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The statistical definition of entropy is often used to justify Planck’s form of the third law of
thermodynamics in a very graphic form. Statements fikea nondegenerate ground state system

at 0 K, the system should be in its lowest energy (ground) state and th@ra&cording to the
statistical definition of entropare commonplace in many textbooks. These statements are useful,
but might as well be supplemented with more empirical views concerning the physical limits of low
temperatures in thermodynamics and the high number of states still accessible for a macroscopic
system when the entropy takes small values. The purpose of this note is to emphasize the above
points making use of four model systems: the Fermi ideal gas, the confined Bose ideal gas, the
photon gas, and the noninteracting particles in a two-level system. Each of these physical systems
has a characteristic temperature related to the nature and organization of its microscopic constituents
and the third law should perhaps be expressed in terms of the behavior of the system when it
approaches this temperature rather than the presumed behavior at &xaltkl. © 2000 American
Association of Physics Teachers.

[. INTRODUCTION entirely new: Some viewpoints similar to ours may be found
disseminated over a number of excellent textbooks, special-
One of the statistical definitions of entropy, ized articles, and monographs1°-1” However, here we

S=king 1) have given a simplified presentation that poi_nts out important
' aspects of the problem that are frequently ignored. We em-

connects the entrop$ of a system with the number of ac- phasize that each physical system has a characteristic tem-

cessible stateg through Boltzmann’s constakf and shows perature related to the nature and organization of its micro-

the statistical character of the macroscopic information enscopic constituent®*® and that the third law should be

capsulated in theecond lawof thermodynamics.It seems expressed in terms of the behavior of the system when it

intuitive to go a step further and use Hd) to also interpret approaches this temperature rather than the presumed behav-

Planck’s form of thehird law of thermodynamics for a non- ior at exactlyT=0 K.

degenerate ground state system in a very graphical form,

namely,at 0 K the system should be in its lowest energy||. PHYSICAL LIMITS ON THERMODYNAMIC

(ground) state and then-8) according to Eq. (1)However, TEMPERATURES

some empirical views should be added to this interpretation.

It has been emphasized previously that there are physical Wu and Widoni have recently shown that there exist

limits on the notion of low temperatures in thermodynamicsphysical limits on the notion of thermodynamic temperature

that can be severe for small systems of experimentathat must be borne in mind when taking the lifiit-0. We

interest® Indeed, temperature fluctuations may impose awill use their results to calculate the temperature

limit on the attainability of low temperatures in finite sys- fluctuationg that correspond to the systems studied when the

tems, and should then be mentioned in the context of thentropy takes small values.

third law. Also, the number of states accessible for a macro- It is well known that for a system of heat capac@y the

scopic system can still be very large even when the entropgemperature fluctuationsT can be written &s>1718

takes small value$® Finally, although Eq(1) may offer a o

general explanation for the behavior of matter at low tem- STIT~(KIC)™, 2

peratures, the actual decrease of entropy with temperatuighere the conditionsT/T<1 is required for the thermody-

depends very much on the system considered and appearsrig@mic temperature concept to be unambigifo8inceC is

be related to the quantum principles that rule the behavior ofroportional to the number of particléé of the system, the

matter at low temperaturés. . above condition might appear severe only for small systems.

~ The particular character of the third law of thermodynam-in jow temperature physics, however, experiments conducted

ics has recently been addressed in a question posed by Blgth a reduced number of particles are not uncommbt??

and Halfpaf that received three subsequent answetslt The heat capacities of the ideal Fermi ga&*"the con-

seems that this law is better understood in those cases whefified ideal Bose gasthe photon ga$>”*®and the nonin-

molecular information on the system under consideration igeracting particles in a two-level systémare (see the Ap-

available?~"**"*?Here, we will explore this question, mak- pendix for details

ing use of four model systems that find some applicability in )

the understanding of the properties of matter at low tempera- Ce=(mI2)NK(T/Tg), T/Te<1, (3a)
tures: the Fermi ideal gas, the confined Bose ideafdhs, Co~(12£(4)1L(3))NK(TITy)3, TITy<1 (3b)
photon gas, and the noninteracting particles in a two-level b bl b=

system. We must say that the conclusions obtained are not Cp=(4772/15)k(T/Tp)3, (30

932 Am. J. Phys68 (10), October 2000 http://ojps.aip.org/ajp/ © 2000 American Association of Physics Teachers 932



0.10 rrere—r—rrrrem—r —g 10*
‘\ / g : logmg
sTIT [ Y 4103
0.05-— . E
;/ N/=105\ Nt - 102 Fig. 1. Number of accessible statgsand temperature
F E fluctuationsST/T as a function of the relative tempera-
0.00 s+ ool T o J10! ture T/T,, corresponding tda) the ideal Fermi gagh)
) 107 107 1072 the confined ideal Bose gag,) the photon gas, an@i)
T/T; the noninteracting particles in a two-level system. The
5 I—\I s number of particles considered in casas (b), and(d)
010110 10 100 10t 0.0 ~10° is N= 10" (continuous linesandN = 10° (dashed lines
r (© 3 log, 2 i log,,8 The average number of particlbsin the photon gas is
ST/T 7 10° §T/T ' 102 shown on the upper abscissa scale. The arrows on the
— F El curves make reference to the respectigeor 5T/T)
0.05- 0'05_" ordinate scales.
102 10!
0.00 10t 0400 10°
5 10 /T 15 20 0.1

C,=Nk(0/T)?/cosit(6/T),
whereTg= (h?/8mk)(3N/7V)?? is the Fermi temperatute

(3d)  cease to be well-defined when it is sufficiently low. It might
be worth mentioning this empirical view in the context of the
unattainability of the absolute zero temperature, although it

for a gas ofN fermipns of massm in a volumeV, T, is true thatT=0 K is unattainable by any method regardless
=(holk)(N/£(3))2 is the Bose temperatifrdfor bound  of the above limitations.

bosons in an oscillator potential of characteristic frequency
w, szﬁc/kvl’3 is a characteristic temperature for a photon
gag contained in a volumeV, and the temperature
=Ael2k is defined in terms of the energy gaa between
the two energy levels.

Substituting for these heat capacities in E2).yields

Ill. THE NUMBER OF STATES ACCESSIBLE FOR
A MACROSCOPIC SYSTEM

Except for the photon ga$ the model systems considered
here yieldS/INk<1 for T/T,<1 when applied to macro-

(STIT)e=~0.5LINY?) (T /T)Y2,  TITe<1, (4a) scopei(; systems, in qualitative agreement with experimental
data’’ Now, what is the number of statgsaccessible to the
~ 12 3/2 !
(8TIT)p~0.3INYA(TY/T)*%  TITp<1, (4b) system? This number can be estimated by substituting in Eq.
(5T/T)p~0.6(Tp/T)3’2, (40) (1) thg _entropie§= fEC(T)dT/T calculated from the heat
1 capacities in Eqs3a—(3d):
(8TIT) y~(1INY?)(T/6)cosk 6/T) (4d)

SeINK=~(m212)(TITg), TITe<1, (5a)

for the systems considered.

Figure 1 shows the temperature fluctuatigiest ordinate Sp/NK=~(4Z(4)/{(3))(TITy)3, TITp<1, (5b)
scalg as a function of the ratio of/ T, for the four systems, — 4
T, being the characteristic temperature of each system. The Sp/Nk=2m"/(45{(3)), (50)
valuesN=10* and N=10° have been introduced for the S,/Nk=In[2 cosli6/T)]— (6/T)tanH 6/T). (5d)

number of particles, except for the p§°t°” gz;\s, where th%\Ithough Eq.(1) applies to a microcanonical ensemble, we
average number of photohs=(2¢(3)/7<)(T/T,)" depends a&

on the temperature. and has been shown on the Upper ave written this equation @s=exp§k) and then proceeded
scissa scale of Fig.(’d.). Note that the values considered for calculate the entrop$ from the heat capacitg(T) (ob-

. tained, e.g., in a canonical ensemhle order to get a crude
T/T, correspond to low temperatures where the ﬂucwat'on‘(céstimate %f the number of microstatgsaccesgi]ble to the

are not negligiblesT/T=0.1 is arbitrarily taken as the upper gqyivalent isolated systef(Note that, although in the ther-
limit for the values shown in Fig. 1. _ modynamic limit the numerical value of the entropy should
Figure 1 shows th_at_ the temperature fluctuations reac_:h thse dictated by the thermodynamic state of each system and
value 6T/T=0.1 forfinite values ofT/T¢,. Thermodynamic  not by the ensemble used in the calculation, ensembles may
temperatures significantly lower than those in Fig. 1 couldnot be fully equivalent for finite systems; see the Appendix.
only be achieved in systems with a higher number of par- Figure 1 (right ordinate scalésshows thatg is still very
ticles. Moreover, Eq(2) is quite restrictive for a photon gés. large compared to unity even when the temperature is low
Indeed, a cavity of volum&/=1 cn? yields T,~0.2K, S0  and the entropy takes relatively small values. For example,
that T~5T,~1 K when 6T/T~0.05 and the average num- when the temperature is so low th&f/T=0.1, the number
ber of photons is onlfN~20. In conclusion, Fig. 1 clearly of accessible states for a photon gas is still as large & 10
shows that fluctuations impose a limit on the experimentahnd this value increases up to°i@or the ideal Fermi gas
realization of low temperatures in finite small systems, asonsidered here. Therefore, the behavior ofitteal model
was previously pointed out by Wu and WiddnBecause of systemsat low temperatures should be determined by the
fluctuations, the thermodynamic temperature may eventuallguantum nature of the particle distribution functions and the
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eneégy spectra, not by the properties of the system grounBach physical system considered here has a characteristic
staté or by the energy difference between this ground statéemperaturg ultimately related to the nature and organiza-
and the first excited staté.This explains why the conse- tion of its microscopic constituent§® and the third law
guences of the third law can be detected experimentally athould be expressed in terms of the behavior of the system
low but finite temperatures for macroscopic systems. when it approaches this temperature rather than the presumed
behavior at exactlyr =0 K.

Note finally that since one of the salient features of ther-
IV. QUANTUM ORIGIN OF THE THIRD LAW modynamics is its independence from particular microscopic

Planck’s form of the third law of thermodynamics cap- M0dels, the abovésystem dependentharacteristic tem-
tures the behavior of matter at low temperatures in a pictorigP€ratures cannot be obtained from thermodynamics. The
form. The statistical definition of entropy can be used tothird law must then be postulated invoking the hypothetical
provide a general justification of this law, although the de-limit T=0K in order to explain the vast amount of experi-
tails of the decrease of the entropy with temperature depenghental data collected for thermodynamic systems at low
significantly on the particular system considet®dlso, for ~ €nough temperaturés.
small enough systems the temperature might cease to be well
defined when it is sufficiently lot.These issues have been
emphasized here using four ideal model systems. Three SFCKNOWLEDGMENTS
them (the Fermi, Bose, and photon gasesrrespond tan-
distinguishableparticles, and the results presented were o
tained using the respectivguantum particle distribution
functionstogether with quasi-continuous energy spectra. The
noninteracting particles in a two-level system could be con-
sidered asdistinguishableparticles (if we regard them as APPENDIX
idgally fi_xed, which artificially introduces distinguighabiﬂ'gy The heat capacity of the ideal Fermi gas can be derived
Wl_th a discrete energy spectrunit s_hould be mentloned N &om the average energgy asCr=(JEg/dT)y. For small
this context that the entropies derived for the classical ideal . . .
gas model using the Boltzmann particle distribution functionen%fjlgh temperature3/Te<1, Er is approximately given
and for the classical harmonic oscillator model using thebyl
continuous energy spectrum do not satisfy the third law. Er~(3/5Ne[1+ (572/12)(TITg)?], (A1)

The forces between particles are certainly crucial in the o 23 _ _ .
behavior of matter at low temperatures and should then bgyhereTE—(h /8mK)(3N/7V)“* and e =kT is the Fermi
taken into account in a statistical mechanical justification ofn€rgy.~
the third law*-!6 However, the systems of noninteracting | ne confined ideal Bose gas corresponds to bound bosons
particles considered here illustrate some of the underlying @n anisotropic oscillator potential of frequencies, ,,
physics encapsulated in this law and often constitute usefldnd ws. This system was chosen because of its theoretical
approximations. The Fermi gas model is used for subsysten@nd experimental interet?® Since it has recently been stud-
of condensed mattélike the free electron gas in solids; note ied in detail by Wu and Widorf,here we will obtain only
that T/Te<1 at room temperatufeThe confined Bose gas the heat capacit, and the Bose temperatufg (the inter-
model constitutes afadmittedly crudg first approximation ested reader can find the complete derivation in Reflr2
in Bose—Einstein condensation experiments with ultracoldhe quasiclassical approximation, the grand canonical free
dilute gases. The noninteracting particles in a two-level sysenergy of the confined ideal Bose gas can be writtén as
tem provide a useful model for the ideal paramagnetic solid
in an external field. _ . _ E(T,,u)szj f (d3rd3p/h3)In[1—exp((w—hy)/KT)],

The interaction between particles can sometimes be incor-

b-  We thank the referees for useful comments that helped to
significantly improve the clarity of the original manuscript.

porated in a relatively simple form. Most substances become (A2)
crystalline solids at low temperatures and their lattice heatvhere <0 is the chemical potential and

capacities can then be approximately described by Debye’s -

theory*? The phonons in solids are analyzedqassiparti- hp(p,r) = p?/2m-+mr - &o2-r/2 (A3)
cleswith a quasi-continuous energy spectrum and the Boseis the one-boson Hamiltonian with

Einstein distribution function(a qualitatively similar ap- 2

proach might also be applied to helidfwhich remains wp 0 0

liquid at extremely low temperaturedt is well known that »2= 0 w2 0 |. (A4)

for low enough temperatures, the Debye model leads to a 5

heat capacity proportional t6°. Some of the results to be 0 0 w3

obtained using this heat capacity should not then be qualitggxpanding the logarithm in a power series, E&2) gives

tively different from those presented here for the confined

ideal Bose gafsee Eq(3b)] when the number of particles is

small. Therefore, although we do not claim our results to be

general, they might illustrate some trends in real systems.
Itis difficult to give a general proof that the entropy of any With ©=(w;w,w3)*. Differentiating=(T,x) with respect

pure substance in equilibrium vanishes at absolutdo u, the number of particles can be obtained as

zero®81214perivations of the third law based on statistical

mechanics have been given and discussed previdsss, N(T. )= (KT/hw)3 1Un3exa nuw/kT). A6
e.g., Wilk® and Landsberg as well as references thergin (T =( @) ngl (In)expinu/kT) (A8)

E(T,u)=—hokTHhw)*Y, (Un*expnu/KT) (A5)
n=1
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From Eq.(A6) and following a procedure analogous to the °H. Feshbach, “Small Systems: When does thermodynamics apply?,”
case of the free ideal Bose gas in the thermodynamic fimit, ,Phys. Today, 9-11November 198y

_ ' 7 ) - . .
the number of bosons in the condensate state is G. _V. Rosser,An Introduction to Statistical PhysicéEllis Horwood,
Chichester, 1982

No(T)=N[1—(T/T,)%], T<T,, (A7) °F. Reif, Fundamentals of Statistical and Thermal PhysigGraw—Hill,
) . / New York, 1962.
with the critical temperatufe T,=(Zw/k)[N/{(3)]Y3, 8J. Wilks, The Third Law of Thermodynami¢®xford U.P., Oxford, 196}L

where{(x) is the Riemann zeta functidnAlso, differentiat- 3. Wi:jks, “Tze Third LELW %f bThermody(rEmigsy” irPhysical ihergi?itry-
| ; ; An Advanced Treatisedited by W. JostAcademic, New York, 1971
ing E(T, ) with respect tdT, the entropy s 8S. Blau and B. Halfpap, “Question #34. What is the third law of thermo-
S, /Nk= (4§(4)/§(3))(T/Tb)3, T<Ty, (A8) dynamics trying to tell us?,” Am. J. Phyé4 (1), 13—-14(1996.
. . . . . °P. T. Landsberg, “Answer to question #34. What is the third law of ther-
from which the heat capacity of EBb) is readily obtained. modynamics trying to tell us?,” Am. J. Phy85 (4), 269—270(1997).
The internal energy of the photon gas can be writtérias 1°s. Mafeand J. de la Rubia, “Answer to question #34. What is the third
5 4 3, 9 4,3 law of thermodynamics trying to tell us?,” Am. J. Phy86 (4), 277
Ep= (715 V(KT)"(hc) = (m/L5KT/T, (A9) (1998.
11C. Rose-Innes, “Answer to question #34. What is the third law of ther-

_ 1/3 . . . .
whereT,=%c/kV*". DifferentiatingE, with respect tor at modynamics trying to tell us?,” Am. J. Phy87 (4), 27 (1999,

con_stantv_le_ads immediately to Eq3c). _ 2. Huang, Statistical Mechanic$Wiley, New York, 1987.
Finally, it is well-known that the energy & noninteract- 3. Kittel and H. KroemerThermal PhysicgFreeman, New York, 1980
ing particles in a two-level system?i$*’ 14T L. Hill, An Introduction to Statistical ThermodynamitBover, New
York, 1986.
Ep=—Nkétanh(0/T), (A10) p. T. LandsbergThermodynamics and Statistical Mechani@xford

_ . . . U.P., Oxford, 1978; reprinted by Dover, New York, 1990
wheref=Ae/2k is a characteristic temperature ahelis the 165’ Baierlein, Thermal Physic€Cambridge U.P., Cambridge, 1999

energy gap _between the two energy levels. Again, differensr. k. pathria Statistical Mechanic¢Pergamon, New York, 1972
tiating E, with respect to the temperature yields the heat®e. S. R. GopalStatistical Mechanics and Properties of Mattéiley,

capacity New York, 1974.
) 19M. H. Anderson, J. R. Ensher, M. R. Matthews, C. E. Wieman, and E. A.
Cy=NKk(6/T)?/cost(6/T). (Al1) Cornell, “Observation of Bose—Einstein condensation in a dilute atomic

vapor,” Science269, 198—-201(1995.

Frpm the .heat capacmes of qua)_(:gd) the entr_opy IS 2C. E. Wieman, “The Richtmyer memorial lecture: Bose—Einstein conden-
readily obtained. This entropy is then substituted in &q. sation in an ultracold gas,” Am. J. Phy84 (7), 847—855(1996.
to estimate the number of microstatgsaccessible to each 2ireal systems usually have a set of characteristic temperatures. In the case
system(see Fig. 1% Note that Eq.(1) is valid for a micro- of an ideal gas of diatomic molecules, for example, there exist several

canonical ensemble, and the entrdpyas been calculated characteristic temperatures depending on the degree of fre¢damsla-

here using the heat capaci§(T) derived from other en-  tion, rotation, vibration probed experimentally. Most of these tempera-
. . ... tures are significantly higher than zero.

sembles. Since ensembles are not fully equivalent for finite

“The above limit provides an origin of entropies, and it is thigrational
3 : : s
systems?® we must mention that the results of Fig. 1 should aspect that is often emphasized in many thermodynamics textbooks. How-

be regarded only as very crude estimations. ever, as pointed out previously by many authtsse in particular Refs.
4-6, 10-11, and 14-}6it is interesting to give statistical mechanics
¥Electronic mail: smafe@uv.es justifications of the third law since the behavior of thermodynamic systems
1J. L. Lebowitz, “Boltzmann’s entropy and time’s arrow,” Phys. Today, at low temperatures points out clearly that this law reflects fundamental
32-38(September 1993 properties of natural systems.
23. Wu and A. Widom, “Physical limits on the notion of very low tempera- 2°K. Burnett, M. Edwards, and Ch. W. Clark, “The theory of Bose—Einstein
tures,” Phys. Rev. 557 (5), 5178-51831998. condensation of dilute gases,” Phys. Today, 374B&cember 1990
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