a, By, /1) Bilateral Pareto (p. 141)

(Bo, B1) € R2, Bo < B, >0 (z,y) e R, < o, y > b
p(a,y) =c (y—a)~ o+ ¢ =ala+1)(3 - ()"

Po— P pr— B Bi = Bo)?
Ble) = =22 By =2 V] =V[= m
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Multivariate Continuous Distributions (continued)
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Ng,(z,y | p, A, o, 5)  Multivariate Normal-Gamma (p. 140)

—o0o < p; < oo, >0, >0 (x,y) = (x1,..., 2, Y)

A symmetric positive-definite —oco<x; <00, y>0
p(x,y) = Ni(z |, Ay) Galy | a, 5)

Elz,y] = (1, af™), Vig] = (a = 1)7'6A7, Vly| =ap?
p(x) = Sty(z | p, Aaf™", 20) p(y) = Galy | o, B)

Nwy(x,y | p, A, , 3) Multivariate Normal-Wishart (p. 140)

—00 < p; < 400, A>0 x=(x1,...,21)

200> k — 1 —00 < x; < 400

3 symmetric non-singular Yy symmetric positive-definite
p(il?, y) = Nk(x | K, /\y) Wlk(y | Oé,ﬁ)

Elz,y] = {p,a87"} Vizg] = (a —1)7'8A7"
p(a) = Sty(z| p, Aaf ™, 20) p(y) = Wir(y |, B)

Sti(x | 1, A, )  Multivariate Sudent (p. 139)

—00 < p; < 400, a >0 x=(x1,...,2k)

A symmetric positive-definite —00 < x; < +00
—(a+k)/2 1
1 L (3(a+k))

z)=c|l+—(x—p)Az— = _— 2 7 TV L2
Elx]=p, Viz]=X"'(a-2)"'a
Wiy (z|a,8) Wshart (p. 138)
2> k-1 x Ssymmetric positive-definite
B symmetric non-singular

—k(k—1)/4| 3|«

p@) =l P exp— tr(Ba)} o= O

T T a+1-0)

Blz]=ap™, Elz']=(a-"5")"'8
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A.2 INFERENTIAL PROCESSES

The second section of this Appendix records the basic elements of the Bayesian
learning processes for many commonly used statistical models.

For each of these models, we provide, in separate sections of the table, the
following: the sufficient statistic and its sampling distribution; the conjugate fam-
ily, the conjugate prior predictives for a single observable and for the sufficient
statistic, the conjugate posterior and the conjugate posterior predictive for asingle
observable.

When clearly defined, we also provide, in afina section, the reference prior
and the corresponding reference posterior and posterior predictive for a single
observable. Inthe case of uniparameter modelsthis can always be done. Werecall,
however, from Section 5.2.4 that, in multiparameter problems, the reference prior
is only defined relative to an ordered parametrisation. In the univariate normal
model (Example5.17), thereference prior for (i, A) happensto be the same as that
for (\, i), namely 7(u, A) = 7(\, ) < A~%, and we provide the corresponding
reference posteriorsfor . and A, together with the reference predictive distribution
for afuture observation.

In the multinomial, multivariate normal and linear regression models, how-
ever, there are very many different reference priors, corresponding to different
inference problems, and specified by different ordered parametrisations. These are
not reproduced in this Appendix.

Bernoulli model

z={z,..., 1.}, xz; €{0,1}
p(z;|0) = Br(z; | 6), 0<f<1

tz)=r=>"

p(r|6) = Bi(r[6,n)

p(0) = Be(d | o, )

p(z) = Bb(r|a, §,1)

p(r) = Bb(r|a, 3,n)
p(@|z)=Bel@|a+r,0+n—r)
p(r|z)=Bb(z|a+r,8+n—r11)
m(0) =Be(d|3,3)
m(0|z)=Be@|5+r,5+n—r)
m(z|z) =Bb(z|5+r,5+n—r1)
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Poisson Model
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t(z)=r= 2:1:1 i

p(r|A) =Pn(r|n})
p(A) = Ga(A |, B)

p(z) =Py(z |a, B, 1)

p(r) =Pg(z | a, B,n)
p(Alz)=GaA|a+r,8+n)
p(z|z) =Py(z|a+rB+n,1)
m(A) oc A1/2

m(A|z) :Ga()\|r+%,n)
m(x|z) =Pgy(z|r+ §,n,1)

Negative-Binomial model

z=(T1,...,%n), z;=0,1,2,...
p(z;|0) = Nb(z; | 0,7), 0<f<1
tz)=s=3 2

p(s|0) = Nb(s| 8, nr)

p(0) = Be(d|a,B)

p(z) = Nbb(z | o, B, 7)

p(s) = Nbb(s| «, 8, nr)

p(0]z) =Be(@|a+nr,8+s)
p(xz|z) =Nbb(z|a+nr,8+ s,7)

7(0) o< 671 (1 — )2
m(0]z) = Be(d|nr,s + 3)
m(z|z) = Nbb(z |nr, s + 1,7)
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Exponential Model

z:{xl,-..,l'n}, 0<-’I§i<OO
p(z;i]0) =Ex(z;[6), 6>0

Go(t| o, B,n)
=Galf|a+n,[+1)
Go(z|a+n,5+1t,1)

N

)ox 671
|z) = Ga(f | n,t)
|Z) = Gg(x|nvt71)

2
8 D>

Uniform Model

z={x,..., 2.}, O<z <8
p(z;]0) =Un(z;]0,6), >0

t(z) =t =max{xy,...,x,}

p(t|0) =1p(t|n,07")

p(0) = Pa(f| v, B)

plz) = 225Un(z|0,8), ifz < B, Pa(z|a,pB), ifz >0

p(t) = 25 0p(t [0, 37Y), ift < B, -Pa(t|a,f), ift >3
p(@|z)=Pal|a+n,ps,), B,=max{st}

p(ﬂj | Z) = %Un(l‘ | O?ﬂn)v If X S 6’/“ ﬁpa(x | avﬁ”)! If T > ﬂ’rl,

7(0) o 671
m(0]2) = Pa(f|n,t)

m(z|z) = 75Un(z|0,t), ifx <t %Hpa(ﬂmt), ife >t
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Normal Model (known precision \)

z={xy,...,x,}, —00 < T < 00

p( |[,L, ) (%'M» ) —oo < pu < oo
tz)=z=n"3"

p(z| MJ) N(z |, nA)

p(p) = N(p| 10, Ao)

p(a) =N (2] 1o, Ado(ho +A)7)

p(@) =N (T|po,nAXoN"), Aw = Xo + 1,
p(u|z) = N(p | o, An), ftn = A (Nopio + nAT)
p(l‘ | Z) (1' | s A >\n(>\n, + /\)71)

() = constant
m(p|z) = N(u|[2,nA)
m(x|z) =N(z |z, An(n+1)71)

Normal Model (known mean 1)

z={x,...,x.}, —00 < x; < 00
p(xilp, A) =N(@i[p,A),  A>0

t(z) =t =3 (i — )

p(t|p,N) = Gat|3n,50),  p(At) = x*(At|n)

p(\) = Ga(A|a, B)

p(x) = St(z | p,af ™!, 2a)

p(t) = Gg(z | a, 26, 5n)

p(\ | z) = Ga(\ | a+ 3n, B+ 3t)

p(x]z) =Stz |p, (a+ 3n)(B+ 5t) ", 2a +n)
m(\) ox A7

m(A| z) = Ga(A| 3n, 5t)

m(x|z) = St(x|p,nt™", n)
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Normal Model (both parameters unknown)

Z:{l‘l,...,.’)&‘n}, —00 < x; < OO
p(xi |, A) = N(x; |, ),  —oco<pu<oo, A>0
()= (3,9),  r=Sm 0 = XL o)

(T |1, A) = N(Z | 1, n\)
p(ns®[p,A) = Ga(ns® [ $(n —1),3X),  p(Ans®) = x*(Ans®[n — 1)

p(p, A) = Ng(p, M| po, o, v, 3) = N( | po, noA) Ga(A | ev, B)
p(p) = St(p| pos noaeS1, 2r)
p(A) = Ga(A|a, B)
p(x) = Stz | po,n0(no + 1) '™, 2)
p(T) = SUT | o, non(ng + n) B, 2a)
p(ns*) = Gg(ns® | a, 26, 3(n — 1))
p(i]z) = St | pn, (n +no)(a + §n)6, ", 2a + n),
i = (no + n)il(nﬂﬂo +nI),
B, =0+ %ns2 + %(ng +n) ngn(uy — T)*
p(A|2) = GalA|a + In,3,)
p(x|2) = St(x |, (n+no)(n+ng+ 1) Ha+ in)B, 1, 200+ n)
7, A) = T\, p) o< A7H n>1
m(p|z) = St(u |Z,(n—1)s72,n — 1)
T(A|z) =Ga(A|3(n— 1), ins?)
m(z]z) =St(z|z,(n—1)(n+1)"'s%n—1)
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Multinomial Model

z={ry,...,mx,n}, r;=0,1,2,..., Z’;erign
p(z|0) =Muy(z]6,n), 0<6; <1, SF 6 <1

t(z)=(r,n), r=(r,...,1%)

p(r|6) =Muy(r|6,n)

p(0) =Dix(0|a), a={a,...,ap}

p(r) = Mdi(7 | a, )

p(6|z) = Diy (9 o + 7y, 0 + T, Q1 00— ZIZZI 7‘1;‘)
p(z|z) = (w|041+7“1,~«-704k+7”k70¢k+1+n—Z§:17%n)

Multivariate Normal Model

z={x1,...,x.}, x; € Rk
p(x; | e, A) = Ni(; |, N), pweRE Xk x k positive-definite

t(z)=(2,9), ZT=n'Yl zi S=X.(zi-%)(x;—-2)
(x|, A) = Ni(Z | 1, n\)
P(S|A) = Wi, (S]1(n—1),1X)

(“7A) = NW/C(”’>)‘ | Mo, 1o, &, ﬁ) = Nk(p’ | /Loﬂ’Lo)\) Wlk(A | avﬂ)
p(x) = St (2 | o, (no + 1) ngla — 5(k—1))871,2a —k+1)
p(p]z) = St (1] s (04 10) B, 20)

My = (nO + n)il(nop’[) + ’I’L.’i),
B, =B+38+1(n+no) " nng(py —T) (1o — )’
p(A|z) = Wir(A|a + 5n,8,)
p(m ‘ Z) = Stk(m | Moy (”0 +n+ 1)71(’”0 + n)anlgn ,20&,,)
an:a—i—%n—%(k—l)




442 A. Summary of Basic Formulae

Linear Regression

2=y, X), y=Wi,--syn) €R", i = (zi1,...,72i) € R, X = (z)
py| X,0,)) =N,(y| X0,\I,), OcR. A>0

t(z) = (X'X, X'y)

)

A) =Ga(A|a, )
|z) = St(y|x6o, f(x)as™!, 20a)
f(x) =1—x(z'z +ny) 'z,

p(0]z) =S (00, (no+ X'X)(a+3n)8,", 2a+n),
0, = (ny + X' X) ' (nehy + X'y),
Bn=B+3(y— X0,) 'y + 3(60 — 6,)'neby

p(A|z) = Ga\|a+ 3n,5,)

plylz, z) = Sty |20y, fol®)(a+5n)8,", 20+ n),

fulx) =1—x(zlz +no + X' X) 12!

7(8,\) = 7()\, 0) oc A=*+D/2 (for all reorderings of the 6;)
7(0]2) = St (0 10,, 1X'X(n— k)3, n— k) :

0, = (X'X) X'y,

By =3y —X0,)'y
m(A|z) = Ga(A| §(n — k), B,)

w(y| @, z) = Sty |28y, §fu(@)(n— k)37, n—k),
fulz) =1 - z(zlz + X' X) 1xt




