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Abstract We propose two variations of the non-cooperative bargaining model for
games in coalitional form, introduced by Hart and Mas-Colell (Econometrica 64:357—
380, 1996a). These strategic games implement, in the limit, two new NTU-values: the
random marginal and the random removal values. Their main characteristic is that they
always select a unique payoff allocation in NTU-games. The random marginal value
coincides with the Consistent NTU-value (Maschler and Owen in Int ] Game Theory
18:389-407, 1989) for hyperplane games, and with the Shapley value for TU games
(Shapley in In: Contributions to the theory of Games II. Princeton University Press,
Princeton, pp 307-317, 1953). The random removal value coincides with the solidarity
value (Nowak and Radzik in Int J Game Theory 23:43-48, 1994) in TU-games. In
large games we show that, in the special class of market games, the random marginal
value coincides with the Shapley NTU-value (Shapley in In: La Décision. Editions du
CNRS, Paris, 1969), and that the random removal value coincides with the equal split
value.
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534 E. Calvo

1 Introduction

This paper is concerned with the Shapley value extension program.

When utility is transferable across players (TU-games) the most prominent solution
concept is the Shapley (1953) value. It yields a unique payoff allocation. Shapley’s
original support for the value was justified by their axiomatic properties. Other axio-
matizations are due to Myerson (1980), and to Hart and Mas-Colell (1989). Bargaining
models that yield the value in the TU-case have also been proposed. Among these,
we should mention Gul (1989), Hart and Moore (1990), Hart and Mas-Colell (1996a),
Winter (1994), and Perez-Castrillo and Wettstein (2001).

There are different ways to extend the value when utility is not transferable (NTU-
games). The most well known have been suggested by Harsanyi (1963), Shapley
(1969),! and Maschler and Owen (1992).2 These three solutions were constructed in
such a way that they coincide with the Nash (1950) solution for pure bargaining games
and with the Shapley value for TU-games. Axiomatic support for these solutions has
been obtained by Aumann (1985) for the Shapley NTU-solution, by Hart (1985) for
the Harsanyi NTU-solution, and by de Clippel et al. (2004) and by Hart (2005) for the
Consistent NTU-solution. Bargaining games that support these solutions have been
proposed for the Consistent NTU-solution in Hart and Mas-Colell (1996a,b), and for
the Shapley NTU-solution in Vidal-Puga (2008) (only for the particular case in which
the boundary of the grand coalition is a hyperplane).

In this paper we wish to preserve two properties in the value extension program:
Single-valuedness and symmetry. Recall that both, the Shapley value and the Nash
bargaining solution, satisfy symmetry and select single payoffs in TU-games, and pure
bargaining games, respectively. Nevertheless, the Harsanyi, Shapley, and Consistent
NTU-solutions do not guarantee uniqueness in the solution set. In particular, it is easy
to build examples of symmetric games where the application of these three solution
concepts results in asymmetric equilibrium payoffs. In these cases, where do these
asymmetric payoffs come from?

In our view, there is no convincing justification for these payoffs from an axiomatic
point of view (there is a contradiction with the symmetry property). So we take a look
on the other side of the Nash program: The strategic approach, which tries to offer a
noncooperative framework giving rise to the cooperative solution payoffs as a result
of the players’ equilibrium behavior.

In the setting of NTU-games, the only relevant proposal, up to now, has been the
bargaining procedure due to Hart and Mas-Colell (1996a). This model is an elegant
and simple variation of the alternating offers method, which supports the Consistent
NTU-solution. Moreover, when applied to a TU-game, the Shapley value is obtained,
whereas the Nash bargaining solution follows when it is a pure bargaining game.>

The Hart and Mas-Colell bargaining procedure goes as follows:

1 The Shapley NTU-value is also known as A-transfer value.

2 First introduced for hyperplane games in Maschler and Owen (1989), and also called the Consistent
NTU-value.

3 Unfortunately, there are not bargaining models that can be associated in a parallel way to the Shapley
and Harsanyi NTU-solutions.
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There is a fixed parameter p (0 < p < 1). In each round there is a set of
“active” players,* and a “proposer” which is chosen randomly (from uniform
distribution) among them. In the first round, all players are active. The proposer
makes a feasible offer. If the rest of the players accept it, then the process ends
with this offer as the final payoff. If it is rejected by even one player, we move
to the next round where, with probability p, the set of active players is the same
and, with probability (1 — p), the proposer drops out of the game (receiving a
payoff of zero), and the remaining players becomes the new active set.

This bargaining procedure is a sequential, perfect information game, and it has
stationary subgame perfect equilibrium. Moreover, when the probability p goes to one,
every limit of the noncooperative equilibria belongs to the set of consistent payoffs of
the NTU-game.

Our claim is that there is a crucial step in the design of the bargaining model that
is responsible for the origin of asymmetric payoffs, and we can enunciate it by using
the same authors’ words (see Hart and Mas-Colell 1996a,b, Sect. 1):

The key modeling issue is the specification of what happens if there is no agree-
ment and, as a consequence, the game moves to the next stage. It is at this point
that subgroups are made to matter by allowing for the possibility of partial
breakdown of negotiations. Clearly, there are many ways to model such a partial
breakdown. In the body of this paper we concentrate on a particular and simple
class: disagreement puts only the proposer in jeopardy. That is, after his proposal
is rejected, the proposer may cease to be an active participant.

Note that the cause of a rejection is due to the fact that the proposer offers less
than what the responder expects to obtain. But who is the player responsible for such a
breakdown? The proposer, offering too little, or the responder, claiming too much? An
anonymous rule should not specify who is to blame for this breakdown, except when
the rule itself computes what the right offer must be; but in that case the rule determines
directly the right outcome without the players’ help. The Hart and Mas-Colell model
identifies the proposer as being the only player responsible for the lack of agreement,
giving him a chance (1 — p) to leave the game after a rejected proposal.

In this paper we show that it is possible to yield strategic support for single-valued
NTU-solutions, which also satisfy symmetry (i.e., yielding symmetric payoffs in sym-
metric games). For this purpose we only need to change the breakdown procedure in
such a way that, after rejection, the probability of leaving the game be the same for all
players (proposer and responders), thus making all of them responsible for the lack of
agreement. There are several ways in which this can be done. We show two of them.

The simplest way to make this type of modification was already mentioned in Hart
and Mas-Colell (1996a), Sect. 6. There, they propose several modifications of the
bargaining procedure, and this is case (d) from their list:

4 From now on, we interpret players in a game as agents with neutral gender. They can be interpreted as
automata, institutions or so on. Therefore, we will avoid choosing their gender every time.
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— Random removal. All players (proposer and responders) drop out with equal pro-
bability. The player that leaves the game receives a zero payoff, and the rest restart
the bargaining process.

The authors mention that in the TU-case

The resulting solution is different from the previous ones (thus, it is neither the
Shapley value nor the equal split solution).> However, for a large n,° it is easy
to see that it is close to the equal split solution.

The interest of this modification resides in the solution obtained. It satisfies both
requirements: Single-valuedness and symmetry. Moreover, it yields the Nash bargai-
ning solution in pure bargaining games, and the solidarity value of Nowak and Radzik
(1994) in TU-games.

The second modification proposed here has the advantage that the solution obtained
fits into the Shapley value generalization program:

— Random marginal. A new proposer is chosen (among all of them) with equal proba-
bility. The proposer makes an ultimatum offer. If the rest of the players agree, then
this offer is the final payoff. If it is rejected by even one player, the proposer drops
out of the game (receiving a zero payoff), and the remaining players becomes the
new active set.

Now, this bargaining procedure supports a new solution in the NTU case that it
is again single-valued and satisfies symmetry. In the TU case the Shapley value is
selected, and in Hyperplane games it is the Consistent NTU-value. Moreover, in pure
bargaining games the solution obtained differs from the Nash bargaining solution.
The point selected maximizes utility gains from a breakdown point, so in this way it is
similar to the Nash solution, but the breakdown point is an average of the ideal points,
used in the definition of the Kalai and Smorodinsky (1975) solution, whereas in the
Nash case the breakdown point is the disagreement point. So it comprises elements of
both solutions in its definition.

The rest of the paper is organized as follows. Section 2 is devoted to some prelimi-
nary definitions and notation. Then, Sect. 3 presents the bargaining model of Hart and
Mas-Colell as well as the modifications that yield the random marginal and the random
removal bargaining models. The proposals corresponding to an equilibrium, for both
bargaining models, are characterized in NTU-games. In Sect. 4, the random marginal
and random removal values are characterized in the particular case of TU-games. In
Sect. 5 is considered the general case of NTU-games. Finally, Sect. 6 explores, in
large games, the connections between the random marginal value and the Shapley
NTU-value, and between the random removal value and the equal split value.

5 That is, the payoffs are shared equally between the players of the coalition.

6 In this context, n means the number of players.
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2 Definitions

Let N = {1, ..., n} be a finite set of players. A coalition is a subset of N. Let P(N)
be the set of all coalitions of N. The cardinality of a coalition S is denoted by s. If
x,y € RN, wewritex > yifx’ > y' foralli € N,andx > yifx’ > y foralli € N.
Given two vectors x, y € RV, we use the notation x - y := >,y x'y’, and x * y :=
(xiyi)ieN. If x € RY and ¢ # § C N, we write x5 as the restriction of x to S, i.e.,
x5 = (x)jes e RS. LetRY :={x e RV | x > 0} and RY, = {x e RV | x > 0}.
Aset A C RY is called comprehensive if A — Rﬁ C A. The boundary of A is denoted
by 0 A. The boundary is non level if for all x € d A it holds that {x} — Rﬁ NJA = {x}.

A non-transferable utility game (NTU-game for short), is a map V assigning to
each coalition S, ¥ # S C N, a subset V(S) C RS of attainable payoff vectors for
players in S. Several regularity conditions are imposed such as:

(A.1) V(S) is non-empty, closed, convex and comprehensive.

(A.2) aV(S) is non level.

(A3) 0 e V(S)and Vjp(S) :=V(S)N Rf_ is bounded.

(A.4) Monotonicity: Vo(S) x {075} c Vo(T) whenever S C T.

(A.5) Positive smoothness: For each S C N, ateach x of dV (§) there exists a unique
supporting hyperplane to V (S) (i.e., there exist a unique’ A € Ri - such that
VS)yc{yeRS: A-y<i-x)).

The Assumption A.4 is just the extension to NTU-games of the classical Mono-
tonicity assumption for TU-games. The class of all games that satisfy A.1, A.2, A.3,
and A4, is denoted by 4.

Foreachi € N, let r’ := max{x : x € V(i)}, and let r = (ri)
relevant classes of NTU-games are:

ien € RV . Some

1. Transferable utility games (TU-games), when for each coalition S, there is anumber
v(S) such that V(S) = {x e RS : 3", ¢ x' < v(S)}forall S C N.Herer’ = v(i)
for all i € N. Risk neutral players who use a totally divisible good to make the
coalitional payoffs is an example of this type of games. If V is a TU-game, then it
will be also denoted by v.

2. Hyperplane games (H-games), when 0V (S) is a hyperplane for all § C N. That
is, for each coalition S, there exists a number v(S) and a vector Ag € Ri 4 such
that V(S) = {y e RS : Ag-y < v(S)}. Here r' = v(i)/A(i) forall i € N. For
example, prize games can be modeled in this way: each coalition S C N has a
prize . The prize g is indivisible, and only one member of S can receive it. The
feasible set of each coalition S consists of all lotteries over which players in S get
the prize mg (for more details see Hart 1994).

3. Pure Bargaining games (PB-games), when 0 € 9V (S), for all S # N. Pure Bar-
gaining games are usually described by a pair (0, V (N)), where V (N) is the utility
feasible set attainable by unanimity agreements of all members of N, and O is
the utility feasible payoffs vector obtained in case of disagreement. The fact that
no other coalition than the grand coalition can make agreements is reflected by
0eadV(S), forall S #N.

7 We normalize it so that Dics AM=1.
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Remark In the normalization assumption A.3, it is worth noting that we have been
making the implicit assumption that the utilities are previously normalized in such a
way that when any player leaves the game, the payoff that it obtains is zero. Therefore,
for any subcoalition S , the players have an incentive to cooperate because every player
can attain payoffs better than it will obtain being alone, “out off” the game. Note also
that the payoff 7 is what player i obtains if the remaining N\i players have left the
game. Hence a two-person NTU-game will be a pure bargaining game only when
r=0.

A payoff configuration is a family X = (xg) gy Where xg € RS forall § ¢ N. It
is efficient if xg € IV (S) forall S C N. A value on ¥ is a function ¢ that assigns a
unique payoff configuration to each game belonging to 4. Given V € ¢4, and S C N,
the vector ¢5(V) is called the value of V for S. A solution on ¢ is a mapping W that
assigns a set of payoff configurations to each game belonging to ¢. For notational
simplicity, we use S\i and S Ui instead of S\{i} and S U {i}, respectively.

3 The bargaining model

The multilateral bargaining procedures presented here try to reflect a plausible nego-
tiation process, in which agents on their own seek a cooperative agreement. The rules
of the bargaining should have, a prior, enough appealing properties (like simplicity,
fairness, efficiency, etc.) such that the agents be ready to follow. With this in mind, we
take into account three basic aspects in the modeling of the negotiation process:

— All agents involved can make offers and counteroffers, up to the moment when a
unanimous agreement is reached. Therefore there are neither referees, nor players
acting as dictators, that can impose the final payoffs. For this reason, the alternating
offer method (Rubinstein 1982; Stahl 1972) is used.

— The agreement cannot be delayed indefinitely. This fact is incorporated by a chance
that the process can stop after each offer’s rejection.

— The final agreement can be partial. This means that if a breakdown of negotiation
happens this does not imply the end of the process: only one agent leaves the game
and the remaining agents restart the bargaining. It is in this way that the attainable
payoffs of subcoalitions will have a significant influence over the final outcome.

The two models presented here, the random removal and random marginal models,
are based on the Hart and Mas-Colell model, and hence have a similar structure. For
this reason we describe the three models at the same time, differing only in what
happens if breakdown occurs.

Letan NTU-game V € 4 and 0 < p < 1 be a fixed parameter:

In each round there is a set S C N of active players, and a proposer i € S. In
the first round, the active set is S = N. The proposer is chosen at random from
S, with all players in S being equally likely to be selected. The proposer makes
a feasible offer ag; € V(S). If all members of S accept it—they are asked in
some prespecified order—then the game ends with these payoffs. If it is rejected
by even one member of S, then, with probability p, we move to a next round
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where the set of active players is again S and, with probability 1 — p, breakdown
occurs.

HM-breakdown (Hart and Mas-Colell): Proposer i leaves the game, receiving a
payoff of zero, and the set of active players becomes S\i.

RR-breakdown (random removal): A new player j is chosen at random from §
to leave the game receiving a payoff of zero, being equally likely to be selected,
and the set of active players becomes S\ j.

RM-breakdown (random marginal): A new player j is chosen at random from
S to make an ultimatum offer, being equally likely to be selected: Proposer j
makes a feasible offer ug ; € V(§). If all members of S accept it—they are
asked in some prespecified order—then the game ends with these payoffs. If it
is rejected by even one member of S, then j leaves the game, receiving a payoff
of zero, and the set of active players becomes S\ j.

The three models can interpreted as follows. Consider a bargaining process in which
players in a room are chosen randomly to make offers, which can be unanimously
accepted for all players, or rejected by even some player. If accepted then the game
ends with such proposal as final payoffs. Otherwise another proposer is again chosen
randomly to make another offer, and so on.

But during the time for reaching an agreement, there is a chance that the process
stops (it can be indicated by a green light that turns red). We then move to a breakdown
situation.

With the breakdown of the Hart and Mas-Colell model, the last proposer whose
offer has been rejected leaves the room and the bargaining restarts with the
remaining players. Hence it is only the last proposer who takes responsibility
for the lack of agreement at that moment.

With the breakdown of the random remove model, a player is chosen randomly
lo leave the room, restarting the bargaining with the remaining players. Now all
the players, the proposer and the responders, take this responsibility.

Finally, with the random marginal model, when the light turns red the players
know that there is time for only another last offer: a new proposer is chosen
randomly and if its offer is rejected then the proposer leaves the room and the
bargaining restarts with the remaining players. Once again, all the players are
considered equally responsible for the lack of agreement when the light turned
red, because all of them can be chosen to make an ultimatum offer.

Figure 1 displays the three models. The symbol Y means that all responders accept
the offer, N means that at least one responder rejects the offer. The symbol (open
diamond) means that a random move is made in the game. In capital (open diamond),
the round continues with probability p, with 1 — p it goes to a breakdown. In small
(open diamond), a new player is chosen randomly. The symbol (filled square) means
that the previous proposer is chosen deterministically.

Note that the key difference between the HM-model and RR-model lies in who is
the agent that leaves the game after the breakdown: In the HM-model it is the proposer
who leaves whereas in the RR-model any player can leave. On the other hand, the
main difference between the HM-model and the RM-model lies in the time perception
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Hart and Mas-Colell Random Removal Random Marginal
""""""""""""""" 2 Y A
Active Set — [S] —[S] — [S]
. 1 . 1 1
proposer f ies,p =; proposer i ieS,p=— proposer f ieS,p==
5 5
Y Y Y
offer —» offer —» offer —»
l N N lN
P Y P

i leaves >—> J leaves proposer f JjeS,p, ==

. 1
JjE€8.p; T Ult. offer

v
New Active Set [S \i] [S \j ]

Fig. 1 The three bargaining models

of the breakdown: In the HM-model the proposer does not know in advance whether
it leaves or not the game in case that its offer is rejected. By the contrary, this fact is
known in advance every time the proposer makes an offer.

The negotiation games have potentially infinitely many periods and, with more
than two active players, it is well known that there are many subgame perfect equili-
bria strategies. Hence, we restrict ourselves to considering only stationary strategies.
Therefore, the strategies are such the choice at each stage only depends on the set
of active players S and on the current proposer i. Given a profile of stationary stra-
tegies, we denote by ag ;(p) the proposal when the set of active players is S and
the proposer is i, for i € § C N. The average of these proposals is defined by
as(p) = (1/5) X5 as.i(p)-

We recall first the equations that characterize the stationary subgame perfect equi-
librium (SP) of the HM-model (Proposition 1, Hart and Mas-Colell 1996a).

Proposition 1 The proposals corresponding to an SP equilibrium in the Hart and
Mas-Colell model are accepted by all the players in each round, and they are charac-
terized by:

(HM.1) as.‘,-(,o) € BV(S)for alli € S - N,

(HM.2) af,(p) = pag(p) + (1 — p)ag\i (p) foralli,j €S C N withi # j.

Moreover, these proposals are nonnegative.

The proposition says that proposer i makes an offer such that it will obtain its
maximum payoff compatible by giving to the rest of players what they would expect
to obtain in the continuation of the game if the offer were rejected, i.e., for every
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a(p)

par )+ —P)r2

1

Y e () -p)r a(p)

Fig. 2 HM-model

responder j # i, it will get its expected payoff aé(,o) when the active player set
is § again, with probability p, and a‘g\i (p) when the active player set is S\i, with
probability (1 — p) of i leaving the game. See Fig. 2 for a two-player example.

In the following example we illustrate the multiplicity problem that appears with the
HM-model. Consider two players who claim an indivisible good. In addition, assume
that this good can be owned either by only one of the players or shared by both. The
players have the same preferences and they are risk neutral. The set of pure feasible
outcomes is A = {01, 0>, S, E}, where O; (i = 1, 2) means that the good is only for
player i, S means that the good is shared by both players, and E means that the good
is for nobody. We normalize the utilities as follows:

u'(01) = u*(02) =15,
u' (S) = u?(S) =50,
u'(E) = u*(E) = 0.

Here the set of players is N = {1, 2} and the characteristic function V is built as
follows: If a player relinquishes its claim, it “leaves” the game, and then the good is
for the other player, hence

V{i}) ={x:x <ri}whereri =75, i € N.

When both players claim the good, they can either agree on any pure outcome in A,
or on any lottery in A (for example, tossing a coin to decide if the good is only for
player 1 or 2: [0y, p1 = %; 0>, pr = %]) Therefore the feasible expected payoffs
that both claimants can guarantee by cooperation are established by the convex hull
of u(A) = {(50, 50), (75, 0), (0, 75), (0, 0)}. Then,

V(N) = conv(u(A)) — R,
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(a)
.
75 \ b,
. .
0 \\ -
W,(N)— |
14
0 50 75

Fig. 3 Multiplicity

(“‘conv” denotes “convex hull”). The sets V (-) are also comprehensive (utility is freely
disposable). V(N) is represented in Fig. 3a.

The consistent solution selects three® outcomes: ay = (56.25,37.5),by =
(37.5,56.25), and cy = (50, 50).

Now, if xy ;(p), i = 1, 2, are the equilibrium proposals in the HM-model, then it
can be checked that they must satisfy:

(¥h1 @) =) (1 =) = (xhato) =) (53200 = 7))

which, in our example, yield two different solutions: {ay . 1(p), an 2(p)}and {by 1 (p),
bn.2(p)} that they converge to ay and by, respectively, when p — 1, as can be seen
in Fig. 3b.

First, note that this bargaining procedure does not allow an approximation to all
payoff solutions: In our example, point cy = (50, 50), which is precisely the symme-
tric payoff, is excluded. Secondly, we have multiplicity: When p — 1 the limits of
equilibrium payoffs are a and by . If we have no previous reasons to discriminate bet-
ween both players, a way to solve this impasse is to choose with a fair lottery between
ay and by by tossing a coin. But then, the expected payoffs are (46.875, 46.875) that
are Pareto dominated by (50, 50).

In the next two propositions we characterize the conditions for an SP equilibrium
in the random removal and random marginal models. They only differ in what players
can expect to get in the continuation of the game in case of breakdown.

For any S C N, define

dg(p) =~ D> agy(p), Jj€S.
keS\j

8 It can easily be checked that these three points also belong to the set of Shapley and Harsanyi NTU-
solutions of this game. For a detailed definition of these solution concepts, the reader can see Hart (2005).
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Therefore dg(p) = (1/s) ZjeS(O’ as\j(p)), where (0, as\;j(p)) € RS is the payoff
vector in which player j leaves the game, receiving 0, and players k # j receive
ag\ ; (p)-

Proposition 2 The proposals corresponding to an SP equilibrium in the random remo-
val model are accepted by all the players in each round, and are characterized by:

(RR.1) asl(p) € 8V(S)f0ralll eSCN,
(RR.2) asl(p) = ,oaS(,O) + (1 —,o)dj(,o) foralli,j € S C Nwithi # j.

Moreover, these proposals are nonnegative.

For the random marginal model the proposition is very similar. For any S C N,
we define ug(p) := (1/s) ZjeS ug, j(p), where ug j(p) € RS is the ultimatum offer
when player j € S is selected as proposer in the breakdown.

Proposition 3 The proposals corresponding to an SP equilibrium in the random mar-
ginal model are accepted by all the players in each round, and are characterized by:

(RM.1) as,i(p) € 9V (S) foralli € S C N,

(RM.2) aSl(,o) = ,oas(,o) + (1 - ,O)us(p) foralli,j €S C Nwithi # j,
(RM.3) ugl(p) € BV(S) foralli e S C N,

(RM.4) us,l(,o) aS\t(p) foralli,j €S C Nwithi # j.

Moreover, as(p) > us(p), and ag ;(0) = uiS(,o) >0, foralli € S C N.

The proofs of Propositions 2 and 3 are rather similar to the prof for the HM-model
[see Proposition 1, in Hart and Mas-Colell (1996a)]. In particular, Proposition 2 is
case (d) in Proposition 9 of Hart and Mas-Colell (1996a). So we deal explicitly only
with the RM-model.

Proof We proceed by induction. The result is easily checked for the 1-player case.
Let (as,i(p),us.i(p)), fori € § C N, be the proposals of a given SP equilibrium.
Assume by induction hypothesis that RM.1-RM.4 are satisfied for S #= N. We will
show that RM.1-RM.4 are satisfied.

We see firstly that, in case of breakdown, us ; (o) satisfies RM.3 and RM.4 for any
i € N. Since it is assumed that ag ;(p) € 9V (S) and as;(p) > Ofori € § # N,
monotonicity and convexity imply that ag(p) € Vo(S) forall § # N.Leti €¢ N
be the proposer of an ultimatum offer in case of breakdown. Because each player

j in N\i can guarantee a{v\i (p) by rejection, player j only accepts offers such that
”1/\/1 (p) = a{;,\i_(p). Hence the best player i can do is to offer uzlvl (p) = a‘]{,-\i(p) for all
Jj € N\i.Let u’N,i(,o) be such that uy ; (p) € dV (N). By monotonicity, ulN,i (p) > 0.
If uﬂvﬁi(p) > 0, the best player i can do is to offer uy ;(p), which will be accepted

by all j € N\i. If u’N ;(p) = 0, player i is indifferent between offering uy ; (o),
Wthh will be accepted, and offering a different proposal bn.i(p) 75 up.; (p) such that

v.i(0) > 0.Inthe latter case, thereis j # i such that b ((p) < aN \i .(p),because A.1
and A.2 imply that 8V (N) coincides with the Pareto frontler of V(N). Hence by ; (p)
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is rejected by player j. In both cases player i obtains 0 and each player j € S\i obtains
a{v\i (p), which again coincides with uN,,-(,o).9 Let un(p) := (1/n) ZieN uy.i(p).
By construction uy ;(p) € dVo(N) foralli € N. Thenuy(p) € Vo(N) by convexity.

Denote by cy the expected payoff vector for the members of N. By convexity
cy € V(N),andalso pcy(p)+ (1 —p)un(p) € V(N).Letdy ;(p) be the vector such

thatdy ;(p) € 3V (N) and dljv’l.(p) = pcy (p) + (1= p)uy (p) forall j € N\i. Thus,
d;v’i(p) > ,ocﬁ\,(,o) +(1— p)u?v(p). For j #1, d]j\,’i(,o) is player j’s expected payoff
following arejection of i’s proposal. Therefore dy ; (p) is the proposal which is best for
i among the proposals that will be accepted if i is the proposer. Moreover, any proposal
of i which is rejected yields to i at most ,ocfV (p) + (1 — p)u’}v(p) < dj'v’i(p). Hence,
player i will propose ay i (p) = dn.i(p), and the proposal will be accepted. Therefore
cy(p) = an(p), and RM.1 and RM.2 are satisfied. To see that ay (p) > uy(p), note
that the following strategy will guarantee to any i a payoff of at least uﬂ\,(,o): accept
only if offered at least u’N (p), and, when proposing, propose u y (p). This implies that
ay(p) = uly(p), and then ay, ;(p) = pay (p) + (1 — pu'y (p) = uy(p).

Now here only remains to show that the strategies corresponding to proposals
satisfying RM.1-RM.4 do form an SP equilibrium. By the induction hypothesis, this is
soin any subgame with player set S # N.Fixaplayeri in N. Given the strategies of the
other players, as a proposer, i cannot increase its payoff a 5\7\ ; (p) from proposals that are
accepted, and making proposals that were systematically rejected they could only yield
the chance to go to the breakdown stage, which gives u’}\, (p) as its expected payoft.
Whereas the suggested strategies yields af\,‘ ;(p) which is a better outcome (ajv’i (p) >
uiv(p)). As a responder, i can only deviate by rejecting the offer ajv’ j(,o) made by
another player j, but its expectation in case of continuation, paﬁv (p+a-— ,o)u?v (p),
is just equal to afv’ j (p). A parallel argument applies in case that players reach to the
breakdown stage. O

Consider again our previous example. Now in case of breakdown we have:

Random removal (RR): Both players have the same probability to leave the game.
If player i leaves the game, then its payoff is zero, and player j receives rJ. Therefore
the expected payoff vector dy is

1 1 1 1
dy = =0, 7% + = (', 0) = =(0,75) + =(75,0) = (37.5, 37.5) .
N 2( r)+2(r ) 2( )+2( ) = ( )

Random marginal (RM): Both players have the same probability to be the proposer
of an ultimatum offer. If player i proposes u ; € V (N), then player j is asked whether
it agrees or dissents. If it agrees, uy ; is the final payoff. If it dissents, then player i
leaves the game, receiving a payoff of zero, and player j receives r/. The equilibrium
proposals uy ;, i = 1,2, are characterized by uy; € 0V(N), foralli € N, and

”1/\/1 = rJ, for j # i. Therefore, it follows that, the expected payoff vector uy is

un = %uzv,l + %MN.Z. In our example, when a proposer i is compelled to make an

ultimatum offer to j, it must offer »/ = 75 units because this is what the other player

9 In this indifferent case, mixed strategies also yield the same outcome.
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—~—

4 —

Fig. 4 Limit point in the RM and RR models

would obtain if the proposer is forced to leave the game in case of rejection. Hence
the expected payoff vector is

1 1
Uy = E(O’ 75) + z(757 0) = (37.5,37.5).

The breakdown expected payoffs of both models, dy and uy, coincide, and we
denote this vector (37.5, 37.5) by hy. It follows that in both bargaining models, the
equilibrium equations which determine the proposals in N are xv.i (0) € dV(N),

for all i € N, and x,]\,,i(p) = ,ox,]\,(,o) + (1 — p)h/, for j # i, where xy(p) =
%xN,l(p) + %xN,z(,o). It can be easily checked that

(¥ @) =) (100 = 7) = (xh2(0) = 1) (i ato) = 2)
== (ko) =) (s - 1)

Therefore, when p — 1, we have ¢i (p) — c(p) fori = 1,2, and c(p) — ¢ =
(50, 50) (see Fig. 4).

4 TU-games

In this section we analyze the behavior of the RM and RR breakdown models in the
case of transferable utility games. The results of this section are particular cases of the
results obtained in the next section for NTU-games. Here we find the main difference
between the models: The RM-model supports the Shapley value, and the RR-model
supports the solidarity value.
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Random marginal

Let v be a TU-game. For each coalition S C N and player i € S, define
3 (v, S) == v(S) — v(S\i).

We call 3 (v, S) the marginal contribution of player i to coalition S in the TU-game
v. The Shapley value in the game v is the payoff configuration ¢ = (¢s(v)) gy defined
by

Ps) = > W&f(u, T), (i€ SCN).

TCS
T>i

Alternatively, ¢ can be obtained recursively'? by

{(0) =~ S)+Zl" (), (€SCN) (1)
v) = -9 (v, - (v), @ ,
o § jeS\isq)S\J

starting with
¢ly(v) = (i), foralli € N.

In Proposition 3 we have seen that the bargaining rules guarantee that the equili-
brium payoffs a® of the negotiation stages will always be greater than, or equal to, the
breakdown payoffs u5, for all § C N. This fact implies the next Theorem.

Theorem 1 Let (as(p), us(p))scy be the equilibrium payoff configuration associa-
ted to the random marginal model. Then a(p) = (as(p))scy coincides with the Sha-
pley value for TU-games, for any 0 < p < 1.

Proof Let v be a TU-game. By RM.3, ZjeS ujs.,i(p) = v(S), for all i € S, hence
Zjes u{S(p) = v(S),forall § C N.Moreover, as ;(p) > us(p), and ZjeS aé’i(p) =

v(S). for all i € S. Then agi(p) = as(p) = us(p) and 3 ;cgal(p) = v(S).
Therefore

, 1, 1, ,
as(p) = —us () + D —d;(p), (i €85).
jeS\i

By RM.3, RM.4, and ¥ g aé\i (p) = v(S\i), we have that

us (p) =v($) — D af(p) = (v, ).
jes\i

10 See the Remark of Sect. 4 in Hart and Mas-Colell (1996a).
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Therefore

, 1., l;
as(p)=~0'(v, )+ 3~ ;(p), (i €8).
jeS\i

The payoffs of the single coalitions {/}, are afi}’l.(p) = v(i), for all i € N. Thus
they are independent of p. This fact implies that the ultimatum payoffs for two-player
coalitions are also independent of p, and equal to

. 1 . 1
ag:zal(v, S)+§U(l), (l ES:{l’J})

By increasing the size of the coalitions, this recursive argument shows that the
equilibrium payoffs are independent of p, and equal to

. 1 . 1 .
ay=-0'(. )+ D> -ak;. (i€SCN).
s jesv®

Therefore ag = <p§(v) foralli e S C N. O

Remark 1t is interesting to note the differences with the results for the HM-model in
the TU-case. In the HM-model, we have that ag(p) = ¢s(v), and as ; (p) # as, j(p)
when p < 1, foralli, j € § C N. It means that in the HM-model there is difference
between being the proposer or the responder, whereas in the RM-model this is not the
case: ag ;(p) = as, j(p) = as(p), forall p < 1. So, in the TU-case, in the RM-model
the bargaining part in which players make proposals and counterproposals is irrelevant,
because they are strongly determined by their expectations in the breakdown part. For
this reason, if one wishes to support the Shapley value, then the bargaining can be
simplified to only two moves, for each round of active players set S: Choose randomly
a proposer from S (equally likely). If the proposal is rejected, then randomly choose
again another proposer from S (equally likely) to make an ultimatum proposal. If it
is rejected, then the last proposer drops out of the game and proceed to a new round
with the remaining players as the new active set.

Random removal
Let v be a TU-game. For each coalition S C N, define

3% (v, S) := % Z 3 (v, 9).

ieS

We call 0%V (v, S) the average of marginal contributions of the players in coalition
S in the TU-game v. The solidarity value in the game v is the payoff configuration

¥ = (¥s(v))scy defined by

HOEDY W(’?“”(v, T), (eSCN).

TCS
T>i
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This value was introduced by Nowak and Radzik (1994). Similarly to the Shapley
value, it can be easily checked that this value can be obtained recursively by

. 1 1 .
Ys) = 0w, H+ D v ), (€STN),
JES\i

starting with

¥y (v) = (i), foralli € N.
Theorem 2 Let (as(p))scn be the equilibrium payoff configuration associated to the
random removal model. Then a(p) = (as(p)) sy coincides with the solidarity value

for TU-games, forany 0 < p < 1.

Proof Let v be a TU-game. By RR.1, foranyi € S C N, we have

as (o) = (v - D al (0],

jes\i
then
i L 1 i
ag(p) = $9s.i + S Z ags ;(p),
JES\i
which yields
sas(p) = | v(8) = D ag(0) | + D df (o).
jes\i jes\i
Applying RR .2,

| - I -
saf(p) = v($) = D> | pag(o) + (1= p)= D afy(p)

jeS\i keS\j

. 1 .
+ 2 | paste) + A =p)< D dslo)

jes\i keS\i
) . 1—p ;
=v(S) — Z pag(p) — pak(p) — 5 Z Z aé\k(/’)
jes\i JES\i keS\j
. : I—p ;
+ z pas(p) + pag(p) + — Z Z as(0),
jeS\ jES\i keS\i
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which, applying RR.1 again, yields
: 1 i s —1 ;
sag(p) =v(S) =~ >, D> agulp)+—— > sy (o).
JES\i keS\j keS\i
Note that
2 2 asue =D ds)+ D D ag(e)
jeS\i keS\j keS\i keS\i jeS\i,

— S\ + > (v(S\k) - ag\k(p)).

keS\i
Then, we obtain

. 1 ; 1 1 ;
sas(p) = v(S) = = > vS\K) + D sy (p) = 0", ) + = D ay(p).

kes keS\i keS\i

The payoff of any single coalition {/}, is afi}’i(p) = v(@i), foralli € N. So it is
independent of p. A recursive argument shows that the average equilibrium payoffs
ag are independent of p, and equal to

. 1 1 .
ag = 0" (v, 8) + > ~dy (i€ SCN).
keS\i
Therefore ag = wg(v) foralli e S C N. O

Remark Note that a5 ; (p) # as, foralli € S C N. But, given assumption A.3,
condition RR.2 implies that a5 ; (p) — as whenever p — 1.

5 NTU-games

In this section we show that the RM and the RR-models support each one a single-
valued solution in the class of NTU-games.

Random marginal

To characterize the value associated to the RM-model we need to define the concept
of marginal contributions associated to a payoff configuration. Let V be an NTU-
game and let X = (x5) gy be an efficient payoff configuration. For each coalition S
containing player i define

8i(V, §) := max {s" cR: (xs\,»,gi) c V(S)}.

NotethatforV € % andxg € Vp(S),andforall S C N, 8,’;(V, S) is well defined and
0:(V, S) > 0. One can interpret this marginal contribution as the maximum that player
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i can get in coalition S under the restriction that the others players in S have at their
disposal the outside option given by xs\;. If V is a TU-game, given by the characteristic
function v, for any efficient payoff configuration x it holds that a5 (V, §) = 9" (v, S)
foralli e S C N.

Remark The value of the Consistent NTU-solution in Hyperplane games can also be
defined recursively'! by

P5(V) = Sal(v, 5) + > Lok (), Gesch )
S P X ) jes\l s S\j ’ 9

where X = (ps(V)) sy, starting with (pfi}(V) =i, foralli € N.

Since dV (S) is a hyperplane, in the RM-model it happens that ug(p) € aV(S),
so again we have that as;(p) = as(p) = us(p). By the same arguments as in
Theorem 1, we can reproduce a parallel result for the Consistent NTU-solution in
Hyperplane games, as Theorem 1 yields for the Shapley value in TU-games.

We now proceed to define the NTU-value supported by the RM-model.

Definition 1 Let V € ¢ and a= (as)g-y be a payoff configuration. Then a is the
RM-value ¢ of V (i.e., a = ¢(V)) if and only if for each S C N there exists a vector
As € R:Lr such that:

(@) as € IV(S);

(b) As -as = v(S, As) :=max{ As-c:c € V(S)};and

(c) Ag (af9 — u’s) = AJS (aé — ué) foralli, j € S,

where ulS = Al (82’l (V. 8) + 2pesi ag\k) foralli € S.

Condition (a) states that the payoff vector ag is efficient for coalition S. Condition (b)
ensures that ag is also A g-utilitarian, i.e., that it maximizes the sum of the A g-rescaled
payoffs. Condition (c) is a Ag- egalitarian condition: The gains of the players in ag
with respect to the vector ug are equal relative to the units given by Ags. The payoff
vector ug has the following interpretation: The payoff allocation (as\;, % (V, S))
specifies the choice of player i € § when this player has the power to obtain its
marginal contribution for S, under the restriction that the other players in S have at
their disposal ag\;. Vector us = Al Dies (ag\i, 3l (v, S)) gives the expected payoff
allocation for players in S if each member has an equal chance of obtaining its marginal
contribution.'?

Proposition 4 If V € &, then the RM-value ¢ of V exists and it is unique. Moreover,
if V is an H-game, then ¢ (V) coincides with the Consistent NTU-value of V, and, if
V is a TU-game, then £ (V) coincides with the Shapley value of V.

11 gee equation (3) in Hart and Mas-Colell (1996a).

12 See the interpretation of the Conditional Random Dictatorship axiom used in de Clippel et al. (2004)
for the characterization of the Consistent NTU-solution.
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Proof First we prove existence and uniqueness. Let a game V € ¢. The payoff
configuration a = ¢ (V) is built recursively as follows: We start with single coalitions
{i}, for all i € N, making )‘ii} > 0, and afi} = r. Then conditions (a), (b), and (c),
trivially hold. Assume by induction hypothesis that the Proposition holds for every
T & S. Then, by the convexity and monotonicity of V (S), it holds that us € Vy(S);
and by the unicity assumption of ag\;, for all i € S, ug is determined uniquely. Now
there remains to see what happens when either ug € 9Vp(S), or ug € int Vy(S). If
us € 0Vp(S), then making as = ug, and taking as As one of the support vectors of
V (S) at point ag, conditions (a), (b), and (c), hold. If ug € int V(S), then it is well
known that a vector ag satisfies (a), (b), and ( ¢), if, and only if,

as ‘= arg max H ()Ci — I/tfg) ,
ieS
xX>ug
xeVo(S)

where, in that case, A must be collineal to the vector (ﬁ)ieS, and point ag exists
STYs
and it is unique.
When V is an H-game, or a TU-game, it holds that ug € dVy(S), for all S C N,
and therefore as = ug. Hence, equations (2) and (1) apply to yield the Consistent and

the Shapley values, respectively. O
We now establish the main result of this section.

Theorem 3 Let V € & be an NTU-game. Then for each 0 < p < 1 there is an SP
equilibrium of the RM-model. Moreover, if V satisfies the additional assumption A.S,
when p — 1, every SP equilibrium payoff configuration a(p) converges toa = (V).

Proof Existence.

Let V € 4. We prove the existence following a recursive argument. Given 0 <
p < 1,let afi}yi(p) = uii}’i(p) =rl e Vo({i}), for all i € N. Therefore, for single
coalitions, RM.1-RM.4 are satisfied.

Assume by induction that we have already determined (as ;, us ;) foralli € S C N.
Let uy ;(p) be defined by uy ;(p) € 3V (N) and ufv’i(p) = alj\,\i (p), forall j # i,
where ay\; (0) 1= anl ZkeN\i an\ik (p). Since an\; (0) € Vo(N\i), by monotoni-
city it holds that uy ; (p) € Vo(N), and then (RM.3) and (RM:4) are satisfied. Define
un(p) := % > iy Un.i (p), then, by convexity, un(p) € Vo(N). We now have two
possibilities:

If un(p) € 9Vo(N), then making ay ; (p) := un(p), for all i € N, conditions
RM.1 and RM.2 are trivially satisfied.

If uy(p) ¢ aVo(N), define V (un(p), N) := Vo(N) N (un(p) + RY). There-
fore, A.1 and A.3 imply that V (ux(p), N) is a non-empty, compact and convex set.
Define n functions «;(b), i € N, from V (uy(p), N) into itself by letting «; (b) be
defined by: o;(b) € 3V (un(p), N) and o (b) := pb/ + (1 — p)u’(p), for all
Jj # i. By non-levelness and A.1, ¢; is well-defined and continuous. By convexity
of V (un(p), N), the function « (p) := 1 ZieN «;(b) is a continuous function that

n
maps V (uy(p), N) into itself. Therefore, by Brower’s fixed point theorem, there is
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a vector a(p) € V (un(p), N) satisfying a(p) = o (a(p)). By construction, letting
an.i(p) :=aj(a(p)),i € N,RM.1 and RM.2 are satisfied.

In this recursive way we prove the existence of payoff configuration proposals
(Cls,i (p),us.i (p))ieSCN which satisfy RM.1-RM.4 and, by Proposition 3, they cor-
respond to an SP equilibrium.

Convergence.
Consider a convergence sequence {0} — 1 when r — oo. Let {(as,;(por),

(us.i(priescn} C (HSCN Vo(S)) X (HSCN VO(S)) be their associated SP equi-
librium proposals. Since (HSCN VO(S)) X (HScN VO(S)) is a compact set, there
exists a subsequence {p.} such that their associated proposals converge, i.e.
{(as.i(pp), (us.i(ppiescn} = {(as.i), (us.i)iescn}. By the compactness assump-
tion, let (M, ..., M) € RS be an upper bound of Vy(S), then lag ;(p) — ag(p)] <
M(1—p)foralli, j € S,andall S C N.Therefore, in the limit, it holds thatags ; = as,
foralli e S C N.

Suppose now that V satisfies also the smoothness assumption A.5. Let {(as),
(us)scn} be the limit payoff configuration as before, where ugs = % Diesls,i, for

all S C N. _ '
First, note that aii} = r', then it trivially holds that aj;y = ¢;y(V), foralli € N.

Let a coalition S C N, withs > 2. Let rg(p) € ]Rf_ . be defined either by any out-

ward normal to dV (S) at ug(p) if us(p) € a4V (S), or by the vector %
as(p)_us()o) ieS

if ug(p) € int V(S) (note that in this case ag’i (p) > u’S (p) for all i € S, and then

ag (p) > u’S (p)). Therefore, all ag’i (p), i € S, belong to the hyperplane Hs(p)
defined by

Hs(p) = {c € RY : 7s(p) - ¢ = 7s(p) - as ()} .

To check this, if us(p) € aV(S), thenus(p) = as (p) = as,; (p),foralli € S. Hence
as.; (p) € Hg(p) by definition of ws(p). If us(p) int V(S), we have that

dl; (o) = saf (p) = D d ; () =sak(p) = X (pak () = (1 = p)us ()

jes\i jes\i

=G—p(s—1) (ag (p) — ul (p)) +us ().
Hence,

as,; (p) as,

as (p) = s (p) [, af (p) = u (p)
us (0)

ag (p) —u's(p)

ws(p) - as,i (p) =

=@E—pG-1)+
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Ly’ (a0 =l () +u 0)
jes\i aé (p) — u_/g (0)

w} (p) -
=S+Zﬁ =ns(p) -as,j (p), foralli, j e S.
jes g (p) —ug(p)

Denoteby;r;(p) =ms(p)- 5 ! .Sinceas,; (p) = as,andas; (p) € IV (S),

ies né(p)
for all i € S, it holds that ag € 9V (S). By smoothness of dV (S), we have that

JT§ (p) — Ag, where Ag is the outward unit length normal to dV (S) at as;B ag being
1

as—us J .
conditions (a), (b), and (c), of Dleeﬁsnition 1 are satisfied.

The unicity of the limit payoff configuration {(as) , (us) s} follows by a straight-
forward induction argument. Since afl.} =i, foralli € N, the breakdown payoffs ug
are uniquely determined for all S C N, such that s = 2. This implies the uniqueness
of limit points ag, for coalitions of size s = 2. This fact implies again the uniqueness
of limit points ug, and hence the uniqueness of limit points ag, for coalitions of size

s = 3, and so on and so forth, up to the grand coalition N. O

collineal to the vector

when ug ¢ 9V (S). Therefore, for Ag, ag, and ug,

Remark Asymmetric solutions can be easily defined. We only need to assume that
the proposers are chosen with different probabilities. Let w € Rﬁ 4 be a vector of
weights, and assume that the proposers are chosen in proportion to these weights. In
particular, it holds that the asymmetric solution coincides with the weighted Shapley
(1953) value for TU-games (see Kalai and Samet 1987; Hart and Mas-Colell 1989),
and with the weighted Consistent NTU-value for H-games (see Maschler and Owen
1989; Calvo et al. 2001).

Random removal

The solidarity value in NTU-games is defined as follows.

Definition 2 Let V € ¢ and a= (as)g-y be a payoff configuration. Then a is the
Solidarity value ¢ of V (i.e., a = ¢/ (V)) if and only if for each S C N there exists a
vector Ag € Ri . such that:

(@) as € IV(S);

() As -as = v(S, As) :=max{ As-c:c € V(S)};and

(&) 3y (ay — df) = 2 (af — af) foralli, j € s,

where df := % D kes\i ag\k foralli € S.

Condition (d) is also a A s-egalitarian type condition. The difference with condition
(c) of the random marginal value lies in the definition of the breakdown point ds. The

13" Note here that for | S > 3| the set of equilibrium offers ag ; (o) is not necessarily a singleton; and without
smoothness on 9V (S), the convergence to {g (V) may fail too. See Proposition 8.1, and Remark 3, in Sect. 8,
of Thomson and Lensberg (1989).
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vector dg = % Dlies (as\,-, O) gives the expected payoff allocation for players in S
when each member has an equal chance of leaving the game, obtaining a zero payoff.

Parallel results to the random marginal value can be obtained for the solidarity
value.

Proposition 5 If V € ¥, then the solidarity value ¥ of V exists and it is unique.
Moreover, if V is a TU-game, then (V') coincides with the solidarity TU-value of V.

Theorem 4 Let V € & be an NTU-game. Then for each 0 < p < 1 there is an
SP equilibrium of the RR-model. Moreover, if V satisfies the additional assumption
A.5, when p — 1, then every SP equilibrium payoff configuration a(p) converges to

a=1Y (V).

The proofs are fully identical to the RM-model, exchanging the roles of ug by dg,
hence they are left to the reader.

Remark The solidarity value has an interesting link with the equal split value, relative
to (0,...,0). In Hart and Mas-Colell (1996a) this value is obtained as one of the
possible variations of the breakdown technology. In particular, as they point out in
Case (b):

Only the responders (but not the proposer) drop out, all with equal probability.

This value is defined in NTU-games as follows:

Definition 3 Let V € ¢ and a= (as)g-y be a payoft configuration. Then a is the
equal split value ¢ of V (i.e., a = ¢(V)) if and only if for each S C N there exists a
vector Ag € Rf_ _ such that:

(@) as € IV(S);

(b) As - as = v(S As) :=max{As-c:ce€ V(S)}; and

(e) ksas = s“s foralli, j € S.

Note that if V is a TU-game, then a = “(S) ,foralli € S C N. Hart and Mas-
Collel mention that, in TU-games, the sohdarlty Value approaches, for a large number
of players, the equal split value. We will confirm this assertion for large NTU-games
in the next section.

Remark The properties of Uniqueness and Symmetry are the main motivation of the
paper. By Uniqueness we mean that the payoff configuration of the solution is single-
valued. This property is important as long as we consider a solution as a method
to find an agreement when an alternative must be chosen over a set that produces a
different ranking of preferences. This lack of unanimity is not solved when a solution
selects a subset of alternatives, because we again have the same ranking problem
among players, but now over the subset selected. The example in Sect. 3 shows that

the Shapley, Harsanyi and Consistent NTU-values do not satisfy this requirement.'*

14" For the Consistent NTU-value a three-person example of non uniqueness can be found in Owen (1994).
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Fig. 5 Differences between the random marginal ¢y and the random removal v payoffs

In a TU-game v we say that two players i and j are substitutes if v(SUi) = v(SUj)
forall S C N\{i, j}. We extend this property for NTU-games as follows: We say that
two players i and j are substitutes in a game V if for all coalition S C N\{i, j}, and
x5 € RS, it holds that (x5, a) € V(S U i) if and only if (x5, a) € V(S U j). We say
that a solution satisfies Symmetry if it yields the same payoffs for substitute players,
i.e. forevery x € \II(V),)cf9 =x§ foralli, j € § C N,wheneveri and j are substitutes
in V. Given the way in which the random marginal and the solidarity NTU-values are
built, it can be checked that they also satisfy Symmetry in &.

Remark Although in the example of Sect. 3, our two bargaining procedures support,
in the limit, the same point ¢ = (50, 50); this fact is not true in general, as can be seen
in the two person problem illustrated in Fig. 5.

Remark As already mentioned, the extensions given by Harsanyi (1963), Shapley
(1969), and Maschler and Owen (1992), of the Shapley value to the general NTU-
setting are based on the Nash (1950) bargaining solution, because all of them coincide
with it when they are applied to pure bargaining problems. Nevertheless, a critical
question when comparing pure bargaining solutions is the following: On which fea-
sible points, besides the disagreement point, should a bargaining solution depend?
The Nash solution depends only on a small neighborhood of the solution point,
more precisely, on the slope of the boundary of the feasible set at the solution point.
Kalai and Smorodinsky (1975) criticized the Nash solution exactly for that reason.
They axiomatized a solution proposed by Raiffa (1953), which depends also on the
utopia points (called here by uy ;,i € N).!3

15" Other proposals are: the Super-Additive solution, proposed by Perles and Maschler (1981), which
depends on the whole Pareto optimal boundary; and the Equal Area solution, proposed by Anbarci and
Bigelow (1994), which depends on the whole feasible set.
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Note that the RM-value, in its construction, partially incorporate the spirit of the
Raiffa proposal, because it changes the original Nash disagreement point by the new
one uy, which is an average of the utopia points uy ;, i € N. Hence, the RM-value is
sensitive to changes in the utopia points.

Remark Ttis possible to define a family of values ¢ (), where 0 < A < 1, by changing
the conditions (¢)and )by % (af — h () = 4§ (af = h (W) foralli, j € s,
where i (A)g = Aug + (1 — L)ds.

6 Large games

We now study how the random marginal and the solidarity values should behave in
large games with non-transferable utility. More specifically, we will consider only
differentiable market games for which the Value equivalence theorem holds (Aumann
1975); that is, the equivalence between the value allocations and the core allocations.
The basic references and results on this topic can be found in Hart (1994, 2001).

We restrict our analysis to the case of continuum games with finitely many types of
players, where each coalition is characterized by its composition. Let N = {1, ..., n}
be the set of types. The profile of a coalition is a vector p € Rﬁ , where 1/ is the mass
of players of type i in the coalition. The game form will specify the sets of feasible
payoff vectors for all coalitions, i.e., forall u € Rﬁ . We consider only type-symmetric
payoffs, where all players of the same type get the same payoff.!® For every u € RY,
let V(1) C RN be the set of feasible per-capita payoff vectors for a coalition with
profile 1. This point-to-set map V is called the NTU-game form. Given V we define
also the set of feasible total per-type payoffs by Vip) = {u*x:x € V() forall
1 € RY. Define d(s, ) := sup{r - (x % p) : x € V(u)} = supfr -y : y € V(u)}
v(jt, 1) is the continuum TU-game associated to V with utility comparison weights
A. We make the following assumptions:

(C.1) Forevery u € Ri’, V() is a non-empty and strict subset of RY it is closed,
convex, comprehensive and non-level. Vo(r) := V(u) N Rf is non-empty and
bounded.

TR S S N

(C.2) Super-additivity: V(u) + V(y) C V(u + y) forevery u, y € RY.

(C.3) Differentiability: For any X € Rﬁ +» the gradient V,0(jx, 1) exists for all it €
R_’X +- V,0(ft, &) is uniformly bounded and uniformly positive for every boun-
ded subset of Rﬂr. Moreover 0(u, 1) is C2 on its domain.

(C.4) Homogeneity: V(tn) = V(u) for every u € Rﬁ and r > 0 (in terms of total
payoffs, V (tj1) = tV (i), and d(tje, 1) = 19(u, 2)).

Assumptions C.1 and C.2 are standard. Differentiability simplifies the exposition.
It allows us to establish the condition that characterizes the values in terms of a first
order partial differential equations system. Note that the differentiability of v(u, A)

16" Since the random marginal and random removal values yield the same payoffs to substitute players,
this is not a real restriction.
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implies both the smoothness of 9V (1), and the strict convexity of V (u). Therefore,
there is a unique x € V() such that it holds A - (x * u) = v(u, A). Conversely, for
any x € 0V (w) there is a unique A, such thatit holds A - (x % u) > A - (y % u) , for all
y € V(w). Thatis, there is a unique supporting hyperplane to V(1) atx s, being X its
corresponding outward normal vector (support vector). The homogeneity assumption
is stronger, usually associated with economic considerations. For example, in market
games that correspond to pure exchange economies , where each type i possesses a
utility function u; concave and non-decreasing, with the slope everywhere bounded
away from 0 and infinity, and u; (w;) = 0 (where wj; is the initial endowment). This
economy is represented by a game which satisfies C.1-C.4.

The first extension of the value in this setting was the Shapley NTU-value (see
Shapley 1969; Shapley and Shubik 1969). We recall its characterization for finite
games:

Definition 4 Let V € ¢ and a= (as)scy be a payoff configuration. Then ay is
the Shapley NTU-value ¢ of V if and only if for each S C N there exists a vector
As € R*Lr such that:

@) any € dV(N);
(b) As-as=wv(S, As);and
) Ag ag — ais\j) = AJS (aé — ag\i) foralli, j € S.

Note that, in the payoff configuration a, condition (a’) of efficiency (and hence,
feasibility) is only required for the grand coalition N. Condition (f) is the A-balanced
Contributions property. The main drawback of this definition is given by the possible
non-feasibility of the payoffs ag, for S # N (except in the TU-case). The construction
of the continuum Shapley NTU-value is as follows: Given a continuum game V,
and a vector of weights A € Rﬁ +» build the continuum TU-game © (1, 1). Under
differentiability, the Aumann and Shapley (1974) value of 0 (i, 1) is defined by

1

. o0 (fp, A
¢ (0 (. 1)) =/%d¢, foralli € N.
0

Therefore, we have:

Definition S Let V be a continuum game with a finite type of players N, satisfying
(C.1),(C.2), and (C.3). Let x(1¢) be a per capita payoff configuration, u € R_'XJF. Then
x(w) is a continuum Shapley NTU-value of V at u, if there exists A(u) € Rﬁ 4 such
that

(1) x(n) € 9V (n); and

(2) M) * x(p) = @O, A(w)))-

Note that ¢ satisfies efficiency, so - @ (0(u, A(i))) = 0(u, A). Replacing the finite
differences condition (f) by derivatives, we have the equivalent definition:

Definition 6 Let V be a continuum game with a finite type of players N, satisfying
(C.1),(C.2), and (C.3). Let x () be a per capita payoff configuration, y € Ri\_’_‘_. Then
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x(w) is a continuum Shapley NTU-value of V at u, if there exists A(u) € }Rﬁ 4 such
that

(1) x(n) € 9V (1);

(i) A(p) - (e * x(w)) = 0 (i, A (1)); and

(iif) ,\"(,L)%(;” = /\"(u)%ﬁ”, foralli, j € N.

Conditions (i) and (ii) are just the efficient and A-utilitarian conditions. Condition
(ii) is the A-Balanced Contributions property.!” A very remarkable result is that, under
homogeneity, value allocations and core allocations coincide (Aumann 1975; see also
Hart and Mas-Colell (1996b), Corollary VIL.2).

For the Consistent value, its characterization for finite NTU-games is given by (Hart
and Mas-Colell 1996a):

Proposition 6 Let V € and a= (as)scy be a payoff configuration. Then a is the
consistent NTU-value of V ifand only if for each S C N there exists avector Ag € Ri i
such that:

(a) as € AV (S),
(b) Ag-as = v(S, As),; and

@ Xjemits (“59 - a.iS\j) =D e M (a_jg - ag\i)for alli € S.

Where condition (g) is a short of averaged A-balanced contributions property. In
Owen (1996) and Leviatan (2002), this definition is extended to the continuum setting
as follows:

Definition 7 Let V be a continuum game with a finite type of players N, satisfying
(C.1), (C.2), and (C.3). Let x(u) be a C! per capita payoff configuration, u € R_’XJF.
Then x () is a continuum consistent NTU-value of V at u, if there exists A () € Rﬁ i
such that

(1) x(n) € V()3
(i) A(w) - (nxx(u) = U (e, A (n)); and .
(iv) ey M (u)u“’g—,ji” = ten ,\k(u)uka’;—lg”, foralli € N.

It is proven in both papers that, assuming homogeneity, the Consistent and the
Shapley NTU-values coincide in the continuum setting. !

We will see now the definitions of the random marginal and random removal values
in the continuum.
Random marginal

Firstly, note that condition (c) in Definition 1:

17 Note that this is the Perron-Frobenius integrability condition for the existence of a Potential. See Hart
and Mas-Colell (1989) for the characterization of the Shapley value in terms of a potential function (see
also Calvo and Santos 1997).

18 This is not the case for the continuum extension of the Harsanyi NTU-value, as can be seen in Hart and
Mas-Colell (1996b).
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(© 2 (af — ) = 2§ (af —u}) forall i, j € S, where ufy = 1(a5 (v, 5) +

> iesyi @) foralli €,
can be rewritten as

()

M| (= o v.9) + X (ah —aby)

keS\i

=) (ag'—a..{ (v, S>)+ > (aé—aé\k) :

keS\i
foralli, j € S.
This leads to the following definition:

Definition 8 Let V be a continuum game with a finite type of players N, satisfying
(C.1), (C.2), and (C.3). Let x (1) be a C! per capita payoff configuration, 1 € RN
Then x () is a continuum RM-value of V at u, if there exists A(i) € R Z 4 such that
(1) x(u) € 9V (w);

(i) A(p) - (% x () = 0 (e, A (n)); and

R , ad(u, axt
W) A o) (6 () = A B2 5k 20)

. . J
= () (x/ (1) — Miu) av(lglj»j(ﬂ)) F 3oy ik dx (/L))’
foralli, j € N.

We now see the relationship between the RM-value and the Shapley NTU-value in
continuum games, assuming homogeneity:

Theorem 5 Let V be a continuum game with a finite type of players N, satisfying (C.1),
(C.2),(C.3), and (C.4). Let x (j1) be a homogeneous C' per-capita payoff configuration,
nw e R_‘IY_F. Then x (1) is a continuum RM-value if and only if it is a Shapley NTU-value
of V at .

Proof Letx () be acontinuum MR-value of V at 1, and assume that it is homogenous

k 8x (u)

of degree zero. Then, by Euler’s formula, D,y 1 = 0, and hence condition

(v) is equivalent to

00 (1, A (1))

A (wxt(w) — . =k; foralli € N,

where k € R. By multiplying this expression by u/, and adding it over all i, we have

D A op' () - Zuiaﬁ(ﬂ’—w = (Z Mi)k-

ad
ieN ieN n ieN
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By condition (ii), > ;cn Mu'xi(w) = 0 (u, A (u)). And since 9 (i, A () is
homogeneous of degree 1, by Euler’s formula again, >, _ v w! WA _ (s A ().

. 8”"
As >y ' > 0, it follows that k = 0, which implies that

90 (s A (w))

- , foralli e N.
aut

A uyx'(w) =

On the other hand, under homogeneity,19

1

w%Mmum»=/

0

aﬁ(tu,)»(u))dt 90 (u, M)
ol - ol

, foralli e N, (3)

which finally yields

M) x () = @ (D (i, A1) .

Since in homogenous and differentiable games the Shapley NTU-value is a homo-
genous and differentiable mapping, it turns out that it satisfies conditions (i), (ii), and
(v), hence both values coincide. O

This result has an easy interpretation. By using the vector of weights A (u) for com-
paring the utilities among players, the term A' (u)x"' () measures the utility obtained
d 302 (0)

aut

by playeri. the term 0 (1, A (1)) is total welfare of society, an is the contri-

bution of player i to total welfare, at the margin. Under homogeneity, it turns out that
both terms coincide and then the value is characterized by the condition that players
get exactly their contribution to total welfare.

Remark Theorem 5 is easily extended for any degree r of homogeneity, i.e., V(t) =
t"V () forevery u € Rﬁ and ¢ > 0 (in terms of total payoffs, \7(1‘/1) =+t \7(#), and
D(tp, &) = "9 (u, 1)). In that case the vector of weights A (1) is again of degree 0,
the continuum RM-values x (1) are of degree r, and take into account, in condition

kaxiw _ j : A W) o 30, A ()
(v), that D"y 14 )E;uﬁ = rx' (u), and, in (3), thatZ gu" w) — grov ’SM, L) they

are characterized by

Lo r() _

)Li i —
(m)x* () 1 o

@' (0 (1, A(n))), foralli € N.

So, in general, players are paid in proportion to what they contribute to total welfare
of society.

If the continuum game V is non-homogeneous, then the RM-value, the Shapley
NTU-value, and the consistent NTU-value, will generally yield different payoffs. What

19" Not that the vector of weights A (p) associated to x (w) is also homogeneous of degree zero.
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the right definition of the value should be in the general non homogeneous setting,
remains a challenging open question.
Random removal

Condition (d) for the solidarity value is equivalent to

(d) A (xls + 2kesy (xls - x.iS\k)) = 2% (xé + 2kesyi (x§ - xé\k))’ for all
i,jes.

Therefore, by using similar arguments as in the RM-value, we can define the soli-
darity value in continuum games as follows:

Definition 9 Let V be a continuum game with a finite type of players N, satisfying
(C.1), (C.2), and (C.3). Let x () be a C! per capita payoff configuration, u € Rﬂr.
Then x (w) is a continuum solidarity value of V at u, if there exists A(u) € Rﬁ_ﬁ_ such
that
@) x(u) € IV (w);
(i) A(p) - (e * x (1)) = v (e, A (w)); and .

i i i i ; J
Vi) A0 (% () + e 42 ) = 290 (37 () + Ty i 542, for all
i,j€N.

If we also assume homogeneity as in Theorem (5), by Euler’s formula, >, . uk

3xd ()
BMk . . . .
(vii) A (u)x" (n) = AJ (u)x/ (n), forall i, j € N,

= 0. Hence, condition (vi) turns into condition

which, jointly with conditions (i) and (ii), characterize the continuum equal split
NTU-value. Thus, in homogeneous games, the raqdom ;emoval and the equal split
values coincide. Moreover, from (vi) it holds that A' (u)x'(u) = k; for alli € N, and
then

D Mt () = (Z u’)k =0 (. A ().

ieN ieN

Therefore R
U (s A (1)

ien W
Hence, all players get exactly the same utility which is equal to the per capita
welfare of society.

Note again that this result can be extended to any degree of homogeneity, as in the
previous remark for the RM-values.

A (uyx' (w) = “)
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