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Abstract

The effects of ion size on the current efficiency (CE) of charged membranes with narrow pores are studied theoretically.
The CE is a measure of the membrane permselectivity defined as the ratio between the counterion flux and the sum of the
counterion and coion fluxes when an electric potential difference is applied between the two solutions bathing the membrane.
It is studied here as a function of two relevant experimental parameters: the ratio between the ionic radius and the pore radius,
and the ratio between the external salt concentration and the membrane fixed charge concentration. The ratio of the CE values
corresponding to the point and finite size ions is also calculated as a function of the above two parameters. lon size effects are
introduced in the ionic diffusion coefficients (by means of the Renkin function) as well as in the ionic concentration profiles.
It is shown that a significantly higher coion exclusion from the membrane and thus a higher CE is obtained for finite size ions
compared to the case of point ions. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Ionic transport processes through artificial and bio-
logical membranes are usually studied on the basis of
a physical model that simulates the membrane by an
array of parallel charged cylindrical pores [1,2]. The
membrane pores do not act simply as mechanical fil-
ters: they display also ionic selectivity due to the elec-
trical charges bound to the pore surface.

The diffuse double layer theory can give a suitable
description of the radial ion distribution in the pore
only when the ionic concentrations are low enough.
At high pore surface charge density and ionic concen-
trations, however, ion size effects need to be included
in order to avoid unrealistic ion accumulation near
charged surfaces [3—10]. These effects are crucial for
the ion distribution in the vicinity of a planar charged
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surface immersed in an electrolyte solution [11-13],
in the passive diffusion of ionic drugs across the para-
cellular pathway of cell monolayers simulating the
intestinal mucosa where the effective pore radius is
similar to that of the drug [14,15], and in determining
the current efficiency (CE) of narrow membrane chan-
nels [16]. However, theoretical studies that quantify
ion size effects on transport through porous media are
lacking [8-10].

We aim at studying the effects of the finite ion
size on the CE of narrow charged cylindrical pores.
For the sake of simplicity, the external solutions are
considered identical, thus avoiding the effects of a
diffusion potential hindering those of the finite size
of the ions. The CE is a measure of the membrane
selectivity defined as the ratio between the counterion
flux and the sum of the counterion and coion fluxes
[17]. Tt is studied here as a function of two relevant
experimental parameters: the ratio between the ionic
radius and the pore radius, and the ratio between the

0376-7388/01/$ — see front matter © 2001 Elsevier Science B.V. All rights reserved.

PII: S0376-7388(01)00466-5



180

external electrolyte concentration and the membrane
fixed charge concentration. We have employed a
generalized Poisson-Boltzmann (PB) equation that
incorporates the ion size by means of the Biker-
man equation [13]. The radial distributions of the
electric potential and the ionic concentrations in
the pore are obtained by solving the extended PB
equation. Recent work has shown that mean field
theories, like the one employed in this work, are
in agreement with the results obtained by means of
Brownian dynamics simulations up to a ratio of the
pore radius to the Debye length around 3 [18]. This
places a limit on the system parameters that can
be used.

2. Formulation of the problem

Consider a negatively charged membrane separat-
ing two identical solutions of a 1:1 binary electrolyte
at concentration c®. The membrane is modeled as
an array of parallel cylindrical pores with a surface
charge density o < 0 at the pore wall. The pore length
is assumed to be much larger than its radius a, so
that edge effects can be neglected. A schematic view
of the pore model is shown in Fig. 1. Thermal equi-
librium at temperature 7 and steady-state conditions
are assumed.

Due to the applied electric potential difference be-
tween the two external solutions, an electric current
density flows through the pores. The solution filling
the pores has a positive electric charge density which
compensates for the surface charge density o at every
axial position along the pore length. Thus, the current
density is mostly transported by the cations and |J | >
|J_|, where J; and J_ are the fluxes of the cations
and anions through the pores in the membrane—fixed
reference frame. This property of charged mem-
branes is characterized in terms of the CE, defined
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as [19,20]

_
[J+| 4+ -]

The aim of this study is to evaluate the effects of ion
size on CE, which requires the calculation of the ion
fluxes.

The presence of an electric charge density at the
pores walls also implies that there is volume flow
through the pores, even in the absence of an applied
pressure difference between the external solutions.
This flow arises from the electrical force that acts
on the positively charged pore solution, and can be
assumed to be laminar under most experimental con-
ditions. Thus, we introduce u(r) as the pore solution
velocity along the pore axis, which is only a function
of the radial position r.

The fluxes in Eq. (1) are obtained by integration
over the pore cross-section

CE ey

at

Ji = / Ji2mrdr 2)
0

of the axial components of the flux densities

. Dici(r) djti (x)
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where ¢;, D;, [1; are the molar concentration, diffusion
coefficient, and electrochemical potential of species i
(i = 4+, —), respectively, and R is the gas constant.
The ions are modeled as hard spheres with a central
charge. Therefore, the upper integration limit in Eq. (2)
is defined as the position of closest approach of the
charges to the pore wall, af = a — a;, where q; is
the ion radius and a is the pore radius. (Note that the
continuity equations for ionic fluxes and volume flow
have been implicitly used to determine the functional
dependence of the magnitudes in Eq. (3)).

To account for the ion size effects in the diffusion
process, the diffusion coefficient is modified by means

® @ @® ® ® o
a ® © ® 9_ 0o
® o ® o ®

® ®° 90 4
®® @@@ @@ ®

Fig. 1. Schematic view of a section of the membrane pore.
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of the Renkin function [21]
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where Dl(.) is the ionic diffusion coefficient in free sol-
vent. Renkin equation is valid only for a; /a < 0.4.

Owing to the non-penetrability of the pore walls,
it is reasonable to assume that the radial component
of the flux densities vanishes, which is equivalent to
stating that the electrochemical potential [22]

Ti(x) = 1 + RTInc;(r) + z; F$ (r, x) + v; p(r),
I =+, — (@)

is independent of the radial position. In Eq. (5), /,L?, Zi,
and v; are the standard chemical potential, the charge
number, and the partial molar volume of species i, p
the pressure, F the Faraday constant, and ¢ the electric
potential. Since Eq. (3) implies that /z;(x) is a linear
function of x, and ¢; is independent of x, we see from
Eq. (5) that the electric potential can be written as the
sum of two terms, one linear in x and the other one
depending on r, ¢ (r, x) = V(x) + ¥ (r). Eq. (3) takes
then the form

) F dav
Ji —2ziDici — RTd +ciu (6)
The solution velocity u is given by the axial compo-

nent of the Navier—Stokes equation

1d du dv )
—_—— r— —_— E—
nr dr dr = pe dx’

where 7 is the dynamic viscosity and p. = F) ;zic;
is the volume electrical charge density in the pore
solution. By eliminating p. between Eq. (7) and the
Poisson equation

dy Pe
o a) = ®

where ¢ is the dielectric permittivity of the solution,
and integrating from r = 0 to r, the following relation
is easily obtained:

du dv dy

— = —— — 9
ndr 8dx dr-’ ©)

Therefore, the solution velocity is related to the elec-
tric potential by

u(r) = ——[I/f(a) (@), (10)

where the non-slip boundary condition u(a) = 0 has
been used.

The radial distribution of v (r) is obtained by nu-
merical integration of Eq. (8) subject to the boundary
conditions

dyr

—_— =0, 11
ar |, (11)
and [23]

vy _o_a (12)
dr |,_,» ea—a;
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Eq. (12) takes into account the fact that the ions have
been modeled as hard spheres with a central charge.
The electric potential gradient at the point of closest
approach of the charges must then be higher in the
finite ion size case than in the point ion case so that
electroneutrality in the pore cross-section is main-
tained. To integrate Poisson equation, the relation
between p. and i has to be deduced from the radial
component of the Navier—Stokes equation

dp dy
— + pe— =0, 13
dr pe dr (13)
and the equilibrium condition along the radial direc-
tion

de; F dy  civdp
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where, for the sake of simplicity, the partial molar vol-
umes of cations and anions have been assumed to be
equal, vy = v— = v. Summing Eq. (14) over species
i, it is easy to eliminate either dp/dr or dy//dr and
obtain the equations

i=+ - (14)

_L=v) ci(r) '
ci(r) = qu(o)cz 0)
F
+exp {—ZiR—T[Iﬂ(r) - 1/;(0)]} ; (15)
and

p(r) = p(0) — RTTln (1 - ”Zl’“(“> : (16)
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which are generalizations of the Boltzmann and
Van’t Hoff osmotic pressure equations, respectively.
Eq. (15) is known as the Bikerman equation [13]. To
apply it, the values of the ionic concentrations and
the electric potential in the pore center must be esti-
mated from the corresponding values in the external
solutions. If the current flow is not high, it can be
assumed that the concentration and electric potential
values in the pore center are those corresponding to
the distribution equilibrium [24]

1-v)".ci(0) F
Ci(0)=mcb exp {—ZiR—TW(O) - wb]} ,
(17)
and
_ v RT 1—inci(0))
p0)=p . In <—1 ~ouch , (18)

where the superscript ‘b’ makes reference to the
external solution values.

The numerical procedure that has been used to solve
the extended PB equation is the shooting method [25].
A free parameter, ¥ (0) — /°, needs to be varied until
the two boundary conditions, Eqs. (11) and (12), are
satisfied. The shooting method uses the same proce-
dure employed to obtain the zeros of a function. In
this case, the independent variable is the free parame-
ter and the values of the “function” are obtained from
the difference between Eq. (12) and the gradient of the
electric potential at r = a* calculated numerically. To
obtain the latter, the boundary condition at r = 0 and
the value initially guessed for v (0)—y® are used to in-
tegrate numerically the Poisson equation by means of
a fourth order Runge—Kutta method. Once we obtain a
positive and a negative value of the above “function”,
the search of the zero of the function can be done us-
ing iteratively the bisection or a Regula—Falsi method
to the desired accuracy.

3. Results and discussion

The following results have been obtained con-
sidering a partial molar volume of the ions v =
160 cm? mol~!. Since the electrolyte solution has
been modeled as a gas of hard spheres, the free vol-
ume accessible to the ions is reduced by the volume

they occupy. Using this reduction of free volume,
it can be shown from statistical mechanics that the
value of the partial molar volume chosen is equivalent
to an ionic radius of 0.2nm [12]. The ionic radius
corresponds to the hydrated species, since these are
the species that exist in solution. The charge density
at the pore wall is 0 = —4 nC cm ™2, which amounts
to a distance between charges of ca. 2nm. Other pa-
rameters are 7 = 300K, n = 1 mPas, and ¢ = 80¢gg
where g is the vacuum permittivity. For the diffu-
sion coefficients the Stokes—Einstein equation has
been employed, Dg =D = kT/6mna;, where k is
the Boltzmann constant. The results are discussed in
terms of the ratio between ion and pore radii, a;/a,
and the ratio between the external solution concentra-
tion ¢® and X = > :zi{ci), where (c;) is the average
concentration of species i in the pore solution. The
fixed charge concentration X is related to the surface
charge density o on the pore wall by the condition of
overall electroneutrality in the pore cross-section

X = —249 (19)
- F@@hH?*

Fig. 2 shows the ionic concentration profiles for the

case a;/a = 0.15 and /X = 0.5 or equivalently,
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Fig. 2. Counterion (4) and coion (—) concentration profiles (nor-
malized to the membrane fixed charge concentration X) inside
the pore for a;/a = 0.15 and /X = 0.5. Solid and dashed
lines correspond to finite size and point ions, respectively. Note
that for finite size ions, the upper limit of the radial variable is
a* =a—a; =0.85a.
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a ~ 1.3nm, ¢® ~ 04M, and X ~ 0.8M, the lat-
ter being a typical value for ion-exchange membranes
[16,24]. The above values were chosen to emphasize
the effects due to finite size of the ions while being
within the range of validity of the mean field theory
employed.

To better understand the effects due to the finite size
of the ions in Fig. 2, consider first the point ions case,
whose magnitudes are marked with the superscript ‘0’
henceforth. The sum of the ionic concentrations in
the pore solution is higher than that of the external
solutions due to the existence of an electrical charge on
the pore wall that need to be compensated by the ions
in solution. This can be seen by setting v = 0 in Eq.
(17) and calculating the total of species concentration
as

. +¢% = 2¢"cosh [y (0) — ¥, (20)

which is higher than 2¢? since cosh [ (0) — ] > 1.
The boundary conditions, Eqs. (11) and (12), impose
that the absolute values of both i and dyr/dr increase
with r. Therefore, an increase of cﬂ_ + ¢ is expected
following that of |y|.

Ion size effects are introduced by means of the term
in the electrochemical potential that accounts for the
mechanical work. The species tend to move to re-
gions where the value of its electrochemical potential
is lower and, therefore, towards regions of lower pres-
sure. If, as in the case of point ions, the sum of the ionic
concentrations in the pore center is calculated, then

c+(0) +c_(0)
B 2¢P cosh [¥(0) — yP]
14 2vcP{cosh [ (0) — yb] — 1}

21

and we see again that c4(0) 4+ c_(0) > 2¢P. This
result implies by Eq. (18) that the pressure at the pore
center is higher than that of the external solutions.
Therefore, a first consequence is that the finite size
ions try to avoid entering the membrane pores. The
equilibrium distribution assumed between the pore
center and the external solution described by Eqs. (17)
and (18) also implies that

2[p(0) = p°lv

c+(0)c—(0) = (c")? exp T

. (22)

which leads to the relation c4(0)c_(0) < (c?)?,
where the equality c4+(0)c_(0) = (c?)? corresponds
to the point ions case. Applying the same reasoning
to Egs. (15) and (16) we obtain

et (re—(r) < e+ (0)c—(0) < ()2, (23)

where the equality corresponds to the limiting case
of point ions. The average ionic concentrations (c4)
and (c_) must then decrease with the increase of the
ionic size because Eq. (19) is valid for both point
and finite size ions. Therefore, a first consequence
of the pressure increase is the increase of the coion
exclusion with the ion size, which has an important
effect on the CE, as explained below. The increase of
the pressure also leads to a decrease of the counterion
concentration close to the pore wall respect to the
point ions case. Note that the pressure increase has
no effect on the ions if their size is negligible. These
effects are shown in Fig. 2.

The electric potential gradient at » = a*, deter-
mined by the boundary condition of Eq. (12), increases
with the ionic size. Therefore, |dyr/dr| increases with
the ion size and so does the electric potential as shown
in Fig. 3. Note also that, since ionic concentrations are
exponential functions of the electrical potential (see

F(y —y*)/RT

-2 1 L L 1

0 0.2 0.4 0.6 0.8 1
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Fig. 3. Electric potential profile (normalized to the thermal potential
RT/F) inside the pore for a;/a = 0.15 and ¢”/X = 0.5. Solid
and dashed lines represent finite size and point ions, respectively.
Note that for finite size ions, the upper limit of the radial variable
isa*=a—a; =0.85a.
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Fig. 4. CE as a function of a;/a for different values of c®/X
(shown below the curves).

Eq. (15)), small changes in the potential profile near
the pore surface may lead to significant changes in the
concentrations close to this surface.

Fig. 4 shows the dependence of the CE with a;/a
for different values of c®/ X . Since the ionic radius has
been fixed to a; = 0.2 nm, the variation of a; /a corre-
sponds to changes in the pore radius. In particular, the
values a; /a = 0.05, 0.10, and 0.15 correspond to a =
4.0, 2.0, and 1.3 nm, respectively. The curves in Fig. 4
clearly indicate that the CE increases with decreasing
pore radius. Similarly, calculations carried out keeping
constant the pore radius and varying the ionic radius
show that the CE increases with increasing ionic size.
In order to explain this trend, it is convenient to relate
the CE to the average ionic concentrations. For the
sake of simplicity, consider that convection is negli-
gible and integrate Eq. (6) over the pore cross-section
to obtain

F dv
Ji % =5 Di (@) e, (24)
where Jr(a;‘)2 is the area of the pore section available

for the ions. Introducing Eq. (24) into Eq. (1) yields
the simple relation

~ (c4)
() + ()’

which becomes exact in the absence of convection.
Recalling that X is defined as (c4+) — (c—) whose value

(25)

is fixed by Eq. (19), we can transform Eq. (25) to

CE~1— L (26)
2{c_)+ X

The dependence of the CE with a; /a observed in Fig. 4
can now be qualitatively explained with the help of
Fig. 2. One of the main implications of finite ion size
is a larger coion exclusion, i.e. a decrease of (c_) with
increasing a; /a. Therefore, Eq. (26) shows that the CE
increases with increasing a; /a.

The effect of the ratio ¢®/X on the CE in Fig. 4
can also be explained by simple arguments. In the low
external concentration limit, the average concentra-
tion of point coions is approximately given by (c?) ~
(c®)?/ X [24,26,27]. Thus, Eq. (26) reduces to

1+ (c?/X)?
1+ 20/ X)2

Eq. (27) yields the values 0.67, 0.83, and 0.99 for
cb/ X = 1.0, 0.5, and 0.1, respectively, which is in
agreement with the results shown in Fig. 4 for a; /a <
1, the limit when the approximation (c_) & (V) ~
(c®)?/ X is valid.

Egs. (24)-(27) allow for simple estimations of the
CE in the absence of convection, but convection is
present both in real experiments and in the calcula-
tions presented in Fig. 4. Therefore, it is interesting
to analyze the effect of convection on the CE. To this
end, we have also carried out calculations of the CE
imposing zero convective flow (i.e. neglecting the last
term in Eq. (3)). Fig. 5 shows the behavior of the CE
as a function c?/X in the presence (a) and in the ab-
sence (b) of convection for the size ratios a; /a = 0.05,
0.10, and 0.15. To compare the relative importance of
convection and finite ion size, similar figures have also
been prepared for the case of point ions. The dashed
lines in Fig. 5(c) and (d) have been calculated for the
pore radii a = 4.0, 2.0, and 1.3 nm, the same values as
in Fig. 5(a) and (b). The first conclusion drawn from
these figures is that the effect of convection on the CE
is of the same order than that attributed to ionic size.
For instance, the decrease of the CE when convec-
tion is neglected amounts to 13% when a;/a = 0.1
and c®/X = 1.0 (compare Fig. 5(a) with (b)), while
the decrease of the CE due to ionic size amounts to
7% when convection has been accounted for (compare
Fig. 5(a) with the curve for a = 2.0 nm of Fig. 5(c)).

CE ~ CE’ ~ (27)
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Fig. 5. CE as a function of cb /X for finite size (continuous lines) and point (dashed lines) ions when convection is either considered ((a)
and (c)) or neglected ((b) and (d)). The values have been calculated for the a;/a ratios shown in the figures in the finite size ion case.
When g; /a ratios are 1.3, 2.0, and 4.0nm. These pore radii are used in the calculations for point ions ((c) and (d)).

Keeping the convective term in Eq. (6) and averag-
ing over the pore section, Eq. (25) can be generalized
to

(c4) + (weg)

CE ~
(c4) + {c=) + {weq) — (we-)

, (28)

where w is defined as
u

= — >0
D; (F/RT)(dV /dx)

(29)

Eq. (29) is the ratio of convective to migrational flow
for counterions. Since the potential distribution of
Fig. 3 satisfies F[y(r) — ¥ (0)] < RT, Eq. (28) can
be approximated by

(e4) + (w)(cy)
() + {c-) + (w)X
1 (c)(1 —(w)) ’ (30)
2{c_) + X1 + (w))

CE ~

which is a generalization of Eq. (26). Since {(cy) 2
X, Eq. (30) requires that the CE increases with in-
creasing convection, in agreement with the results of
Fig. 5. This can also be understood considering that
convection opposes migration in the coion flow case.
On the contrary, the convective and migrational con-
tributions to counterion flow are both in the same
direction (w > 0). Hence, convection must increase
the CE = [J4 /(15| + |J-]).

Finally, it is interesting to compare the effect of
convection on the CE in the case of finite ion size
(Fig. 5(a) and (b)) and point ions (Fig. 5(c) and (d)).
The effect of convection is somehow larger in the
case of finite size ions (compare, e.g. the CE values
0.94 and 0.79 for a;/a = 0.15 and ¢?/X = 1.0 in
Fig. 5(a) and (b) with the CE values 0.84 and 0.72
for a = 1.3nm and cb/X = 1.0 in Fig. 5(c) and (d)).
This is attributed to the fact that ion size influences
not only the ionic concentration and electric potential,
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but also the solution velocity. When cb /X < 1, there
are practically no coions in the membrane solution,
and hence, CE = 1 irrespective of convection. How-
ever, when c®/X = 1.0 there is a large amount of
coions in the membrane, and the fact that convection
opposes migration for coions (thus decreasing |J_|)
has a large influence on the CE. Since the convective
velocity under these conditions is larger for finite size
ions than for point ions, the change in the CE due to
convection is larger for finite size ions than for point
ions, as observed from Fig. 5(a)—(d).

4. Conclusions

The CE of a fixed charge membrane with narrow
pores has been studied theoretically as a function
of two relevant experimental parameters, a;/a and
c®/X. The ratio of the CE values corresponding to
the point and finite size ions has also been analyzed
as a function of the above two parameters. It has
been shown that a higher coion exclusion from the
membrane (and then a higher CE) is obtained for fi-
nite size ions. The results have illustrated clearly that
ion size effects can be significant for ionic transport
through narrow charged pores when a; /a =~ 0.1, as it
is the case of ionic drug transport through paracellular
pathways.
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