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Abstract

We show that the axioms of E¢ ciency, Serial Principle and Restricted Balanced Contribu-
tions, characterize the Moulin�s rule (Moulin, 1995) in discrete cost allocation problems.

JEL Classi�cation: C71, D63.
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1 Introduction

We consider the problem of dividing the cost of producing a set of goods among a group of agents,
where each good is demanded by only one agent. Thus we can identify each agent with his/her
good. This is the cost sharing interpretation of the problem. Alternatively, the surplus sharing
interpretation is also possible: Each agent o¤er a particular input in the production function, and
we wish to divide the total output among the agents. All of this problems can be modeled by a
cooperative game in characteristic form: We have a �nite set of players N = f1; 2; :::; ng, and a
real valued function C : RN+ ! R; with C(�) = 0; where � = (0; :::; 0). The problem consists in
dividing the worth C(q) between the n players for any level q = (q1; :::; qn) at which the players
can participate in the game. Discrete cost allocation problems arise when goods are produced in
indivisible units, and the level of production is measured by an integer.
The subject of interest in this work is the study of the Serial cost sharing rule. This alloca-

tion mechanism was introduced in Moulin and Shenker (1992) for the homogeneous case. Moulin
(1995) proposes an extension of this mechanism for the discrete-heterogeneous case. In that paper,
he characterized this mechanism by using additivity, dummy, symmetry, upper bound, demand
monotonicity and cross monotonicity. In this short note we use the serial principle and a re-
striction of the balanced contributions axiom (Myerson, 1980) to provide an alternative axiomatic
characterization. In this way it can be compared several solutions by comparing the di¤erences in
the de�nition of this axiom.
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2 The serial cost sharing rule: a characterization

Let U be the universe of goods and N = f1; 2; : : : ng a �nite set, ? 6= N � U . Let eS 2 RN be
de�ned by eSi = 1 if i 2 S and eSi = 0 if i 2 NnS, for all S � N ; in the particular case S = fjg ;
we will write ej instead of efjg: Given two vectors x, y 2 RN , we de�ne the new vector (x ^ y)
by (x ^ y)j = minfxj ; yjg, for any j 2 N ; x � y means that xj � yj , for all j 2 N: The positive
integers are denoted as usually by Z+=f0; 1; 2; :::g:
A discrete cost allocation problem (discrete CAP in the following) is a pair (q;C); where q 2 ZN+ ;

and C is a real-valued function C : ZN+ ! R+; such that C(�) = 0, and C(p) 6 C(q) if p 6 q.
QN denotes the set of all discrete CAP with set of goods N; and Q = [N�UQN . A cost allocation
procedure on Q is a function � : Q ! [N�URN+ such that if (q;C) 2 QN then �(q;C) 2 RN+ : A
survey on the discrete problem and di¤erent solutions for it can be found in Moulin (1995).1 In
that paper he proposed a cost allocation procedure, that we call the Moulin discrete serial cost
sharing method, and he characterized it axiomatically. Roughly speaking2 , the rule assigns to each
player an average of the cost increments due to its demand increments along the truncated discrete
diagonal, (t � eN ) ^ q, where t 2 Z+.
In order to characterize the Moulin�s solution on discrete CAP we consider the following axioms:
Let (q;C) be a discrete CAP, q 2 ZN+ ; and let � be a cost allocation procedure on discrete CAP.

Axiom 1 (E) E¢ ciency.
nX
i=1

�i(q;C) = C(q):

Axiom 2 (SP) Serial Property. If qi < qj, then

�i(q;C)� �i(q � ej ;C) = 0:

That is, decreasing one unit the demand of qj has null e¤ect in the cost share of agent i, when
qi < qj .
But what should happens if qi = qj? The next axiom is a fairness property which speci�es

that this impact must be the same for both agents:

Axiom 3 (RBC) Restricted Balanced Contributions. If qi = qj > 0; then

�i(q;C)� �i(q � ej ;C) = �j(q;C)� �j(q � ei;C):

Note that when qi 2 f0; 1g, for all i 2 N , we are in the case of a Transferable Utility game.
In this case RBC is just the Balanced Contributions axiom of Myerson (1980), that joint with
E¢ ciency characterizes the Shapley value (Shapley, 1953) in this particular context.
Next Theorem shows that this set of axioms provides a full characterization of the Moulin

discrete serial rule.

Theorem 4 A cost allocation procedure � on Q satis�es E, SP and RBC if and only if � =M .

1The discrete case is also considered in Nouweland et al. (1995), Klijn et al. (1999), Calvo and Santos (2000)
and Sprumont (2000).

2The reader is referred to Moulin (1995) for its original de�nition.
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To prove the theorem, �rst we show that E with SP imply the next Null Level property (i.e.,
�i(q;C) = 0 if qi = 0).

Lemma 5 Let � be a cost allocation procedure on Q satisfying E and SP, then it is satis�ed the
Null Level property.

Proof. Note that by de�nition C (�) = 0 and �i(q;C) > 0, for all q and i. Then E¢ ciency
implies that �i(�;C) = 0. Let i such that qi = 0, applying repeatedly SP, we have that �i(q;C)�
�i(�;C) = 0, and the proof is complete.
Now, we show an alternative way to compute the Moulin discrete serial rule, that will be use

in the proof of the theorem. In Albizuri et al. (2002), it was proved that the Moulin discrete serial
cost rule is equivalent to compute the Shapley value of an associated TU game with set of players
N . Formally, let (q;C) 2 QN be a discrete CAP. The N person TU game w(q;C) is de�ned, for
each T � N , by:

w(q;C)(T ) =

qmax�1X
s=0

�
C
�
(s � eN + eT ) ^ q

�
� C

�
s � eN ^ q

��
:

where qmax := max
i2N

qi: Then it holds that

Sh(N ;w(q;C)) =M(q;C); (A.1)

where Sh denotes the Shapley value and M the Moulin discrete serial cost sharing method.
Note that this result can be considered as a summation of Shapley values applied to TU games

de�ned at each stage s 2 f0; 1; :::; qmax � 1g as follows: For all s and all T � N de�ne

w(q;C)s (T ) = C
�
(s � eN + eT ) ^ q

�
� C

�
s � eN ^ q

�
:

Then Sh(N ;w(q;C)) =
qmax�1P
s=0

Sh(N ;w
(q;C)
s ): Therefore, for each i 2 N , this implies that

Mi(q;C) =

qi�1X
s=0

Shi(N ;w
(q;C)
s ); (A.2)

since Shi(N ;w
(q;C)
s ) = 0 for all s � qi:

Proof of the theorem. First we show that M satis�es the axioms. E is straightforward from
(A.1) since w(q;C)(N) = C(q) and the Shapley value satis�es e¢ ciency.

To see RBC, from (A.2) we have that Mi(q;C) =
qi�1P
s=0

Shi(N ;w
(q;C)
s ), for each i 2 N . Hence,

if qi = qj , we have

Mi(q;C)�Mi(q � ej ;C) = Shi(N ;w(q;C)qi�1 )� Shi(N ;w
(q�ej ;C)
qi�1 )

and

Mj(q;C)�Mj(q � ei;C) = Shj(N ;w(q;C)qi�1 )� Shj(N ;w
(q�ei;C)
qi�1 ):
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Then, the axiom holds because the Shapley value satis�es balanced contributions in the game
(N ;w

(q;C)
qi�1 ).

To see that M satis�es SP note that, if qi < qj , it holds that w
(q;C)
s = w

(q�ej ;C)
s ; for all

0 � s � qi � 1. Then we have

Mi(q � ej ;C) =
qi�1X
s=0

Shi(N ;w
(q�ej ;C)
s ) =

qi�1X
s=0

Shi(N ;w
(q;C)
s ) =Mi(q;C);

and the axiom holds.
To prove uniqueness, let � be a cost allocation procedure that satis�es the axioms, and (q;C) 2

QN be a discrete CAP. If q = �, by Lemma 5 it holds that �(�) = � = M . For q 6= � we use an
induction hypothesis on q (N) := q1 + � � �+ qn:
If q (N) = 1 = qi; Lemma 5 implies that �j(q;C) = 0, for all j 2 Nnfig: Then E implies that

�i (q;C) = C(q); and consequently, � =M:
Now, let (q;C) be a discrete CAP and letM(q) = fi 2 N : qi = qmaxg : By induction hypothesis

�i
��
q � ej

�
;C
�
=Mi

��
q � ej

�
;C
�
,

for all i; j 2M(q):
Let h 2M(q) and i 2 N: If i =2M(q); then qh > qi, and SP with the induction hypothesis (ih)

implies

�i(q;C)
(SP )
= �i(q � eh;C)

(ih)
= Mi(q � eh;C)

(SP )
= Mi(q;C): (1)

If i 2M(q); then qh = qi, and the RBC axiom implies

�i(q;C)� �h(q;C) = �i(q � eh;C)� �h(q � ei;C);

and
Mi(q;C)�Mh(q;C) =Mi(q � eh;C)�Mh(q � ei;C):

Hence, by induction hypothesis,

Mi(q � eh;C) = �i(q � eh;C);

and
Mh(q � ei;C) = �h(q � ei;C);

then
�i(q;C)� �h(q;C) =Mi(q;C)�Mh(q;C):

Now, adding in i 2M(q);we haveX
i2M(q)

(�i(q;C)�Mi(q;C)) = m(q) � (�h(q;C)�Mh(q;C)) ; (2)

where m(q) = jM(q)j 6= 0.
Moreover, from (1), X

i2NnM(q)

(�i(q;C)�Mi(q;C)) = 0; (3)
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and by E, X
i2N

(�i(q;C)�Mi(q;C)) = 0:

Now, by using equality (2) and (3), we have

0 =
X
i2N

(�i(q;C)�Mi(q;C)) = m(q) � (�h(q;C)�Mh(q;C)) :

Then �h(q;C) =Mh(q;C); for each h 2M(q); and the proof is complete.

3 Comparisons

Other well known solutions for discrete CAP has been characterized by using similar �adaptations�
of the balanced contributions axiom.
In the discrete Aumann-Shapley rule (Moulin, 1995), it is used (see Calvo and Santos, 2000):

Axiom 6 (BC) Balanced Contributions: If qi; qj > 0, then�
�i(q;C)� �i(q � ej ;C)

�
qi

=

�
�j(q;C)� �j(q � ei;C)

�
qj

:

The term
�
�i(q;C)� �i(q � ej ;C)

�
is the cost variation in the production of qi units of i when

the level of production of good j diminishes in one unit. Hence, the left hand of the above inequality
is the j�s marginal contribution to i�s per unit cost at level q of production. The axiom says these
marginal per unit cost contributions between pairs of goods must be equal.
In the Shapley-Shubik rule (Shubik, 1962), it is used the following axiom3 :

Axiom 7 (TBC) Totally-balanced Contributions: If qi; qj > 0, then

�i(q;C)� �i(q � qj � ej ;C) = �j(q;C)� �j(q � qi � ei;C):

Here, the left hand of the inequality is the j�s contribution to i�s total cost at level q of produc-
tion, when we pass to produce 0 from qj units of good j.
In the pseudo-average cost method (Moulin, 1995), it is used (see Larrea and Santos, 2001):

Axiom 8 (MBC) Mean-balanced Contributions: If qi; qj > 0, then

qj�1X
aj=0

�
�i(q;C)� �i(q � ajej ;C)

�
=

qi�1X
ai=0

�
�j(q;C)� �j(q � aiei;C)

�
:

Now, in the left hand we compute the sum of the j�s contribution to i�s total cost at level q of
production, when we pass to produce all possible intermediate levels between 0 to qj � 1 units of
good j.

3That with e¢ ciency and this axiom it is characterized the Shapley-Shubik rule follows directly of the Myerson
(1980) characterization of the Shapley value in TU-games.
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The following table resume all these characterizations:

rulesnAxioms E SP RBC BC TBC MBC
Moulin Serial x x x - - -

Aumann-Shapley x - - x - -
Shapley-Shubik x - - - x -
Pseudo-Average x - - - - x
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