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400 Manzanares and Kontiuri

Abstract

Transpoert numbers have been extensively used over the last decades to
characterize ion transport in charged membranes. In spite of their con-
ceptual simplicity, a number of difficulties arise in the interpretation of
experimental resuits because of the influence of the operating conditions.
The meaning of the transport numbers measured with different methods
is here explained by refating them to the local migrational transport
numbers and the concentration profiles. The important effects of the dif-
fusion boundary layers and the electric current densify used (in the case
of Hittorf's method) are then analyzed. Although electromembrane pro-
cesses often involve multicomponent systems, the characierization of the
transport properiies of the membrane is often made in terms of binary
elecirolyte systems. The definitions of potentiometric transport numbers
in ternary systems are worked out and these numbers are computed
from the solution of the transport equations. These transport numbers
are compared to the apparent potentiometric transport aumbers used in
the literature {i.e., those obtained by assuming that the ternary system
behaves as a binary system), and the benefits of their use are clearly
shown. Finally, a brief account of the difference between transpori
numbers in the membrane-fixed and solvent-fixed reference systems is
given, and a recent modification of Hittorf’s method that makes use of
countercurrent convective flow is reviewed.

L INTRODUCTION

The efficiency of electromembrane processes requires quantitative information
on transport of both ions and solvent in the membrane system. The counier-
ion transport number (TN) and water transference number are then important
characteristics provided by manufacturers of industrial membranes. The
counterion TN is often found by Hiitorf’s method or by measuring concentra-
tion potentials. Hittorfs TN represent the fraction of current transported by a
charged species in an ionic solution when no concentration gradicnts are
present [1,2]. Thus, by Hittorf’s method, the conceniration change in the
cathode and anode compartments is measured when a known amount of elec-
trical current passes through the membrane system by the use of reversible
electrodes. However, when electric conduction takes place across a membrane
system, concentration gradients arc inevitably present and this can lead to
errors in TN determinations due to back diffusion. Modifications of Hittorf’s
method that avoid correction for back diffusion [3,4] and the use of radio-
tracers [ 5] have been suggesied, though they are not easy to use in practice.
Furthermore, the ordinary methods for TN determination in charged mem-
branes are such t’nat they actuaHy measure propertles of the membrane system,
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influence of which is difficult to estimate [6].

The TN found by the emf method are known as potentiometric TN, and
quite frequently do not coincide with Hittorfs TN because these two methods
characterize the membrane system as a whole and the values they yield depend
on the experimental conditions [7]. Since there is no satisfactory way at
present to reliably determine TN, and Hittorf’s method or its modifications are
relatively laborious, the potentiometric methed is often used.

One of the reasons why more extensive use of ion-exchange membranes has
not been made is the lack of knowledge of their transport properties in the
muiticomponent case. Counterion TN measured when binary electrolyte solu-
tions bath the membrane are then of limited value in the performance analysis
of electromembrane process, where at least ternary systems are always
involved. For instance, in the case of acid and alkali production with bipolar
membranes, it is important to determine the TN through the monopolar mem-
branes in systems such as NaCl-HCI or NaCl-NaOH [8].

The scope of this chapter is restricted to the theory of TN in dilute solu-
tions of strong electrolytes. The details of experimental methods by means of
which TN are determined will not be discussed. The literature on TN in
charged membranes is very extensive and the early developments have been
properly reviewed in authoritative monographs [57. Thus, only a few pioneer-
ing works will be cited. The aim of the chapter is not to provide a complete
account of the subject matter, bui to explain the origin of important effects,
such as that of the pelarization layers, the electric current density or the
changes in pH, and to show how they can be accounted for in terms of the
Nernst-Planck formulation.

Section I is intended to serve as an introduction to the different TN defini-
tions. The connection between TN and concentration profiles will be worked
out in detail, which will enable for a relatively simple explanation of the effects
of the diffusion boundary layers, and the driving forces (electric current density
or concentration difference) used in the TN determination.

Section HI endeavors to define potentiometric TN in ternary systems and
presents simple theoretical expressions for their evaluation, The current use of
apparent TN and the consequences of the fixed charge estimation are also
discussed.

Finally, Sec. IV gives a brief account of the difference between TN in the
membrane-fixed and solvent-fixed reference systems. A recent modification of
Hittorfs method that makes use of a countercurrent convective flow is zlso
reviewed.

il. BINARY ELECTROLYTES
A. Model System

Figure | presents a schematic view of the membrane system considered. The

4 ~ o1 1 . LA |




402 Manzanares and Kontturi

charge groups within the membrane is ¢,, and their charge number is z,. The
bathing solutions are of the same binary electrolyte at different concentrations,
¢ and cy. The electrolyte is considered to be compietely dissociated and of
1:—1 type. The two diffusion boundary layers {DBL) adjacent to the mem-
brane have the same thickness 4.

The transport of ions is described by the Nernst-Planck equation [9]
de; F d(j))

-

i~ THCRT 4 M

where J;, D; and ¢; are the flux density, diffusion coefficient and molar concen-
tration of species 1, respectively, ¢ is the local electric potential, F the Faraday
constant, R the gas constant and T the absolute temperature. Alternatively, J,
can be preseated as the sum of the salt flux density, J,,, and the ionic contri-
buticn to the electric current density [10]

DD, dic,c,) z; D¢ 1

i, I
J. = — — =] it Rl )
’ Dic, + Dyey  dx D +Dyey F 12-l_ziF @)
where
22D, c(x)
MY = an o (3}
Z Z?chj(x)

E)

is the (differential) TN of species i [11], also called the local migrational TN
because of its dependence on position within the membrane system.
In the absence of concentrations gradients, ion transport can be described

left bulk left diffusion charged right diffusion right bulk
solution boundary layer membrane boundary layer solution
¢
m
-8 G d d+3 — X
Ci,L ci(O}_ci(O) i(d) c].{d) Ci,R e
1 $(0) ¢(i3} ¢”(\d)_ﬁd) | =9
My Mpr ar Ypr Mar

FIG. 1 Sketch of the membrane system and notations used for the ion concentrations
and electric potential. Overbars denote membrane phase. The different potential drops
in: the system are also shown.
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as a conduction process foliowing Ohm's law, where every mobile charged
species carries a fraction 1, of the electric current density. This statement,
however, does not hold in the presence of concentration gradients. First, the
electric current density

I:FZ‘Zf‘]f {4)

does not obey Ohm’s law but [2]

dep d{ibdif
I= 5
(dwc dx ©)
where
FE
k=7 L 7D (6)
J
is the electric conductivity and
gy RT de; RT _ r;dln g
= D,—~=——> — : 7
dx FZZZDJCJEI:Z ‘dx - F Zz dx o

is the gradient of the diffusion potential. That is, even in the absence of electric
current, there may be ion migration due te the gradient of the diffusion poten-
tial. And second, the migrational TN r(x} does not represent the fraction of
current carried by species i [127, but the relative contribution of species i to
the local electrical conductivity.

B. Permselectivily and Integral Transport Numbers

The permselectivity is the property of ion-exchange membranes most often
used to describe its quakity. Permselective membranes are those that exhibit
selectivity with respect to the passage of charged species. In particular, an ideal
permselective membrane only aliows the passage of counterions (ie, those
having the opposife sign from the fixed groups). Due to Donnan exclusion,
counterions have a concentration in the membrane which is higher than in the
bathing solution, while coions (ic., those having the same sign as the fixed
groups) have a lower concentration than in the bathing solution. The perm-
selectivity of a nonideal membrane is defined as the difference between the
counterion TN in the membrane T, and that in solution ¢; divided by the same
difference in the case of an ideal permselective membrane [13-15]

Tt

S:
11

(8

But this simple statement requires a careful definition of the TN T}
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Some authors consider that the TN T7; should only be defined in pure con-
duction processes {i.e., in absence of concentration gradients and convective
flow) [ 1,16]. Then, the TN would represent the fraction of current transported
by the species 7 [13]

L= (z,- FJ,-) ©
I dejfdx=10

Unfortunately, concentration gradients develop in the membrane and in the
adjacent DBL under nonequilibrium cenditions, and Eq. (9) cannot be used in
connection with Eq. (8). Therefore, another definition which provides an inie-
gral characterization of the fraction of current that is transported in the mem-
brane system as @ whole must be introduced; the migrational TN are position
dependent and they cannot provide this integral characterization. It is then
proposed to use ’

Z:'F'ji
7= 20

(10)

where no restrictions apply [7], except for the requirement that current is
transporied under steady-state conditions, since only then the ion fluxes are
constant throughout the membrane system.

Hittorf’s method is intended to use directly the definition of integral TN,
The membrane separates two electrolyte solutions of the same molarity, ¢ =
cg initially, and some electric current is passed across the system. Even though
the passage of current causes slight changes In these concentrations, it is con-
sidered that Hittorf's method provides the result

I CL=¢R :

Thus, Eq. (11) is taken in the next section as the definition of the integral TN
of species i.

The reliability of TN as permselectivity and fixed charge estimates depends
on our ability to eliminate the influence of the experimental method used in
their determination. In particular, the TN in the limit of smail fluxes, T (ie,
where the two bathing solutions are the same and no electric current crosses
the membrane system) have to be extracted from the measurements. Since the
ion concenirations are constant throughout the membrane in this limif, the
migrational TN are also constant. However, the difference between the local
migrational TN in the membrane and in the bathing solutions means that they
are different from the integral TN T§9 Note that T characterizes the mem-
brane system as a whole and taking the limit of small fluxes does not imply the
disappearance of the DBL cffects.

It is also very important to consider how well the permselectivity given by
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Egs. (8) and (11) describe the behavior of the membrane system under given
operating conditions. The membrane permselectivity is routinely measured in
laboratories without taking into account the particular eleciromembrane tech-
nique for which the membranes are to be used. The Hittorf’s and poten-
tiometric methods provide the permselectivity at the static or “zero gradient”
condition. This means that the counterion TN for a membrane separating
electrolyte solutions of the same molarity (¢ = ¢ at ¢t =10 in Hittorf’s
experiments) or at zero current (I =0 in potentiometric experiments) are
obtained. Unlike these laboratory experiments, the molarities of bathing solu-
tions differ and an external electric fleld introduces an electric current to the
operating electromembrane systems. As a resuit, the membrane permselectivity
under operating conditions differs from that obtained m laboratory experi-
ments [173. Simple methods for the determination of the membrane per-
formance for any concentration difference and current density have been
presented by A. Narebska and S. Koter [14,17,187].

Note, however, that when the bathing solutions are of different concentra-
tions, ¢y, # cg, the ion fluxes are no longer proportional to the electric current
and the TN T; include a contribution from the salt flux. Furthermore, if this
diffusional component i3 predominant, the TN 7; can be smaller than zero or
larger than unity [7,19]. Obvicusly, they cease to represent the fraction of
current transporied by the species i

To summarize, the permselectivity and the integral TN are in fact param-
eters which characterize the membrane sysiem as a whole, ie., they incorpor-
ate a contribution from the DBL. Furthermore, their values are not the same
under equilibrium and nonequilibrium conditions, which means that the effect
of electric current (in the case of Hittorf’s method) or differences in electrolyte
concentration in the bathing solutions (in the case of potentiometric method)
must be studied.

Finally, it is interesting to comment that the homogeneity of the membrane
also affects its permselectivity. In order to increase the membranc perm-
selectivity either the diffusion coefficients or the concentration of fixed
charged groups must be modified. The former requires changes in the mem-
brane structure and the results are very limited. The latter (i.e., the increase in
the fixed charge concentration) requires increasing cross-linking, with a pro-
hibitive increase in the electrical resistance of the membrane. However, the
total concentration of fixed charges is not the only factor influencing the ion
permselectivity. The particular distribution of these groups inside the mem-
brane can play a significant role [20]. The possibility of having perm-
selectivities exceeding that of a homogeneous distribution was first
considered by H. Reiss [21,22]. This pioneering work was followed by other
studies which were able to predict the distributions that would lead to higher
permselectivities [23,247. More recently, the significant influence of the DBL
has been demonstrated [20,25].
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C. Integral Transport Number in MHittorf’s Experiment

The condition ¢; = ¢, = ¢, enables an important conclusion on membrane
permselectivity to be made from Eq. (2). Since the product ¢;c; is constant

across the membrane boundaries, Eq. (2) can be integrated from x = —4 to
x=d -+ & toyield
2D.ed
To= i 12)
> iDL (
i
where
d+é
(e =71 ja cfx) dx (13)

is the average conceniration of species | over the membrane sysiem. Hence, T;
is @ constant which depends on the actual concentration profiles acress the mem-
brane system. Moreover, its value lies between the migrational TN in solution
{where ¢; = c,}

D.
ty= (14)
D, +D,
and the migrational TN in the membrane (where ¢; # ;)
) D, {x
Fx) = i) (15

D¢,(x) + Dj C5(x)

which is position dependent.
When the diffusion coefficients in the membrane phase differ {rom those in
the bathing soiutions, Eq. (12) takes the form

- {e/Ds_»
b ey /Dy 4+ LeafDy

where the diffusien coefficients are considered to be position dependent in the
form

(16)

b, 0<x<d (17

1

Di(x)z{Di’ —d<x<0,d<x<d+d

Equation (16) can be further simplified because the local electroneutrality
condition ¢, = ¢, = ¢ implies that the concentration gradient is constant in
the DBL and

o a+s
J efx) dx + J cdx) dx =2¢, 6 (18)
-3 r
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Therefore
tr+ 115&2
T.= — = (counterion) {19
\ TiKE1) + 1480
O
Cm
wherte
D.
D, + D,
is a constant (not to be confused with ), and
1 d
(6 == J ) dx 2
d Jo

is the average concentration of species { within the membrane. The parameter
ris defined as
2D, ¢,0
F=— 22
Disend (22
with D, = 2D,D,AD, + D,) and D,, = 2D,D,/D, + D) being the salt diffu-
sion coefficients in solution and in the membrane, respectively.
The coacentration {¢;> can be easily evaluated in the limit of small fluxes.
In particular, Eqgs. (A1) and {A14) {see Appendix} yield

oyt €V 12
O [(g) + } 23)

where ¢, = ¢, = ¢g . The couaterion TN given by Eq. (19) in this limit has been
represented in Fig. 2, against D, 6/D,,d which represents the ratio between
the diffusional permeability of the DBL, D,,/8, and that of the membrane,
D,,/d. The effect of both the membrane fixed charge concentration and the
DBL thickness have been analyzed in Fig. 2. It is shown that T, cren VATIES
from the migrational TN in the membrane to the migrational TN in the DBL
when D, 8/D,, d decreases.

The concentration {c¢;» is also easily evaluated for the case of ideal per-
mselective membranes, where total coion exclusion takes place. The local
counterion TN within the membrane 7; equals unity, and

_hrty
o+ T;
Thus, the integral counterion TN varies beiween 1 when r <€ 1, i.e,, when the
DBL effects are negligible, and ¢; when r » 1, i, when the transport across
the membrane system is controlled by the DBL. In terms of the membrane
permselectivity, which In this case takes the form § = 1/l + /1)), these two
limits correspond to S = 1 and § = 0, respectively.

T

{counterion) 24




408 Manzanares and Koniiuri

1.0

ILAEALL BRI L SRR L S AR LEEREEEL

0.9

0.8

counterion

0.7

0.6 0.3

0.1
0.5

LML B LA A I IR M Y 1t L Ot

el b r et v v el sl s st
10 1wt w1t 10?
D &/D. d
12 12

—
«
G

FIG. 2 Counterion transport number in the limit of small fluxes against the diffusional
permeability of the DBL {relative to that of the membrane). The values of ¢, /e, are
shown on the curves, and equal diffusion coefficients have been considered for coions
and counterions, ie., D,/D, = 1 and §,/D, = 1.

The application of Eq. {19) to nonideal membranes requires calculating {¢;>
from the solution of the Nernst-Planck equations. The description of this
problem is conveniently made in terms of the TN ratio

T
=t 25

=T (25)

Equations {A4) and (A5) in the Appendix can be easily transformed into

¢y(d) — ec,{0)

D,z
_b 26
=D, &) ets0) @9
where
e~ 2] +d T L
e = exp e @7

ZnCm 1 + ‘51/'52

z; n—Dy/D,
and the concentrations ¢,(0} and ¢,(d) are given by Eqgs. (Al4) and (A1D). In
particular, Egs. (A11) take in this case the form

(0} = ey{l — /1) (28a)
cyldy = c{l + i) (28b)
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where

g+ 2FD,
Ilim - n— Dl/Dz 5 (29)

is the Hmiting current density [26]. Equations (26) and (27) can be solved
iteratively to obtain #, and thus also the TN T,. This implies that the average
concentrations {c;» are known [see Eq. (19}].

In Fig. 3, the local migrational TN is compared to the integral TN for
different values of the DBL thickness. In the limit of high diffusional per-
meability of the DBL (relative to that of the membrane}, T, unerion ©quals the
local migrational TN at x == d, i.e,, the minimum value of f,{x) inside the mem-
brane. The explanation for this behavior can be found in Eqgs. (2) (applied to
membrane phase) and (10)

DD, die,g,) L1 T I

A TR 30
! Dléi +D25?_ dx ZI'F I F ( )

Since T, is constant and the terms representing the diffusional salt fiux inside
the membrane and the ion migration have different signs, the local migrational
TN has to be larger than T;. Equality is possible only when there is no diffu-
sional contribution to the ion flux, i.e., when the concentration profiles inside
the membrane are flat. Indeed, Fig. 4 shows that the concentration profiles

1.0 e BRI T p

0.8

T

counterion

0.7

T

RIS NI AT A AR

0.6

L2 B B B

NS

0.5

o |

- RN | ot antil Ltd bugal IR
1072 10! 10° 10 10°
cm/cb

FIG. 3 The effect of the diffusional permeability of the DBL (values of D, 8/D,,d
shown on the curves) on the counterion transpori number in Hittorf’s experiment. The
electric current density amounts to 20% of the limiting value, I/1, = 0.2, Other
parameters are D/D, =1 and D /D, =1 The dashed lines show the migrational
counterion transport number at the membrane ends.
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FIG. 4 The sifect of the DBL thickness, at constant polarization ratio I/];,,, = 0.2, on
the concentration profiles for ¢, /¢, = 1, D,./Dys = 1, D/D, = 1, and D, /D, = 1. The
dashed lines correspond to §/d = 1 and show practically linear profiles. In this case,
{Crnnmteriony = L636 and T unenon = 0.580. The continucus lines correspond to &/
d = 0.01, and show nonlinear concentration profiles inside the membrane, leading to an
average concentration larger than in the case 6/d = 1. In particular, {C.oymeriens = 1.780
and T = 0.692. These values are to be compared t0 &, uneriontd) = 1.443,

counterion

Ecountcrion(d) = lSOO! _counterion(o) = 07659 Ecsunierinn(d) = 0.692.

pot
L

inside the membrane are flat (except for the region in the close vicinity of
x =10) when D,,8/D,,d is very small. Furthermore, since {¢;) approaches
g{d) in the limit D,,8/D,,d —0, Eq. (19) clearly explains that T ..iccion
approaches t{d).

It was mentioned in Sec. I1.B that TN have to be measured under nonequi-
librium conditions {e.g., in the presence of electric current in Hittorf’s method)
and that the observed TN might depend on how far away is the system from
the equilibrium state. In particular, since T; depends on the actual concentra-
tion profiles across the membrane system [see Eq. (12)] and these are affected
by the current density, 7; is also a fuaction of the current density [20,24,
27]. For instance, Fig. 5 shows that the changes in the counterion transport
are of the order of 10% when D, §/D,,d = 0.1, which is a commen practical
situation. This is in agreement with the relatively low values of counterion TN
measured under limiting current conditions [28].

Experimentally, the TN may be observed to increase with increasing
current density at low current densities [5,29]. This effect is due to back diffu-
sion and cannot be accounted for by the above equations because of the con-
dition ¢ = ¢ imposed here.
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FIG. 5 The effect of the electric current on the counterion fransport number in
Hittorf’s experiment for different values of the diffusional permeability of the DBL
(values of B,,8/D,,d shown on the curves). The fixed charge concentration is
e /e, = 3, and the diffusion coefficients satisly D, /D, = 1 and D /D; = 1. The current
has been normalized to I, = FDy, ¢,/d, and ranges from zero to [, /T, {except for the
case D,,6/D,d = 0.01, where I,;,,/1, = 333}.

D. Potentiometric Transport Numbers

In Sec. I1.C, the integral TN under Hittorf’s conditions, ie., with ¢, = cg = ¢,
and an electric current passing through the system, were introduced. In this
section, a membrane system under zero electric current and where ¢; # g 18
considered and the integral TN under potentiometric conditions are iniro-
duced.

The diffusion potential drop in the membrane can be formally obtained by
integrating Eq. (7) '

. RT [4 0 -
Adas = _Ff Y tdlng, (31)
(VR

The actual integration requires the solution of the transport eguations to find
the concentration profiles, and therefore, the variation of 1; throughout the
membrane. Alternatively, the variables f; can be replaced by some average
(constant) values, T;, which give the same diffusion potential. Thus, Eq. (31} is
used to introduce the potentiometric TN 7; by means of the equation

- RT T, &d
M= T mA (2
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The property
T T=1 (33)

together with Egs. {A14) in Appendix for the Donnan potential drops, allows

us to write

;(d
{0

In the presence of DBL effects, the total potential drop across the mem-

brane system (or membrane potential) alse incorporates contributions from
the diffusion potential in these layers. Integration of Eq. (7} yields

Adp L + Adg + Adp g = — Z (34)

 RT 1, O
Adrgis L = — F Z: Z In —C";“ (35a)
and
Adgir,n = — WZ . ;(d) {35b)
so that the membrane potential is given by
RT . T, cfd) RT c{O)cr
Apy= ——==> —ln———> = 1 36
U IR T v o
where the concentrations ¢,(0) and ¢{d} are
c(0) = ¢x{0) =cL — J1,8/Dyy (37a)
ci{d) = cp{d) = cp + J12 /Dy, (37b)

Equation (36} can be written, similarly to Eq. (34}, in the form
RT T,
Apy= — =% —In— 38
Py F Z, . n e (38)

which serves as a definition for the potentiometric TN T; of the membrane
system. Evidently, these TN are also required to satisfy the condition }; T; =
1. From a practical point of view, the TN 7, are evaluated by arranging Eq.
{38} in the form

1y 5F Ay /RT
ﬂ*zﬁ"%qu)} 59

Note that the membrane potential Ady; must be calculated by subtracting the
electrode potentials from the cell potential [15,30]. Comparison with Eq. (36)
clearly shows that Eq. (39) must yield values between T;, when J,, 6/Dy, ¢p €1,
i.e, when the DBL effects are negligible, and ¢;, when the membrane effects are
negligible and ¢;(0) = ¢/(d).



Transport Numbers of lons 413

From a theoretical point of view, the evaluation of T, requires the solution
of the transport equations in a binary system to calcuiate Agy,. This solution
can be easily derived from that worked out in the Appendix for a ternary
systern. In particuiar, the application of Egs. (A4) and (A5) to a binary case
gives

— = Zmfm
{ RT B, B, S+~
Aot =2 F b+ 0, " Ew: )
1 1t 2 61{0}“3{“57 mYm
Zy
and
. % _ 2mCmFAquif
Jyp = — d [51(@*01( )*_2 RT (41)

These equations, when combined to Egs. (35), (37) and (Al4), lead to the
desired Ag,; evaluation by following a simple iterative procedure.

The counterion TN given by Eq. (39) has been represented in Fig. 6, where
both the effects of the membrane fixed charge concentration {values of ¢, /c;,
shown on the curves) and the DBL thickness have been analysed. When the
diffusional permeability of the DBL (relative to that of the membrane;) is small,
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FIG. 8 Counterion potentiometric transport number in the limit of small fluxes
against the diffusional permeability of the DBL (relative to that of the membrane) for
membranes of different charge concentration (the values of ¢ /ey are shown on the
curves). The conceniration ratic has been set to cp/c; = 5, and the diffusion coefficients
satisfy D,/D, =1 and D,/D, = 1. The dashed lines show the migrational transport
number of the counterion at the two ends of the membrane.
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the concentration gradient is in the DBL, and ¢(0) =~ ¢(d}. The local migra-
tional TN is constant within the membrane and the potentiometric TN eguals
the bulk value r;. On the contrary, when the diffusional permeability of the
DBL (relative to that of the membrane) becomes larger, the membrane phase
is also polarized and f{x} can vary sigaificantly over the membrane. In partic-
ular, it can be read from the curves with ¢ /¢, = 3 that T unierionl®) = 0.916 and
Feoumterionld) = 0.644 when D,,d/D,,d — 0. The poteatiometric TN T . cerion
takes approximately the average value of Foounerioni®) and T umerion(d) at this
limit. Note that this situation is different fo that observed in the case of
Hittorf’s method, where T ocion APPIoaches feouneriontd) i the limit
D, 6/D,,d— Q. The difference can be more easily appreciated by comparing
Figs. 3 and 7.

Similarly to the Hittorf’s integral TN, which is a function of the current
density (see Fig. 5}, the potentiometric TN varies with the concentration ratio
cg/cr . This effect is more pronounced (see Fig. 8) in the case of high diffusional
permeability of the DBL (relative to the membrane), ie. low D,8/D,,d
values.

Figure 8 shows that the potentiometric TN depend on the two external
concentrations and should be denoted as T{cg, ¢p). It can be easily shown that,

1;0 T 1|IIHIi T II\iIH' T T=TTTTTL
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FIG. 7 The effect of the diffusional permeability of the DBL on the potentiometric
transport number {centinuous lines). The concentration ratio has been set to epfey = 3,
and the diffusion coefficients satisfy D,/D, = 1 and D,/D; = 1. The dashed lines show
the migrational transport number of the counterion at the two membrane ends, The
bold lines correspond to 5, 8/D,,d =0.01 and the thin lines to D, §/D,,d = L.
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FIG. 8 The effect of the bulk concentration ratio on the potentiometric transpost
number for different values of the diffusional permeability of the DBL {D,,6/D,,d
values are shown on the curves). The fixed charge concentration is ¢ /¢, = 1, and the
diffusion coefficients satisfy D, /D, = 1 and D,/D, = 1.

when cg > ¢,
11%cy) < Tep, cp) < t§%cy} {counterion) 42)

where 17%(¢) is the migrational TN inside the membrane corresponding to an
equilibrium situation where the two external solution have the same concen-
tration c¢. Equation (42} suggests that, in principle, the potentiometric TN
could be referred to just one external solution concentration ¢,, such that

TEY{CRB CL) - T?q(cav > Cav) = I?q{cav) WIth CL < Cav < CR {43)

In practice, this is not so straightforward due to the complicated dependence
of A, on the ionic concentration differences [see Eq. (36)]. Several estimates
have been proposed for ¢, (6.8, cr, €1, (cg + cL)/2, (cre)'?, ete) but they all
lead to important systematic errors [31]. This problem can be easily overcome
by using two potentiometric TN. In particular, it has been suggested [6,7] that
tt%c) could be estimated as

15%e) = 5[ Trec, ©) + Tfefro, )] + et (44)

where r, is the ratio of external concentrations and £{zf%} is the error of this
estimation. Since Tr.c, ¢} can be considered a linear function of In r; for small
values of r., Eq. (44) leads then to an accurate determination of if%c). From
the experimental point of view, however, if is required that r, is not close to
one, as Agy would be small and could not be determined with sufficient accu-
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racy. Satisfactory values of r, for the estimation of 1{%c) are between 2 and 5.
Other interpolation techniques to obtain t{9c} are also possibie [5], but only
those accurate to second order in lnwr, should be used [31].

I, TERNARY ELECTROLYTES
A. Introduction

The counterion TN measured to characterize a given charged membrane is
often obtained with binary electrolyte solutions. In electromembrane process,
however, ternary systems are often involved. Moreover, even in systems where
the bathing solutions are intended to be binary [32], the minimal presence of
hydrogen ions from the autoprotolysis of water makes them ternary systems at
high dilution [33]. The incorporation of the third ion (H*} in the calculation
of the membrane potential is then of great importance [34-381.

The measured TN are also used to estimate the membrane fixed charge
concentration [28,33,39,40] as well as the presence of any intrinsic asymmetry
present in the membrane [41-43]. Particularly interesting is the case of bio-
iogical membranes such as cornea or skin. The recent interest in electro-
assisted transdermal drug delivery processes has recalled the need for accurate
determination methods of the TN of drugs [447. Since biological membranes
are often amphoteric, a change in bathing solution pH can alter the ratio of
negatively charged to positively charged groups in the membrane [45] (see
also Chap. 12). The TN determination is then carried out in the presence of an
acid or a base that is added to adjust the pH of the bathing electrolyte solu-
fions. The bathing solutions become then (at least) ternary sysiems, e.g.,
KCI-HCi or KCI-KOH.

The aim of this section is to study the effect of the acid or base addition on
the potentiometric determination of TN. For the sake of clarity, the DBL
effects will not be considered here. Firstly, the definition of potentiometric TN
in ternary systems are worked out. Then, the local concentration and electrical
potential profiles obtained from the solution of the transpori equations are
used to evaluate the potentiometric TN. These are compared to the apparent
potentiometric TN, e, those obtained by assuming that the termary system
behaves as a binary system. Finally, some comments on the estimation of the
membrane fixed charge concentration are given.

B. Apparent Potentiomeiric Transport Numbers

The analysis of TN in ternary electrolyte systems wiil be restricted to poten-
tiometric TN. By extending Eq. (38) to the ternary case, the membrane poten-
tiat can be writien as
RT T, ¢g
Py F Z 2, n . (45)

E

gt
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where ¢, 5 and ¢; ¢ denote the ion concentrations in the bathing solutions,
which are formed by mixing two completely dissociated binary elecirolytes
with a commeon ion. The common ion is denoted by subscript { = 1 and sub-
script i = 3 1s used for the minority ion.

The potentiometric TN egvaluation in ternary systems is complex both from
a theoretical point of view as well as from an experimental point of view; note
that the two independent TN cannot be obtained from a single membrane
potential measurement. Then, some authors [45] have resoived to interpret
the membrane potential measurements of ternary systems by using Eq. (43} in
the binary system form, thus neglecting the effect of the acid or base added to
adjust the pH. The potentiometric TN are then obtained as

_ L aF AgwRT
T app = P i:l - In(e; g/e; 1) } (46}

and are named apparent potentiometric T'N. This procedure coustitutes an
oversimplification in the study of ternary systems. The apparent TN so deter-
mined are not properties of the ions constituting the binary salt in the mem-
brane but they also incorporate the effect of the acid or base added. Indeed,
the introduction of Eg. (45} intc Eq. {46) leads to

_ 5 In{c, wfey 1) ¢§ miﬂ(cs,R/C&L)
T =7 [1 T ln(cz‘chz‘L)] T [l zn(c,_,,k/cu)] @7

which coincides with T} only when ¢, pfc, 1 = €5 g/, L = €3 »/c3, L. Note,
however, that 1, ,,,, does not coincide with T, unless c; = 0.

The apparent counterion TN in the ternary systems KCI-HCl and
KCI-KOH is presented in Figs. 9 and 10. The two bathing solutions have the
same pH, so that ¢ g =y = ¢r = 107" M, The membrane potential is
calculated as described in the Appendix [see Eq. (A15)] for the particular case
d =0, ie, in absence of DBL effects. Equation (46} is then used ic obtain
T, .pp- The infinite dilution values [46] have been employed for the diffusion
coefficients: Dg— = 2.03 % 107° em?/s, Dy« = 1.95 x 107° cm?/s, Dy = 9.30

x 1077 em?/s, and Doy- = 4.50 x 10677 em?/s.

Figure 9 corresponds to a negatively charged membrane (z, = —1) and
KCI-HCI bathing solutions. The fixed charge concentration is ¢, = ¢; 1,
where subscript i = 2 is used for the potassium ion. It is observed that T, ,,,
changes considerably with c/c, | when ¢, g/c, ¢ = 0.1 but not so much when
€4, gf€,, L = 10 because these TN tend to ~0.5 at high bathing solution con-
centrations. Still, Fig. 10 shows that the influence of the third ion (H* or
OH7)on T, ,,, becomes more pronounced when higher values of the fixed
charge concentration are considered. In this figure the situation of K* as
coion {z,, = 1) has also been considered.
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FIG. ¢ Appareni transport numbers of potassium ion against its bulk solution con-
centration ratio ¢, g/, . The numbers on the curves give the value of cy/c, . where
o is the H concentration in the bathing solutions.
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FIG. 10 The influence of the third ien (H™ or OH™) on the apparent fransport
number of potassium fon corresponding to ¢; gfe, | = 10. The values of —z_ ¢ e, ¢
are shown on the curves.




Transport Numbers of lons 419

C. Potentiometric Transport Numbers

Even though Eq. (45) is sound due to its similarity to Eq. (38), the definition of
the TN T, is not straightforward. In contrast to the case for binary electrolytes,
where there is only one independent TN and Eq. (38) constitutes the definition
of the potentiometric TN, additional expressions are required when ternary
systems are considered.

It has been shown [47] that Eqg. (31} can be written in the form

Aquif=—-}g da’in51+ ‘ifzdln[}u_'_ “fod1n Py 48)
F Z o Z, o 24

O “1 el
where p,, = ¢,7, and p,; = ¢,C; are the ideal salt activities {48]. Equation
(49} allows us to introduce the potentiometric TN in membrane phase as

dez dln p,,

N ()
j df3 dlnpys

T = m (49b)

while T, is determined from Eq. (33).

In the DBL, equations similar to {48} and {49) can be obtained for the
potentiometric TN and the diffusion potential drop. The membrane potential
is then given by

RT [ 1 T T
Ad)M: —(— 1;19.%;3+721n21_ﬂ+_31n plS,R) (50)

F\zy ¢ 2z Piz,L Z3 Prs.L

where

d+o
J‘ tyd1npy,

T,=*f (51a)
2 11'1(1‘—712,12/11712.1_)

d+d
J t;d1n pg
== {(51b)

In(p,3, v/P13, 1)
are the potentiometric TN ir the membrane system. Note that Eq. (50} coin-
cides with Eq. (45).

The T, values where ¢; p # ¢; | cannot be obtained from membrane poten-
tial measurements and require the solution of the transport equations for their
evaluation (see Appendix). Figure 11 shows the apparent and exact TN of
potassium ion for ¢, g/ o = 0.1, 1 and 10. Once again, for the sake of clarity,
DBL effects are not considered (i.e., ¢ = {). It is observed that the exact TN
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FIG. 11 Apparent (dashed lines) and exact {continuous lines) potentiometric transport
number of potassium ion in the system KCI-HC] vs. ¢fc, ; for different values of
C; gty (Sshown on the curves), z,, = —1land ¢ je, ; = 1

take low values when ep/e, ; increases, while the apparent TN remain close to
0.5 in this limit. It is also seen that the difference between exact and apparent
values is significant, and increases with decreasing ¢; g/cs -

D. Fixed Charge Estimation

The differences noted in the previous sections between the exact and the
apparent TN suggest that the use of apparent TN to estimate the membrane
fixed charge concentration could also lead to significant errors even when the
third ion present has a relatively low concentration [47]. It is therefore neces-
sary to identify the effect of the third ion by determining the relation between
apparent and exact TN. However, this relation is very complicated (see Eg.
{47} and note that T, and T; depend also on the ionic concentrations in the
bathing solutions as well as on the unknown fixed charge concentration), and
requires the sofution of the transport equations (see Fig. 11). Fortunately, this
situation changes when the Hmit of small fluxes (i.e., the equilibrium limit} is
considered.

The equilibrium concentrations can be easily obtained from Eqs. (Al) and
(Al4) as

i z_ e, e\ 12

et = — Z Y + |:<2> +{c+ CT}2:| (52a)
C_ — (52b)
&gt e
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FIG. 12 Apparent {dashed lines) and exact (continuous lines) potentiometric transport

numbers in the limit of small fluxes for the system KCI-HCl(i=1Cl",i=2 K"

H*).

where ¢ = ¢, g = €5, and ¢y = 3 g = ¢5, . Since no DBL effects are
into account, the integral TN coincide with the migrational TN in the
brane, T§% = If% Then, Hq. {52b) implies

T

Dyc Dser

Moreover, in the limit ¢, g/c,  — 1, Bqg. (47) reduces to

1 e T
Teq — Teci I - - _~
L. app 1( 26+CT)+ 2

It is now possible to solve for T79 and obtain

D,c
2(1 t5 )Ti‘?app -1

30y

T3 = _
D,c I g
2(1+§3CT)(1 2C+CT)1
and
R
gL,

,i=3

taken
mem-

(53)

{54)

{55a)

(55b}
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while 7% is given by the condition ) ; Ti% = 1. Figure 12 shows the compari-
son of the equilibrium values for the apparent TN and the exact ones for the
case z,, = — | and ¢, = ¢. Note that T{? - T4, (f = 1,2) and 75" - 0 when
cr — 0. However, the differences between apparent and exact values become
significant even for relatively low values of ¢/c.

Finally, the membrane fixed charge conceniration can be determined from

Egs. (52)and T35 = i{? as

_ 2z 1 1 D¢ + ¢q)
Coy = - (¢ + cﬂsmh{z ln[(Tﬁ“ 1) Duct Do |l (55)

where T5% is determined from Eg. {55a), and T7%_{c) can be obtained from
iwo membrane potential measurements as

T?,qapp = %[I app(rc c, C) + Tn app(c/rc El L)] (57)

where 1, = ¢3 g/Ca. 1.

V. CONVECTIVE FLOW

A, Reference Sysiem

Thus far the absence of bulk convective flow has been imphicitly assumed. It is
considered here the case of dilute solutions with nonzero solvent velocity. The
reference system used to describe the relative average velocities of the different
species now becomes of primary importance for the interpretation of experi-
mental results [49]. The aim of this section is to briefly describe the effects of
convective flow on ion transport in charged membranes. More thorough
studies on the flux equations in these systems and the choice of reference frame
can be found in Refs. 50-52.

Whenever the reference system is not made explicit, if must be assumed that
the membrane-fixed or laboratory reference system is being used. In this refer-
ence system, the flux densities are given by

Ji=cv, = Di(aé—i-zici%%)—i- ¢ Vg (58
where v, is the velocity of species i and v, the solvent velocity (both defined
with respect to the membrane}.

The presence of bulk solvent flow inside a charged membrane gives rise to
electrokinetic phenomena [16,53] {see alse Chap. 15). Since the solution
inside the membrane is not electrically neutral and has an electric charge per
unit volume —Fz_c¢,, the mass transporl also implies the presence of an
electric current density, I, = —Fz, ¢ 0y, which is called the streaming current.
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When electric potential and concentration gradients are also present, the iotal
current density is given by

— @_ % N @ dqf)dif - dd}sir
= —K(dx dx J Fommto = — % dx  dx dx (%9)

where x was defined in Eq. {6) (some authors, however, use different definitions
[53,547). If the total current density is zero, the bulk ow inside the membrane
implies that an electric potential gradient d¢,,/dx must appear, in addition to
the ‘diffusion potential gradient, to slow down the counterions and accelerate
the coions and thus maintain electroneutrality. The electric poteniial drop in
the membrane due to the bulk flow is called streaming potential, Ag,, .

In the next sections, the bulk flow is also described in terms of the velocity
v, and the question of its origin is avoided. For the present discussion, it is
sufficient to state that the velocity v, is proportional to the net force (other
than viscous forces) acting on an elementary volume of the selution [35]

dp dep
vy = dh(— o + Fz, ¢, dx) {60)

where d, is the hydrodynamic permeability. The electric potential gradient
may be externally imposed but can also arise because of the solvent flow (ie,
the streaming potential gradient) or because of the concentration gradients
(ie., the diffusion potential gradient). Similarly, the pressure gradient maybe
externally imposed or result from osmotic and electrosmotic phenomena.
Further discussions on these topics maybe be found elsewhere [49,53].

In a reference system moving at velocity v with respect to the laboratory
(i.e., with respect to the membrane), the flux density is [16]

I =elo =)= Ji = e (1)

In contrast io Eq. (58), Eq. (61) must also be applied to the charged groups
fixed to the membrane matrix. Indeed, the electric current density is given by

I=FY z;J0 (62)

where the sum index runs over all charged species including the fixed groups,
whose flux density inside the membrane is JI = —c¢,v. The local elec-
troneutrality condition [Eq. (A1)] then leads to the important result that the
electric curreat density is independent of the reference system used. Equation
(59) is thus valid in any reference system.

Most of the classical experimental methods yield TN in the solvent-fixed
reference system. The solvent velocity should then be determined by additional
experimental arrangements for each particular case to provide a full descrip-
tion of the TN measured. Since the ion flux density in this reference system
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takes the form

JE_O)E_DE(dCfH F d¢> (63

ax T HY9RT dx

it could be thought that the expressions obtained in the previous sections were
derived for the solvent-fixed reference system. However, this conclusion is
valid oniy in the solution outside the membrane, where there is no contribu-
tion from the fixed charge (and ro electrokinetic phenomena). Inside the mem-
brane, /' = —¢_ v, and this means that their TN is not zero [56,57]. In fact,
one of the difficulties associated with reference systems other than the
membrane-fixed reference system is that TN change discontinuously at the
membrane boundaries. But these reference systems must be used because TN
measurements in the membrane-fixed system are extremely difficult,

8. Hittorf’s Transporl Numbers
The integral TN in any reference system is defined as [1,16]

7, B

T =
I I

(64}
The TN in the membrane-fixed and solvent-fixed reference systems thus follow

the relationship

TO _ T _ z;Fe, v, LT
t i

L
_ ~T— (0.018 —)zicj v (65)

I : Co mol

where 1, = Feg v/l and ¢, are the transference number and molar concentra-
tion of water, respectively.

The continuity equation (i.e., the mass conservation equation) requires that
J; be independent of position under steady-state conditions. Hence, the TN in
membrane-fixed reference system, T;, are constani. On the contrary, Fgs. (61)
and (64) show that T is only independent of position if the concentration is
homogeneous. When using TN such as T it must therefore be understood
that reference is made to the value at the bulk solution concentration. Accord-
ingly, the concentration ¢, inn Eq. (65) is replaced by the bulk value.

From the experimental point of view, the flux Ji” is easily obtained from
the observed change in concentration Ag, in a time interval At as

V Ac,

JO
’ A At

(66)
where A is the effective membrane area and V' the volume of the compartment
where Ac; is measured. Transport numbers in solvent-fixed reference system
are then reported from Hittorf’s experiments £58].
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The relevant gquestion, however, is whether T, or Ti® provides a value
which characterizes the membrane. To answer this question, the transport
equations [obtained from Egs. (38) and (59}]

I .
Ji=J, + - T+ &;v, (membrane) (67a)
t. 1
Ji=Jys +jF+c,-vO (DBL) {67b)
are integrated from x = —& to x = d + J, where the ion concentrations are

¢ = ¢ = ¢, . For the sake of simplicity, the diffusion coefficients are assumed
to take the same value inside and outside the membrane. It is then obtained

_ 5Dy Fooly [ d

—Zz}DJ(cp”*w <> (‘"*<°'>+d+25 ZmCm T) (68)
where

7o DD -

2 7 DKeED

The average values {¢;> and {¢,> were defined in Eqgs. (13} and {21}, respec-
tively. Similarly, {x) and {&) are the average values of the electrical conduc-
tivity in the membrane system and inside the membrane.

Neglecting DBL effects, Eq. (68) simplifies to

T= T4 22 ) + 2 ) (70
For the case of highly charged membranes, the sum inside brackets in Eq. (70}
is of the order of ¢2/c,, and can be neglected, thus giving T, = T} (see Fig. 13).
However, for the case of weakiy charged membranes, the sum inside brackets
contributes to T; and this number ceases to characterize accurately the migra-
tional transport inside the membrane. On the contrary, the TN in the selvent-
fixed reference system

z; Fey v,

T =T, —
1 1 I

(71}

can be shown to be approximately equal to T; for both highly and weakly
charged membranes, thus providing a good characterization of the membrane.
C. Modified Hittorf’s Method

The polarization of the DBL is respensible for the observed dependence of the
TN determined by Hittorf’s method on the current density (see Fig. 5) [5,59].
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FIG. 13 Counterion Hittorf transport number in membrane-fixed reference system vs.
¢.fcy, for different values of the ratio I,/ (shown on the curves) and D /D, = 1. The
central line corresponds to T,. DBL effects have not been incorporated.

Either the use of extrapolation methods or an estimation of the diffusional
contribution are then required to obfain a value representative of the mem-
brane system (which still would incorporate the effect of DBL) [60]. The
problem of concentration polarization can be avoided by using a stack of
membranes, but this method is tedious to use in practice [56,61] (see also
Chap. 13, Sec. IV.B). More recently, the use of a convective flow opposed to
the electric current has been proposed [41 This modified Hittorf’s method
significantly reduces the concentration polarization and prevents the develop-
ment of a concentration difference between the two bulk solutions.

When the conventional Hittorf’s method is applied to a membrane system,
the concentration changes in the two compartments are due to both the trans-
port through the membrane system and the electrode reactions. Consider, e.g.,
a membrane bathed by KCl solutions where Ag/AgCl electrodes are
immersed. Since the electrode reactions only involve chloride ions, there is a
net salt flux T, I/F from the anode to the cathode compartment, where Ti . is
the integral TN of potassium ions. Then, the buik concentrations change with
time (i.¢., the system is not under true steady-state conditions} and there is a
contribution from back diffusion to the ion transport. In the modified Hittor{’s
method [4] the integral TN of the cation is zero due to the countercurrent
convective flow, Ty, = 0, i.e. for any given current density I, the convective
velocity v, is adjusted so that T, = 0 is satisfied. Obviously, the TN charac-
terizing the membrane, T, in Eq. (70), must be extracted from the current
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and convective flow measurements. When the fixed charge conceatration
is of the order or smaller than the bathing soluiion conceniration, Eq. (71)
gives Ty = —Feyv,/1 where v, and I have opposite signs because the flow is
opposed to the current. The determination of Ty, by this method consists then
in adiusting the convective velocity v,, for a given current density I, so that
T~ = 0 is satisfied and calculating Tg+ & —Feyvo/I. Moreover, since the dif-
fusional contribution to the ion fransport through the membranc system is
small, this TN Ty - does not depend on the electric current used in its determi-
nation.

D. Potentiometric Transport Numbers

The relationship between potentiometric TN and the reference system is diffi-
cult to make in practice because they are defined from the membrane potential
expression and not from Eq. (64). In electrolyte solutions, it has long been
discussed that potentiometric TN are essentially identical to Hittorf’s TN, and
therefore they are also relative to the soivent [62]. In the case of membrane
systems, a good correlation between the TN determined by these two methods
has also been observed [63], and thus it is widely accepted that both poten-
tiomeiric and Hittorf’s methods provide TN in the solvent-fixed reference
system {17].

Equation (59} shows that in the presence of convective fow {and [ = 0), the
membrane potential is given by

RT _ T ¢ _
A = Ay + Ay, = — = 3.~ In = — Frpc,00 40D (72)
P4 L
where p = 1/k is the local electrical resistivity in membrane phase, and {p) its
average value. In Eq. (72), DBL effects have been neglected for the sake of
simplicity. This equation, however, if often written in the form

RT . T
Adyy = —?Zﬂin@ (73)

T L
where T, ,,, is the so-called apparent potentiometric TN [5] note that the
term apparent is used here for a different reason than in Sec. II1.B).
The membrane potential Agy can also be evaluated from nonequilibrium
thermodynamics and written in the Scatchard-Staverman form [64—66]

2 RT 2
Adw=—= | Yodu= -0 | Srdmne (74)
Fli=u F iS5

where 1, is the transference number of water and ; = Tj/z, is the transference
number of ion species i {see also Chap. 10, Sec. ILA). Activities have also
been replaced by concentrations for the sake of consistency with the above
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expressions. By using the Gibbs—Duhem equation, Eq. (74) can be transformed
into Eg. {73), where T, app takes the form of a TN in the solvent-fixed reference
system

T

iapp T;, app — £1€av TO/CG (75}
and c,, represents here the average (cg + c )2

The equivalence of these two formulations [Egs. (72) and (74)] can be
shown by equating the convective terms in the Nernst—Planck and nonequilib-

rizm thermodynamics formulations

d
civg = —lo 12 (76)

where l is a phenomenological coefficient. It then follows that

dx K

F dug T4 dpig
=T o [ T TR T 77
(Z g I‘O> dx F dx ()

dpgy  Fipemve Foo o
- —Kzi:‘/‘xctb()

V. CONCLUDING REMARKS

Transport numbers have been extensively used over the last decades to charac-
terize ion transport in charged membranes. In spite of their conceptual simpli-
city, a number of difficulties arise in the interpretation of experimental results
because of the influence of the operating conditions. More effort should there-
fore be put te identify the effect of polarization layers and the driving force
{i.e., the electric current density and/or the concentration difference) on
the experimental results. Also, the use of simplified expressions for the TN
{e.g., the application to ternary systems of equations valid only for binary
systems) should be aveided.

Finally, attention must be called o the restrictions applying to the theoreti-
cal approach presented in this chapter. First, activities have been replaced by
concentrations throughout, which limits the applicability of the equations to
dilute solutions. Second, chemical partition coefficients have not been
included, which amounts to consider only membranes with high water
content. More important are the limitations associated with the homogeneous
membrane assumption. Homogeneity is a spatial scale-dependent concept
and all membranes deviate to some extent from homogeneity. If the membrane
is inhomogeneous on a plane normal to the axis along which transport occurs,
the introduction of a distribution of pore radii and charge densities will prove
necessary when attempting to interpret experimenial data [28]. Recent
accounts of the effect of structural membrane inhomogeneity on transport
properties can be found in Refs. 67-70.
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APPENDIX: THE INTEGRATION OF THE NERNST-PLANCK
EQUATIONS OVER THE MEMBRANE SYSTEM FOR THE CASE
OF TERNARY ELECTROLYTE SOLUTIONS AND |zl =1

In this appendix a procedure for the integration of the Nernst-Planck equa-
tions in ternary systems, under the assumption of local electroneutrality

Y 2 6(x) + 2 =0 (A1)
is presented. The equations corresponding to binary systems can be easily
obtained by iaking ¢y = 0. Alternatively, the Schldgl integration procedure
could also be used [36,71,72].

Since the electric polentizl gradient inside the membrane can be written as

[73]

5 RT r C;
(T S S PR &
J
where
_ 2 z45/D;
F="5upm &
j
the diffusior potential drop in the membrane Ay is given by
) ) ) RT Z ey + Tz, ¢
Ay = ¢id) — ¢(0) = - T'In m (Ad)
i
Alternatively, Agy; can also be obtained by integration of Y ; J,/D; as
pio =2 L5 e -+ 0| (43)

Equations (A4) and (A5} contain the sum Zi ¢;, which can be transformed
into

Zm O

3 Efx) = 28,(x) + (A6)

i 1

with the help of Eq. (A1) and observing that z, = z; = —z, because i = 1 is
the commeon ion. The ion fluxes in Egs. (A4) and (A5) are obtained by integra-
tion of the Nernst—Planck equations in Kramers’ form [20,73-73] as

L _ p ExexplzFPE) — SOVRT} — &(0)
f “explz, FL() — GOV/RT} de

0

(A7)
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and
gy gz_ &(dyexplz, F Adyy/RT) — 2,(0) (AS)
Jy Dy eyldlexplzy F Ady/RT) — ¢4(0)
where the equality z, == z; has been used.
In the DRBL, the diffusion potential drops are given by
RT 0
Ay, =—Tln Cl—() {A%a)
' F i1
and
RT Cim
Adyie p = — T 1 : ASh
Dair, F n () { )
where
2 JiD;
F=dg— AlD
J/D; (10
0« J;
€4(0) = ¢, L“EE}_:E {Alla}
and
§ o J
dy = — Y = Allb
c4{d) Cl'R+ZZf:D { )

i
The other two ion concenirations at the external side of the membrane/DBL
interfaces are given by the local electroneutrality condition

c1{x) = ea(x} + c5(x) (A12)
and the analogous fo Eq. (A8), Le.
Jy Dy ¢2(0kexplz; F Ahyir, /RT) — 3,5

= {Al3a)
J3 Dy cy(Oexplz; F Ay /RT) — ¢35,
and
_{g _ % €y r €XP{z3 F Adgir o/RT) — ¢,(d) (A13b)

g3 h Dy ¢35 explz3 F Adpyie, o/ RT) — ¢5(d)
At the membrane/DBL interfaces, the Donnan potential drops are given by

RT 1. &0y 1 . { zec
Mg = BT L GO 1 inh fmln Al4
b1 T n 0, arcsin (22;61(0)) (Alda)
RT 1 cdd} 1 i z.C
A - o2 B —mm Al4b
Po » 7 fn @ ) arcsin (22101(01)) { )
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where Egs. (A1) and (A9) have been used to obtain the last equalities.

The above equations form a closed system which enables the determination
of values for ion fluxes and the different potential drops. The membrane
potential is then obtained as

Apy = Adygi . + Adp L + Adgy + Ay x + Ay & (A13)

The distributions of electric potential and the common ion concentration
inside the membrane can be caiculated from the system

- = RT o eyx) + (T + Lzi)z,c0/2

o) = 90 = T o) + T F 1z )zmen? (A16)
and

i _RT 1 7,

hlx) — P(0) = F e {2[6‘1(x) —cf0)] + x g 1—31} {A17)

which are obtained by integration of Eq. (A2), and integration of ), J/D;,
respectively. The other two ion concentration profiles can be calculated from
Eq. (A7)

The corresponding distributions in the DBL are finally given by

cl(x)—cl,L—';%j%‘i, —s<x<0 (A18a)
cl(x)=c1,R+§§%i, dex<dtd (A18b)
(b(x)*gﬁ(é)—%grln%}%, —5<x <0 (A192)
(ﬁ(x)wqb(qué):%Fln%{—?, d<x<dtd (A19b)

S, Dy colxexpiz, Flp(x) — ¢(—3)1/RT} — ¢y

T2 _ y o
Ty Dy can)explz, FLOM) — G(—VRT) —cyr”

(A20a)
Jy _ D coX)exp{z, FLo() = ¢d + OYRT) — o . s
Js D, cy(xjexplz, FLp(x) — old + I/RT} — 5.0 <x<d+

(A20b)

LIST OF SYMBOLS

¢ molar concentration [mol/cm?)
D diffusion coefficient [em?/s]
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membrane thickness [em]

auxillary constant defined in Eq. (27)
Faraday constant [C/mol}

electric current density FA/em?]

flux density fmol/cm?/s]

ideal salt activity [mol?/cm® in the case of 1: — 1 electrolytes]
gas constant [F/(mol K]

auxiliary constant defined in Eq. {22)
ratio of bulk selution concentrations
membrane permselectivity

absolute temperature fKJ

local migrational TN

integral TN of species i

velocity [emy/s]

position [cm |

charge number

'-‘:'_H""-..,_}(/]n“:‘%x"a R s » B T~

=

o~

DBL thickness {em]

local electric potential {V]

auxillary constant defined in Egs. (A3) and {A10)
TN ratio

electrical conductivity [ */em ]
electrical resistivity {Q cm]
transference number

auxiliary constant defined in Eq. {20)
dummy integration variable
electrochemica!l potential [J/mol]
chemical potential [J/mol]

> average value
difference over the bulk or interfacial region (right minus left)
BL diffusion boundary layer
TN  transport number
membrane phase

OB | R e x 3 g o

1

Subscripis/Superscripis

0 solvent

12 binary electrolyte formed by ion species 1 and 2
13 binary electrolyte formed by ion species 1 and 3
app apparent

b buik solution in L and R compartments

C concentration ratio
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D Donnan
dif diffusion potential
eq small fluxes limit (Le., equilibrizm limit)
i ion species i (i = 1,2,3}
L teft compariment
limn Hmiting current density
M membrane potential
m fixed charge groups within the membrane
R right compartment
sty streaming
¢ standard
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