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The effects that a macroscopic fixed charge inhomogeneity exerts on some membrane transport prop-
erties have been theoretically analyzed. To this end, we introduce two particular inhomogeneous fixed
charge distributions on the basis of previous experimental work, and the transport equations are assumed
to be the Nernst—Planck equations, It is found that a macroscopic redistribution of a constant quantity
of fixed charge groups can modity the observed transport properties, the two inhomogenecus membranes
nere considered exhibiting permselectivities different from those of otherwise identical homogeneous
membranes. Although the main emphasis of the study is on the basic aspects of transport through
inhomogeneous membranes, some of the conclusions obtained may be of interest for membrane design
znd application. © 1991 Academic Press, Inc.

INTRODUCTION exerts on iranspoit properties is of interest be-
cause of both the possibility of exploiting such
effects in membrane design and the need for
a better understanding of the transport pro-
cesses taking place in supposedly “homoge-
neous” membranes. Larter and co-workers (5~
&) have been able to confirm that the existence
of nonlinear transport equations in spatially
nonuniform systems can result in significant
flux enhancements. Likewise, the effects of a
nonuniform charge distribution on the electric
potential across biological membranes with
surface charge layers have also been examined
by Ohshima ef al. {9).

in this paper we have considered the effects
that a fixed charge inhomogeneity on a mac-
roscopic scale exerts on some membrane
transport properties. We have introduced two
particular fixed charge distributions showing
some of the resulits obtained from X-ray mi-
croprobe techniques by Pinéri and co-workers
(3). According to these measurements, some
membranes exhibit a local fixed charge con-
centration that decreases as we move from the
membrane surfaces to the membrane core
! To whom correspondence should be addressed. {some important transient transport properties

it has conclusively been shown that the dis-
tribution of the fixed charge groups may be
nonuniform on a macroscopic or a micro-
scopic level in many synthetic membranes
{see, e.g., {1-4) and references therein ). The
occurrence of spatial nonuniformities in
membrane systems has a number of impli-
cations: Reiss and co-workers (1, 2) have
shown that an inhomogeneity in the fixed
charge distribution can lead to higher current
efficiencies than those observed in an other-
wise identical homogeneous membrane. Pinéri
{3) has pointed out that the membrane ex-
change properties and the ionic conductivity
must strongly depend on the particular fixed
charge distribution. Petropoulos (4) has re-
cently published an important paper with
some practical examples that clearly point out
the need for studying how membrane struc-
tural inhomogeneities influence the transport
properties. According to this work (4), study-
ing the effects that membrane inhomogeneity
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of these membranes are mentioned in (4)).
Conversely, other membranes have fixed
charge values increasing from the membrane
surfaces to the membrane interior (3). We will
study here how these two macroscopic fixed
charge inhomogeneities influence the average
coion concentration within the membrane, the
membrane resistance, and the ratio between
the counterion and the coion fluxes. The
membrane models employed are very simple
and incorporate a parameter accounting for
the membrane inhomogeneity degree. The
transport equations are approximately repre-
sented by the steady-state Nernst-Planck flux
equations. Buck (10) has reviewed the validity
of these equations when applied to inhomo-
geneous systems. Taking into account the
macroscopic length scale of the inhomogene-
ities here dealt with, use of the Nernst-Planck
equations seems to be a reasonable first ap-
proach to a certainly complex problem (1, 2,
10). Although our study is mainly concerned
with the modeling of ionic transport through
particular inhomogeneous membranes, some
of the conclusions obtained may also be of
interest in membrane design and application.

MEMBRANE MODEL AND TRANSPORT
EQUATIONS

Figures | and 2 show the two membrane
models (referred to as models 1 and 2) con-
sidered. They correspond respectively to the
fixed charge distributions

Xi(x) = X[l — (1 = 2x/d)*"]  [1]

and
Xo(x)= Xn(1/2 + 1/4n)(1 — 2x/d)*"
+ Xoo(1/2 — 1/4n), [2]

where d is the membrane thickness, X; (x) the
local fixed charge concentration, X;o the max-
imum value of X;, and x the spatial coordinate
inside the membrane. It is expected that the
functions defined in Eqgs. [1] and [2] will re-
produce some of the experimental trends ob-
served in Ref. (3). Note that parameter # ac-
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FiG. 1. Membrane model 1 for different values of n:
(++ )2, (---) 10, (=) 0.

counts for the membrane inhomogeneity de-
gree (see Figs. 1 and 2). Consider for instance
model 1 in Fig. 1. For n = 2, we have X (x
= 0.084)/ X1 = 0.5 and X;(x = 0.22d)/ X5
= 0.9. However, the case n = 10 leads to X {x
=0.02d)/ X0 = 0.5 and X,(x = 0.05d)/ Xy
= 0.9. That is, the membrane inhomogeneity
decreases with 7, the value n = oo being that
of a homogeneous membrane. In each one of
the cases considered later, the average fixed
charge concentration, X,, is taken to be the
same regardless the value of n. Thus, the values
of X;o are given by

./Yl 0

1+ 1/2n (3]

~ L
X1 = ;,‘J;) X](X)dx =

and

_ 1 re Xog
=2 | Xp(x)dx="—.
X d»[) 2(X)dx ==

[4]
This procedure allows for studying which ef-
fects are caused just by the redistribution of
constant quantities of fixed charge groups.
This redistribution is accomplished by con-
sidering different values for parameter 7.
The basic transport equations describing
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our problem are assumed to be the steady-state
Nernst-Planck equations for uni-univalent
ons

Ji = =Dy % + (_l)kﬂck% ,
k=1,2, [5]
the local electroneutrality assumption
c—e—X=0, [6]

the equation for the electric current density,
i

l./F:Jl-J25 {7]
and the condition of steady-state fluxes
dJy/dx = 0. [8]

Equations [ 5]-[8] are the basis of many sim-
plified treatments for transport phenomena in
charged membranes, and their origin and lim-
itations can be found elsewhere (10). Here J,
Dy, and ¢, denote the flux, the diffusion coef-
ficient, and the local molar concentration of
the species k, respectively. On the other hand,
¥ stands for the local electric potential in RT/
F units. Note that the local electroneutrality
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assumption, Eq. {61, is introduced instead of
the more general Poisson equation. Taking
into account that the region where the fixed
charge inhomogeneity occurs is macroscopic
in nature (d> Lp, Lp being a typical electro-
lyte Debye length), Eq. [6] can be a reasonable
approximation (10).

We further assume that the boundary con-
ditions for the concentrations ¢, can be ob-
tained from the following simplified forms of
the Donnan equilibrium relationship [1] at the
membrane-solution interfaces,

e(0) = —X;(0)/2

+[(Xi(0)/2)* + ¢31'72, 9]

1(0) = c2(0) + X;:(0) = ¢3/c>(0),  [10]
o(d) = —Xi(d)/2

+[(Xi(d)/2) + c8]'2, [11]

ci(d) = ea(d) + Xi(d) = c§/eald), [12]

where ¢y 1s the bulk solution concentration
(the same for the two solutions flanking the
membrane). Equations [9]-[12] apply only
for model 2 (for model 1 we assume ¢ (0)
= (d) = ¢p). In Eqs. [6] and [9]-[12] we
have considered, without loss of generality,
that the membrane has negative fixed charge
groups. It must be mentioned (4, 10) that
other mechanisms, in addition to the electric
potential difference established between the
membrane interior and the solution, can in-
fluence the partition equilibrium of species k.
Thus, Egs. [91-]12] neglect some contribu-
tions from the chemical affinity, the swelling
pressure, and the activity coefhicients and
should be regarded as a crude first approxi-
mation to the boundary condition problem.

By reordering Eqgs. [5]-{6], the following
expressions readily follow:

av_ 1
dx X;
dCz dX, J] JZ
X(2=—=+—L+2+2 13
( dx dx D, Dz)’ [13]
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_ Jg _ dCQ_
D'_) dx
Cr [ dcs CZIXI Jl Jz
+ 22— + L 22 (14
dCQ

(e g
dx U D,

J2>
+ —=
D

+ X, %j/(Zcz + X;). [15]

Equations [13]-[15] apply for the two
membrane models considered in Figs. 1 and
2 when »n = 2, 10. In the homogeneous case,
Eq. [157 can be solved by analytical methods.
To solve them for a given membrane model,
we have taken a total number of 2500 points
within the membrane. Given a value for the
electric current density, /7, a nonlinear equation
for ¢5, Eq. [15], should be solved with the ap-
propriate boundary conditions, To this end,
we introduce a guessed value for the flux J,,
and then solve Eq. [15] making use of a fourth-
order Runge-Kutta numerical algorithm (11).
By comparing the resulting coion concentra-
tion at x = d with the actual one, an improved
new guess for J; is obtained. This procedure
is repeated until a previously established con-
vergence is attained. Then, we can solve for
the electric potential, ¥{x), and the other
magnitudes of interest. The numerical pro-
cedure just outlined is very simple and quick

TABLE 1

The Different Cases for Which the Set of Differential
Equations Is Solved

cof X Dy/Ds n i (mA/em?)
Mode! 1 16
107 107! 2 i
i
10 5
Model 2 i
s’ 10
1G
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(it lasts less than 1 min when implemented
on a HP9000/330 computer).

RESULTS

Table I shows schematically all the cases for
which Egs. [1]-]15] have been solved. Other
input parameters not included in Table I are
¢o=10"%Mand d = 107? cm. The membrane
transport properties studied for each case are
defined as

n=|Ji/J:]. [16]

=1 K (x)dx 17
,=d6}0 e x)dx, [17]

RT dx

Rm o F2 J;) Dng -+ D2C34 [18]
it is clear that the flux ratio, », and the average
coion concentration within the membrane, C
(mAM), are related to the permselective be-
havior of the membrane, while Ry, (€ cm?)
would represent the electrical resistance of the
solution within the membrane {10). We have
used a relatively wide range of X, values.
Membrane model 1 is considered from X,
=102 t0 1 M, while model 2 is used for X,
=107 and 1072 M. The following typical
values are taken for the ionic diffusion coef-
ficients in the two above mentioned X, ranges:
D, = 0.1-D, = 107% cm?/s (model 1), and
D, = Dy = 107° cm?/s (model 2). (Note that
the counterion diffusion coefficient tends to
decrease with increasing electrolyte dilution
for charged membranes. This effect is not ob-
served in the case of the coion (4).) Likewise,
the three values introduced for i (1, 5, and 10
mA /cm?®) are within the usual experimental
range.

Figure 3 shows a typical profile for the di-
mensionless electric potential, Y = (F¢/RT ),
through the membrane. It is clear that the in-
homogeneity in the fixed charge distribution
causes the potential profile to deviate from the
straight line characteristic of an ohmic drop,
in agreement with previous results (2). Like-
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F1G. 3. Electric potential profile across the membrane
for model 1. Three different values of parameter n are
considered: (-« +) 2, (---) 10, (—) oo, being co/ X, = |
and i = [ mA/cm?,

wise, it becomes apparent that the abrupt
electric potential jump arising from the ap-
plication of the Donnan relationship for a ho-
mogeneous membrane does not appear in the
inhomogeneous membrane simulated by
model 1.

On the other hand, Tables II and III contain
the values of 5, C, and R, obtained for models
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i and 2, respectively, under the conditions ap-
pearing in Table [. Table II corresponds to the
membrane model 1, while Table III results
from model 2.

Table II shows that the membrane inho-
mogeneity causes the average coion concen-
tration to take values greater than those cor-
responding to a homogeneous membrane. Pe-
tropoulos (4) has considered the effect of a
nonuniform distribution of fixed charge
groups in the case of microscopic structural
inhomogeneities, He has also found that
poorer overall coion exclusion generally re-
sults. Likewise, the ratio between the coun-
terion and coion fluxes decreases when in-
creasing membrane inhomogeneity. These
trends are more pronounced for the higher
values of the electric current but less pro-
nounced for the higher values of (¢;/.X, ). Note
that when the ¢, values tend to those of .X|,
the fixed charge effects are less pronounced,
and then the influence of the membrane in-
homogeneity on C and 5 gradually disappears.
Consider now how the inhomogeneous fixed
charge distribution affects the electrical resis-
tance R,,. When the fixed charge concentra-
tion, X, is high, the resistance, Ry, decreases
as the membrane becomes more homogeneous
(increasing values of n). Conversely, R, in-

TABLE 11

The Membrane Transport Properties 7, C, and R, Computed for Model 1 Under the Conditions Shown in Table I

i=1mAfcm? i =5 mAfem? i= 10 mA/em?
X, C R C R C R
(M) n (mAM) 7 (Q2-cm?) (maf) n (Q-cm?) (mM) 7 (@ cm?)
1 2 0.180 556 3.92 0.185 541 3.92 0.201 497 3.91
10 0.120 862 2,97 0.121 828 2.97 0.123 815 2.97
] 0.100 1000 2.66 0.100 1000 2.66 0.100 1000 2.66
107! 2 1.37 7.40 24.5 2.32 4.41 23.0 4.23 2.46 20.5
10 1.08 9.32 24.1 1.31 7.71 23.6 177 5.76 22.7
0] 0.990 10.2 24.0 0.990 10.2 24.0 0.990 10.2 24.0
1072 2 6.33 0.257 33.8 6.94 0.244 31.6 7.97 0.225 28.4
10 6.22 0.260 34.0 6.45 0.255 33.0 6.89 0.245 31.2
e} 6.18 0.262 34.1 6.18 0.262 34.1 6.18 0.262 34.1
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TABLE I

The Membrane Transport Properties , C, and R, Computed for Model 2 under the Conditions Shown in Table I

i= 1 mA/cm? i =5 mA/cm? i= 10 mAjem?
Xz C Ry C Ry C R
(A1) n {(mAf) 7 (Q-cm?) (mAf) 7 (Q-em?) (maf) P (@ cm?)
1072 2 6.27 2.60 11.9 6.15 2.63 12.0 5.81 2.72 12.5
10 6.20 2.61 11.9 6.17 2.62 11.9 6.07 2.65 12.0
00 6.18 2.62 11.9 6.18 2.62 11.9 6.18 2.62 11.9
1073 2 9.514 1.105 13.29 9.512 1.105 13.29 9.505 1.105 13.30
10 9.513 1.105 13.29 9.512 1.105 13.29 9.510 1.105 13.29
o 9.512 1.105 13.29 9.512 1.105 13.29 9.512 1.105 13.29

creases with # for low values of X;. In the first
case, the two membrane layers nearest to the
membrane surfaces have a high resistance
when compared to that of the membrane core
(see model | in Fig. 1), so that an increase in
the thickness of these layers leads to greater
values of R... In the second case, just the op-
posite occurs: the above-mentioned mem-
brane layers now have lower electrical resis-
tances than the membrane core. As the thick-
nesses of these layers decrease with 7, it turns
out that R, increases with 7.

Table III shows a rather surprising effect.
For small currents (1 mA/cm?), the changes
of C, n, and R,, with n and 7 are found to be
similar to those of Table II. However, for
higher currents the average coion concentra-
tion takes smaller values than that of the ho-
mogeneous membrane. Likewise, the ratio 7
increases when increasing the membrane in-
homogeneity, which is opposite the trend ob-
served previously. (Again, the inhomogeneity
effects vanish when ¢o » X,.) The origin of
these new trends for C and 7 can be seen in
Fig. 4. The relatively high electric current (5~
10 mA /cm?) modifies the coion concentration
profile across the membrane in such a way
that for the inhomogeneous case a better coion
exclusion than that of the homogeneous
membrane results. This effect does not appear
for small currents, as can be seen by comparing
the total areas enclosed under the three coion
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profiles shown in Fig. 4. In conclusion, we see
that the relative importance of the migration
transport and the membrane inhomogeneity
contributions to the concentration profile (see
Eq. [15]) determines the appearance of the
new trends. However, the establishment of the
exact physical conditions under which the re-
versal of the effects occurs is a question that
deserves more attention.

ck/co
25
\
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N i
3 7
CREEN ;
AN /
S y
N
1.5 el 7
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0.5 ,/ S
o] 0.2 0.4 0.8 0.8 44 1

FiG. 4. Dimensionless coion and counterion concen-
tration profiles across the membrane for model 2, case n
=2 ¢5/ X, = 1. Two different values of current density i
are considered: (+ + +) 1. mA/cm?; (---) 10 mA /em?. The
continuous plots (—) correspond to the homogeneous case,
n=oo.
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DISCUSSION

The effects that a macroscopic fixed charge
inhomogeneity exerts on some membrane
transport properties have been theoretically
analyzed. Although we have tried to ensure
that our models bear some resemblance to real
systems, we must admit that a number of po-
tentially important mechanisms have been left
out in order to restrict the theoretical com-
plexity to a reasonable level (1, 2). However,
despite the crude nature of some assumptions,
certain results may be significant.

Consider first the electric potential profile
shown in Fig. 3 for model 1. The smooth de-
pendence of ¥ on x is perhaps more realistic
than the abrupt potential jump at the inter-
faces resulting from the classical Donnan
equilibrium relationships (this jump would
correspond to the homogeneous membrane,
n = oo, in Fig. 3). This continuous depen-
dence of ¥ on x results from the fact that X;(x)
also varies in a continuous way from the so-
lution to the membrane core. Note also that
model 1 considers the transport equations
across the interfucial region between the bulk
solution and the membrane core (where X;(x)
attains a nearly constant value), the classical
assumption of a sharp boundary between the
solution and the homogencous membrane
being now unnecessary. (This classical as-
sumption often involves the use of equilibrium
conditions at the interface even for high cur-
rents {.) Thus, we see that model 1 may be
useful not only for a type of inhomogeneous
membrane but also for simulating real “ho-
mogeneous” membranes having an interfacial
region of finite thickness over which the phys-
ical properties change smoothly from the so-
lution to the membrane core under the influ-
ence of transport. ( Note that taking the limit
Jo = 0 in Eq. [5] leads to the equilibrium
relationships characteristic of the abrupt
model for the membrane-solution interface
(12).) Of course, the thickness of the solution—
membrane interfacial region may be in prac-
tice much smaller than the total membrane
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thickness, and this fact would justify the ex-
tensive use of the abrupt model for the inter-
face. However, it is well known that some
membrane processes such as electrodialysis
clearly show the need for more elaborated the-
ories for the above-mentioned interfacial re-
gion, especially when the high electric currents
cause the polarization effects to become dom-
inant (13).

Tables II and HI also show some interesting
results. Indeed, we see that a simple redistri-
bution of a constant quantity of fixed charge
groups, resulting in a macroscopic membrane
inhomogeneity, clearly modifies the observed
transport properties. Except for model 2 at
high currents, the membrane inhomogeneity
leads to poorer permselectivity values than
those computed for the homogeneous case.
Reiss and Bassignana have predicted signifi-
cant current efficiency improvements when
studying inhomogeneous three-piece mem-
branes consisting of a thick low-capacity piece
sandwiched between two high-capacity pieces
(1). Our model 2 bears some resemblance to
the discontinuous three-piece membrane de-
scribed in Ref. (1), and we have also found
the above-mentioned behavior here. Thus,
when comparing this latter result to those ob-
tained with model 1, we conclude that the
predicted changes in the coion exclusion and
the current efficiency depend on the particular
functional form of the fixed charge distribution
considered (see also Ref. (2) in this context).

In conclusion, let us note that a high degree
of macroscopic homogeneity is difficult to
achieve in practice for many synthetic mem-
branes and might even not be desirable in
some specific applications. In addition, there
have been reported situations where initially
homogeneous membranes have acquired cer-
tain macroscopic inhomogeneities due to
continuous use. Following the ideas contained
in Refs. (1-4), we have studied here the trans-
port across a particular type of inhomogeneous
membranes on the basis of very simple but
still plausible (3) models. Although particular
emphasis has been given to the basic aspects
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of membrane transport theory, it is expected
that some of the conclusions obtained may
alsc be of interest for practical purposes.
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