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Abstract. The term ‘ideal’ is currently employed for Resumen.El téermino ‘ideal’ se emplea en la actualidad para

thermodynamic systems of different natures (gases, elastic sistemas termodamicos de naturaleza distinta (gases,

systems, magnetic systems, etc). However, different meaningsstemas disticos, sistemas magficos, etc). Sin embargo, es

are usually given to this term. Joule’s law, which establisheshabitual dar a este&étmino distintos significados. La ley de

that the internal energy of a system depends exclusively on Joule, que establece que la efnargterna de un sistema

temperature, is considered here as a general criterion for an depende &lo de la temperatura, se consideraiagpmo un

ideal system in classical thermodynamics. The conditions thatriterio general para la condan de sistema ideal. Se

a system should satisfy to obey Joule’s law and the discuten las condiciones que un sistema debe satisfacer para

implications of these conditions on the equation of state are verificar la ley de Joule, agomo las implicaciones de estas

discussed. Some similarities and differences between ideal condiciones sobre la ecuéci de estado. Se subrayan

systems of different natures are also emphasized. tambien las similitudes y diferencias entre sistemas ideales de
distinta naturaleza.

1. Introduction equation of state are then discussed. The similarities and
differences between ideal systems of different nature are

Many undergraduate textbooks on classical thermodyalso emphasized. For pedagogical reasons, we consider

namics for physics, physical chemistry and chemicabnly two thermodynamic systems: gases and elastomers

engineering courses consider ideal thermodynamic sygmaterials that consist of an isotropic network of long

tems. Besides the classical ideal gas, the idegbolymer chains), and clarify some potentially misleading

paramagnetic substance [1-4] and the ideal rubber-likassertions found in the literature, such as considering

elastic material (or ideal elastomer) [5-15] are tworubber as an ideal system [10-13, 15] or asserting that

widely used examples. The classical ideal gas is charadoule’s law is an exclusive characteristic of the ideal gas

terized by the fulfilment of two conditions, e.g. Joule’s[16, 17].

law and Boyle—Mariotte’s law. (The sole use of Joule’s

law does not necessarily lead to the equation of state

of the classical ideal gas.) For the rubber-like elasti®. Joule’s law

material and the ideal paramagnetic substance, the at-

tribute ‘ideal’ is often given to systems whose internalThe earliest attempts to determine the dependence of

energy is a function exclusively of temperature [1, 2,the internal energy of a gas on its volume were made

4, 10-15]; however, some authors do not mention thiby Gay-Lussac (1807) and Joule (1844). As the

requirement explicitly [3]. Finally, there are other texts Gay-Lussac—Joule experiment was not capable of a

that use the attribute ‘ideal’ for systems which do notprecise measurement of the extremely small changes in

obey Joule’s law [5-7, 9]. In this context, the ques-temperature in a free expansion, Joule and Thomson

tion of what conditions a thermodynamic system shouldlater Lord Kelvin) devised another experiment during

meet to be considered ‘ideal’ arises naturally. the years 1852—-62. As a conclusion of this experiment,

The aim of this paper is to contribute some ideasdt follows that the internal energy/ of an ideal gas is

to the question of the definition of an ideal systema function of temperatur& only (Joule’s law). Thus,

from the point of view of classical thermodynamics. U

We emphasize that statistical physics can provide a <—> =0, 1)

general criterion for a system to be ideal and consider W /g

Joule’s law as this general criterion. The conditionswhereV is the gas volume.

that a system should satisfy to obey Joule’s law as Mayer (1842) suggested that the difference between

well as the implications of these conditions on thethe thermal capacities of an ideal gas following a
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constant pressure process,, and a constant volume classical regime [22]. (The term ‘free’ means that
process,Cy, is due to the work needed to expand thethe system of particles is not under the influence of
gas volume against the constant external pressure. Usirgn external field.) As an extension to this definition,
data from previous experiments, Mayer came to theondensed systems are sometimes considered to be

conclusion that ‘ideal systems’ when studying those phenomena where
SW the interaction between the constituent elements can

C,—Cy= <ﬁ) =nR, (2) be ignored. The absence of interactions leads to an

P average value of the internal energy depending only on

which constitutes Mayer's law and is strictly valid for temperature, which constitutes Joule’s law.

ideal gases. Her@ is the universal gas constant amd What happens when there are interactions between
is the number of moles in the gas system. the constituent elements of the system? In these

The laws of Joule and Mayer are usually considered¢ases Joule’s law is not obeyed in genesxceptfor

as the most representative of classical ideal gathose particular systems where all allowed microscopic
behaviour. However, the fulfilment of Boyle—Mariotte’s configurations of the system have the same potential
law (1660) is also required in order to obtain theenergy. For these systems, the average value of the
equation of state of the ideal gas internal energy depends exclusively on temperature,
which is just what happens in the case of an absence

pV =nRT. ®) of interactions. The hard-spheres system, for instance,
Indeed, the first and second principles of thermodynamsatisfies this condition (and thus Joule’s law) because
ics give [18] the repulsive interaction between particles due to their
aU ap finite size can be included in the boundary conditions
(7) = (7) -p (4) for the system of particles if the concept of available
v/ oT Jy volume (defined as the total volume minus the excluded
when applied to ap-V system, so that Joule’s law volume) is introduced.
requires only an equation of state of the form The case of systems of particles under the influence
of magnetic, electrical or gravitational fields lies outside
pf(V)=T, ®) the scope of this contribution.
where f (V) is an arbitrary function o¥/. On the other From the point of view of macroscopic thermody-
hand, Mayer’s law requires namics, Joule’s law can indeed be considered as repre-
3V sentative of the ideal behaviour. We are now going to
p(—) =nR. (6) derive the formal equation of state of a system obeying
oT /, this law by using the formalism of generalized thermo-

It is now evident that the most general equation of statélynamics [23]. LetA anda be the intensive and exten-

satisfying both equations (5) and (6) is sive parameters, respectively, of a given thermodynamic
system, which are defined so that the generalized ele-
p(V —nb) =nRT (") mentary work takes the for@W = A da. Equation (4)

whereb is a constant. Equation (7) is known as thecan then be put in the form [24]

equation of state of the gas of hard spheres [19] and U 9A
describes the behaviour of real gases in the limit of <£) = <d7) —A, (8)
high temperatures, where the attractive intermolecular r a
forces can be neglected. This is the case, for exampl@nd Joule’s law
of the hot dust gas [20] and the metallurgical gas U
[21]. Obviously, equation (7) does not verify Boyle— (a) =0 9)
Mariotte’s law. T
now requires that the equation of state takes the form
Af(@) =T, (10)

3. The generalized definition of an ‘ideal’

thermodynamic system where f(a) is an arbitrary function of the extensive

parameter. Therefore, a thermodynamic system verifies
woule’'s law if and only if the intensive parameter

In the previous section we have shown that Joule’s law . -
leads to the equation of state (5) for/aV system A is propor_t|onal to temperature when the extensive
parametew is constant.

and not necessarily to equation (3), which describes th ; . .
classical ideal gas. However, we have also mentioned Moreover, Mayer's law in generalized thermodynam-
in the introduction that Joule’s law is often considered'®S takes the form [25]
as the criterion for defining an ideal system. We then oU da
have to decide to either change the criterion for ideality Ca—Co= [(g) A] (ﬁ) ’
or admit other ideal systems in addition to the classical , . T 4
ideal gas. which reduces to

In statistical thermodynamics, the ideal gas is defined Ci—C — SWN N da (12)
as a system of free non-interacting particles in the A “7\dr ), ar/,

(€]
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when Joule’s law (equation (9)) is satisfied. There is awherea andb are two constants, it can easily be shown
important difference, however, between equations (2)hat

and (12), while equation (12) only indicates how to 2

calculateC, — C,, equation (2) also gives the value <&> — T(ﬂ’) —p= na (18)

of C, — Cy. In particular, it can be easily seen from Ay oT /), V2

equation (10) that

L and
df (a)]’
da P S Rna(V — nb)2/RTVA] (19)
is constant only whery'(a) is a linear function, as was _ . . . .
the case in equation (7). It is worth noting that(dU/aV); is obtained as the

difference between two magnitud€sp/dT)y andp,

which tend to cancel each other. Thus, the deviation
4. The ideal elastomer from ideality tends to zero a¥ increases, i.e. at high

temperatures and/or low densities.
Now let us consider a thermodynamic system composed As a real elastomer, we consider the case of rubber. It
of an elastomer band of length. An external forcer  is well known that rubber has a unique elastic behaviour:
is applied along the band axis. Taking into accounit has enormous extendibility (up to 400% compared
that the volume remains approximately constant undewith less than 1% for ordinary solids [31]). This
deformation [26], the thermodynamic state of the bandehaviour follows from the configurational properties
can be described in terms of variables. and7. The  of its isotropic network of long polymer chains. For
equation of state of this system is often written in themoderate deformations, the behaviour of rubber can be

form [26-30] described by equation (14). However, rubber has a non-
L Lo\2 zero linear expansion coefficient when= 0 and this
T = kT[f — <J> ] (14) implies thatL, is a function of7" when equation (14) is
Lo L applied to rubber. In particulak, = 4.86 x 103 N K¢

where Lo is the length forr = 0 andk is a constant. [32] andio = 2.2x 1074 K™t at 25°C [33]. It can now
(Strictly speaking, equation (14) is not a proper equatiorpe shown that
of state because it involves two different states of the

2
system.) _ E(E) =7— T(ai) = krzxo[i + 2<ﬂ> ]
For z—L systems, the generalized parameters aré dL / T/, Lo L

A = —t anda = L, so that equation (10) requires that (20)
Lo is independent of temperature if Joule’s law is to be
obeyed. This fact is frequently ignored in the literatureand

[5-7, 9], though some authors have noted it previously L/L)Y® — 1 — Taol(L/La)2 4+ 2112
[8, 10, 15]. Note that ifLo does not depend off for  C, — C; = kLo 2/ L0 . ol(L/Lo)" + 2]}
an ideal elastomer, the linear expansion coefficient of (L/Lo)y*+2L/Lo
an unstretched elastomer (21)
Aozi% (15) Figure 1 gives(3U/3L)r from equation (20) for
Lo dT a moderately large deformation range. In order to

must be zero. Either from equations (12) or (13),emphasize the small values attained WU/9L)r
Mayer’s relation for the ideal elastomer takes the formwe have also shown the two terms in the right-hand
[(L/Lo)® — 12 side of equation (20). In figure 2 we have shown
03—

C,—C,=kLy—1t—"—— (16) (C. — Cp)/Lo againstL/L, for the cases of an ideal
(L/Lo)*+2L/Lo elastomer and rubber with the above values Kaand
which is clearly dependent on the band length and noto. SinceC, —C| is not constant for an ideal elastomer,
constant, in contrast to the case of an ideal gas. the deviation from the ideal behaviour is more easily

observed in figure 1 (non-zero value @U/9L)7) than
o ) ) in figure 2. Therefore, we conclude th@t /oL); not
5. Deviations from ideal behaviour only rules the criterion for ideality but also provides a

good measure of the deviations from ideality.
The deviation from the ideal behaviour of gases can be

observed either in the variations of internal energy in
processes at constant temperature or in the non-constant =~ )
value of the differencec, — Cy. For instance, if we 6. Similarities between ideal systems

consider a real gas whose behaviour can be described o ]
by the van der Waals equation of state The first and second principles of thermodynamics lead

2 to the equation
n-a
(P+ W)“’ —nb) —nRT, 17 dF = —SdT — Ada, 22)
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Figure 1. The derivative (dU/dL)+ and the two terms t
and T(dz/0T),) in equation (20).
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Figure 2. Rubber (full curve) and ideal elastomer
(broken curve) values of (C; — C,)/Lo against L/Lg.

where F and S are the Helmholtz function and the
entropy of anA—a system, respectively. Sincé =

U — TS, we have

oF U N
A=—|—) =—|— ) +T{—) -
da ), da ), da )

For an ideal elastomer Joule’s law is verified an

(23)

This entropic origin of botlp andt constitutes the main
similarity between ideal systems if we use Joule’s law
to define them.

The pressure of the ideal gas is an entropic effect
which derives from the translational kinetic energy of
its molecules [12]. Similarly, in an ideal elastomer the
elasticity is considered to be an entropic effect which
derives from the rotational kinetic energy rather than
from the intermolecular potential energy of the carbon
atoms about each C—-C bond [31]. The latter remains
constant when an ideal elastomer is extended, which is
not surprising for a condensed phase of constant volume
[12].

The real elastomers (rubber, for example) deviate
from ideality due to the existence of intermolecular
forces between constituents causing restrictions to the
internal rotation. In real gases, intermolecular forces are
also responsible for the non-ideal behaviour. In both
cases, the result of the forces is that not all allowed
microscopic configurations of the system have the same
potential energy and then the statistical average value
of the internal energy does not depend exclusively on
temperature.
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