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The e†ects of ion size on the streaming potential of Ðxed charge membranes with narrow pores are studied
theoretically as a function of the ratio between the ionic and the pore radii, and the ratio between the external
concentration and the membrane Ðxed charge concentration. To this end, the radial distributions of the ionic
concentrations, space charge density, pressure and electric potential are obtained for Ðnite size and point ions
using a generalised PoissonÈBoltzmann equation. It is found that the streaming potential increases
signiÐcantly with increasing ion size. The results are presented in terms of experimentally controlled
parameters in order to stimulate targeted experimental work with well deÐned ionic species and membranes.

Introduction
Ionic transport processes occurring in artiÐcial and biological
membranes are usually studied on the basis of a physical
model that simulates the Ðxed charge membrane by an array
of parallel charged cylindrical pores.1h5 The di†use double
layer theory can give a suitable description of the ion distribu-
tion in the pore cross-section only when the ionic concentra-
tions are low enough. At high pore surface charge density and
ionic concentrations, however, ion size e†ects need to be
included in order to avoid unrealistic ion accumulation near
the charged surface.3h5 These e†ects are crucial in many prob-
lems of physical chemistry, e.g. the ion distribution in the
vicinity of a planar charged surface immersed in an electrolyte
solution,6h8 the transport of ionic drugs across the aqueous
paracellular pathway of cell monolayers where the e†ective
pore radius is similar to that of the drug,9 and the modelling
of ionic transport in membranes.10h12

We have studied the e†ects of the ion size on the streaming
potential of narrow charged cylindrical pores. The streaming
potential is the ratio between the generated electric potential
di†erence and the applied pressure di†erence under zero
current Ñow conditions.5,12h14 It is studied here as a function
of two relevant experimental parameters : the ratio between
the ionic radius and the pore radius, and the ratio between the
external electrolyte concentration and the membrane Ðxed
charge concentration. We have employed a generalised
PoissonÈBoltzmann (PB) equation that incorporates the ion
size by means of the Bikerman equation.8 Although molecular
dynamics simulations15 might be more appropriate than the
PoissonÈBoltzmann continuum approach for the length scales
involved, extensions of this approach have often proved
useful.4h8,12h14

Theoretical model
The membrane is modelled as an array of parallel cylindrical
pores.1h5 The Ðxed charges, responsible for the membrane
permselectivity, are uniformly distributed on the pore walls
with a surface density p. The solution Ðlling the pore has a net
charge which exactly compensates for p, so that
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concentration over the pore section of species i, F is the
Faraday constant, and a is the pore radius, considered to be
much smaller than its length. Fig. 1 shows a pore with a

i
/a \

0.1, where is the (hydrated) ion radius. When the membranea
iseparates two identical aqueous solutions of a 1 : 1 binary

electrolyte at concentration cb and di†erent pressure, the pore
solution is pushed towards the region of lower pressure.
Owing to its electrical charge density FX, the solution Ñow
under the pressure di†erence *p gives rise to a charge separa-
tion and, eventually, to the formation of a steady state electric
potential di†erence *V . The streaming potential is the ratio
l\ *V /*p when the electric current density is zero.

In the presence of convective Ñow, the molar Ñux density j
iof an ionic species in the membrane-Ðxed reference frame is

given by the sum of two terms, the Ñux density in the bary-
centric reference frame and the convective Ñux density
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where u is the solution velocity parallel to the pore axis.16 The
barycentric reference frame is deÐned by the condition
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ionic species, is the Ñux density of the solvent in this refer-
u
jsence frame, and are the molar masses of species i andM

i
, Msthe solvent, respectively. Due to the existence of this relation-

ship between ionic and solvent Ñux densities in the barycentric
reference frame, the Ñux density of species i, is not pro-
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i
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iwhere is the chemical potential of the solvent.[ ks/Ms , ksThe Ñux density of species i in the membrane-Ðxed reference
frame constitutes the generalised NernstÈPlanck equation17
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where and are the partial molar volumes of the solventvs v
iand species i, is the di†usion coefficient of species i, / is theD
ielectric potential, R is the gas constant and T is the tem-

perature. For the sake of simplicity, the two ionic species are

Fig. 1 Schematic view of a membrane pore with p \ 0 and a
i
/a \

0.1.
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considered to have the same partial molar volume v. In eqn.
(2), the concentration does not depend on the axial coordi-c

inate x, but it depends on the radial coordinate r due to the
pore wall charge. Similarly, u, dp/dx and d//dx are func-j

i
,

tions of r only (note that axial concentration gradients are
absent here).

The Poisson equation
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allows us to decompose / as

/(r, x)\
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where the axial gradient *V /*x \ d//dx is constant because
the local space charge density does not dependoe 4 F ;

i
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c
ion x and the electric permittivity of the solution, e, is assumed

to be constant. t is the radial distribution of the electric
potential.

Since the pore wall is impermeable to both solvent and
ionic species, their Ñux densities in the radial direction vanish,
and no convective motion takes place along this direction.
The continuity equations imply that the axial solution velocity
u and the axial Ñux densities and must be a function of thej

i
j
sradial position coordinate r only. The absence of radial con-

vection requires the balance of mechanical and electrical
forces16
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dp
dr
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Note that since p increases with r. In addition,oe dt/dr \0,
the absence of radial ionic Ñux densities requires that the
radial gradients of vanish. This implies that thek8
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divided by its molecular weight is constant
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If we multiply the constant j by the density of the solution
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which, together with the GibbsÈDuhem equation16
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allows us to conclude that j \ 0, so that and are con-ks k8
istant along the radial direction (note that in these equations

all coefficients of the gradients are positive). In particular, the
condition implies thatdk8

i
/dr \ 0

c
i

dk8
i

dr
\ RT

dc
i

dr
] z

i
c
i
F

dt
dr

] vc
i

dp
dr

\ 0. (9)

If we sum eqn. (9) for all ionic species and use eqn. (5) we
obtain
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that can be rewritten as
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Since dp/dr and dp/dx are functions of r, the pressure varies
linearly with x (dp/dx 4 *p/*x is a constant) and eqn. (11) can

be integrated to give
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which constitutes the generalisation of the VanÏt Ho† equa-
tion, p [ RT Note that;
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and since is constant along the radial direction, the increaseksof p with r is compensated by a decrease in with r. Substi-cstuting eqn. (11) into eqn. (9), we obtain the relation between
the ionic concentrations and the electric potential
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Eqn. (13) is known as the Bikerman equation, and represents
the generalisation of the Boltzmann equation, c

i
\ constant

] exp([z
i
Ft/RT ).

The radial distribution of u is determined by the axial com-
ponent of the NavierÈStokes equation
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where g is the dynamic viscosity of the solution. Using eqn. (3)
to eliminate the electric potential gradient for the space charge
density we obtainoe ,
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Integrating eqn. (15) twice and applying the non-slip condition
u(r \ a) \ 0, the velocity of the centre of mass of the solution
is

u(r) \ [
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a2 [ r2
4g

]
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[t(a) [ t(r)]. (16)

The two terms in the rhs of eqn. (16) have opposite signs and,
therefore, the electric potential drop reduces the convective
velocity u.

Substituting eqn. (16) into eqn. (2) the Ñux of species i can
be obtained
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Applying the condition that the electric current I\
the streaming potential is;
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To calculate l, the potential t(r) is needed. This potential
results from the numerical integration (by the shooting
method) of eqn. (3) subject to the boundary conditions

dt
dr
K
r/0

\ 0 (19)
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due to the symmetry of the system and
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that can be derived from the Gauss law.18 In eqn. (20), the
ions have been modelled as hard spheres with a central
charge. The corrected pore radius takes intoa* \ a [ a

iaccount the closest approach distance of the ions to the pore
walls. The use of eqn. (13) requires the ionic molar concentra-
tions and electric potential at the pore centre. To relate these
values to those of the external solutions, an equilibrium condi-
tion is assumed.12 Equating the ionic electrochemical poten-
tials in the external solutions and the pore centre, assuming a
balance between forces, and following the procedure that
leads to eqn. (12) and (13), we obtain
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Finally, the ion size e†ects are introduced in the di†usion
coefficients by means of the Renkin relation9
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is the di†usion coefficient in free solvent (StokesÈEinstein
equation) and k is the Boltzmann constant. Eqn. (22) is valid
only for a

i
/a \ 0.4.

Results and discussion

In the following calculations, we have assumed T \ 300 K,
g \ 1 mPa s and where is the vacuum permittivity.e \ 80e0 e0The ratio is Ðxed to 1. The results are presented inM

i
vs/Ms vterms of the ratios (characterising the size e†ect) and cb/Xa

i
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(characterising the external concentration e†ect). The pore
radius is a \ 15 and p is Ðxed by the conditionA� a/L D \ 2.5,
where is the Debye length. The DebyeL D 4 (eRT /F2X)1@2
length is comparable to the pore radius, but the ratio isa/L Dstill high enough for the mean-Ðeld approximation character-
istic of the continuum theories to be valid.11 (Recent Brown-
ian dynamics simulations have found agreement between the
PB theory and simulations when a is greater than The2L D .11)
above values give p B[3.8 lC cm~2 (one elemen-L D \ 6 A� ,
tary charge per 500 and X B 0.53 M, a typical concentra-A� 2)
tion for Ðxed charge membranes.12 The ratio a

i
/a \ 0.2

implies a solvated radius Since the electrolyte solu-a
i
\ 3 A� .

tion has been modelled as a gas of hard spheres, the free
volume accessible to the ions is reduced by the volume the
ions occupy. With this reduction of free volume, it can be
shown from statistical mechanics8 that the value used for the
ionic radius is equivalent to a partial molar volume of v\ 545
cm3 mol~1.

To understand the size e†ects, consider Ðrst the case of
point ions, whose magnitudes are marked with a superscript 0
henceforth. In a charged membrane, the sum of ionic concen-
trations is larger than in the external solution, 2cb, as;

i
c
i
0

follows from eqn. (21) by taking v\ 0 and noting that
ex ] e~x P 2. Eqn. (19) and (20) impose that the electric
potential t0 and its gradient dt0/dr increase in absolute value
with increasing r and, therefore, must also increase with;

i
c
i
0

Fig. 2 Radial distributions of the normalised ionic concentrations,
space charge density, pressure and electric potential for Ðnite size
(continuous line) and point (dashed line) ions for anda

i
/a \ 0.2

cb/X \ 1.0. The dimensionless pressure is taken as [p(0, r)[ pb(0)]/c,
where c\ 2RT cb for point ions, c\ RT /v for Ðnite size ions, and
pb(0) is the lower external solution pressure. Note that for Ðnite size
ions, is the upper limit of the radial coordinate.a* \ a [ a

i
\ 0.8a

r. In turn, the increase of o dt0/dr o with r implies, by the
Poisson equation, that increases with r, and the increaseo oe0 o
of with r implies, by the VanÏt Ho† equation, that p0;

i
c
i
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increases with r. All these trends are clearly shown in Fig. 2.
Now, for Ðnite size ions, the size e†ects are given by the

pressureÈvolume term (mechanical work) in the electrochemi-
cal potential of the species in solution (including the solvent).
The tendency for the species to move towards the region of
lower electrochemical potential implies then a tendency to
move towards lower pressure regions. Thus, a Ðrst e†ect is to
avoid entering the membrane pores, since the pressure there is
larger than in the external solution. This tendency is manifest-
ed in a decrease in both the average coion and counterion
pore concentrations, their di†erence being Ðxed by the elec-
troneutrality condition of eqn. (1). In addition, the counterion
concentration decreases near the pore wall with respect to the
point ions, since the pressure increases with r (see Fig. 2), and
increases at the pore axis to maintain electroneutrality. The
increase in the space charge density at the pore axis withoe(0)
respect to the point ions case, and the fact that the gradient
dt/dr is Ðxed at r \ a* by eqn. (20), implies by the Poisson
equation that ion size e†ects increase the magnitude of the
electric potential gradient o dt/dr o with respect to o dt0/dr o,
and hence the potential drop over the pore radius. Moreover,
eqn. (12) shows that the pressure at any position within the
pore is higher for Ðnite size ions than for point ions, in agree-
ment with the behaviour of real gases. These are the trends
shown by the curves of Fig. 2.

Consider next the streaming potential l. This arises from
the pore solution displacement induced by the pressure gra-
dient, and implies a charge separation. The average charge
density in the pore solution is Ðxed as by eqn.SoeT \ [2p/a
(1), independently of the ion size. Thus, a naive conclusion
would be that l could not be a†ected by the Ðnite ion size.
However, the solution velocity is not uniform over the pore
cross-section, and it is the space charge density at theoe(0)
pore axis (where the solution velocity reaches its maximum)
that dictates the behaviour of l. Since the ion size e†ects
increase the value of (see Fig. 2), o l o is expected tooe(0)
increase with as shown in Fig. 3. Note also that l orig-a

i
/a,

inates from and is a measure of the space charge in the pore
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Fig. 3 Space charge at the pore centre and streaming potential as a
function of for the values of cb/X \ 0.5, 1.0 and 1.5 (left Ðgures)a

i
/a

and as a function of cb/X for the values of 1.0 and 0.2 (righta
i
/a \ 0.0,

Ðgures).

solution. Experiments show that increasing the ratio cb/X
reduces the e†ect of the membrane Ðxed charge and the values
of o l o,2,12 in agreement with the results of Fig. 3, where oe(0)
and o l o are plotted as a function of for the values of cb/a

i
/a

Fig. 4 Streaming potential calculated with the space charge distribu-
tion of : (a) point ions with in eqn. (23), (b) point ions with inD

i
0 D

ieqn. (22) and (c) Ðnite size ions with in eqn. (22).D
i

X \ 0.5, 1.0 and 1.5 (left Ðgures) and as a function of cb/X for
the values of 0.1 and 0.2 (right Ðgures).a

i
/a \ 0.0,

The size e†ects have been introduced by modifying both the
space charge distribution (see eqn. (3) and (13)) and the di†u-
sion coefficients (see eqn. (22)). To clearly show the importance
of the Ðrst modiÐcation, Fig. 4 shows the streaming potential
calculated with the space charge distribution of point ions
(using in eqn. (23), curve a ; and in eqn. (22), curve b)D

i
0 D

iand with that of Ðnite size ions (curve c). Usually, it is only the
size e†ect given by eqn. (22) that is considered when studying
the transport through narrow pores.9 However, Fig. 4 shows
that the size e†ect on the space charge distribution accounts
for roughly half the total e†ect of the ionic size on l, and thus
cannot be neglected.
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