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INTRODUCTION

Use of intensive current modes in electrodialysis
(
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 > 

 

i

 

lim

 

) [1, 2] makes for a better process efficiency,
which is especially important when desalinating dilute
solutions. In the general case, when mathematically
modeling electrical mass transfer at overlimiting cur-
rents, it is necessary to allow for three new factors
affecting mass transfer, which are absent in sublimiting
modes (
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lim

 

). First, the emergence of a macroscopic
space-charge region (SCR) near the surface of an ion-
exchange membrane (IEM) on the side of the diffusion
layer, which gives up counterions [1–3]. Second, the
effect of the water dissociation products on the mass
transfer (exaltation effect) [2, 4]. And third, the action
of secondary volume forces, which give rise to conju-
gated microconvective flows partly destroying the dif-
fusion layer of the solution undergoing desalination [1–
3, 5].

Here we investigate the emergence of SCR in a
three-layered system diffusion layer–membrane–diffu-
sion layer. We examine how SCR affects the concentra-
tion profiles of ions in the system while ignoring the
exaltation effects and the decrease in the diffusion layer
thickness under the action of conjugated convection.
We also model the dependence of the counterion trans-
port selectivity on the current density, including 
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.
Boundary-value problems for studying the SCR

effect were formulated earlier. However, the problem
was considered only in an individual diffusion layer
(
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) [1–10]. The transport was described by the
Nernst–Planck equations and the Poisson equation was
used instead of the traditional electroneutrality condi-
tion. A variety of solution techniques were used. In [7]
and elsewhere, an asymptotic solution was used at 
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; in [1, 3], a small-parameter method at 
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; in [8–

10], analytical solutions were obtained. Approximate
analytical formulas for strength 

 

E

 

(

 

x

 

)

 

 derived in [10]
were valid at 
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≤

 

 

 

x
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δ

 

, with the exception of a narrow
range near 

 

x

 

 = 

 

δ

 

. Numerical solutions obtained in [3, 6,
11] by a finite-difference method were true at any pos-
itive currents. An approximate technique for solving
problems with the aid of the condition of a quasi-uni-
form charge density distribution (QCD) was proposed
in [12]. The authors of [13, 14], using the LSODI inte-
grator, solved a non-steady-state problem with Poisson
equations in all three layers and with conditions of con-
tinuity of concentrations and potential at interfaces. A
stationary solution was a limiting one at 

 

t

 

  

 

∞

 

. How-
ever, the authors of [13, 14] ignored the SCR effect on
the selectivity of the membrane systems and solved the
problem under a substantial restriction, specifically,
they assumed that diffusion coefficients in the mem-
brane and solution were identical.

In this work, we consider a stationary mathematical
model in three layers. However, in contradistinction to
[13], we examine a model with a Poisson equation only
in the first diffusion layer. In the membrane and in the
second diffusion layer we employ the electroneutrality
condition. We analyze and compare two solutions for a
model with one Poisson equation. One solution is
found by a numerical method of parallel shooting [15],
while the other, by using the QCD condition [6, 12].
The solutions are compared with those found by the
authors of [13, 14]. Here we also extend the results
obtained in [16, 17] to the case 
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. The study of
selectivity of three-layered membrane systems was
conducted in [16, 17] in mild current modes (
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),
with the electroneutrality condition used in all three
layers.
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—A relatively simple mathematical model based on the Poisson equation is considered. The model is
intended for modeling transport through multilayered ion-exchange membranes operating at overlimiting cur-
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FORMULATION OF THE PROBLEM

 

Initial Equations and Assumptions

 

Consider the transport of ions of a strong electrolyte
of type NaCl through a membrane system comprising
an IEM (
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 < 
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, 
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 = 2) and two diffusion layers
adjacent to IEM (
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 = 1), (
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 + 2
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,
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 = 3

 

). The Nernst–Planck equations

 

(1)

 

are valid in all the three layers. In (1), subscript “

 

j

 

”
refers to the sort of ions (

 

j

 

 = 1 for counterions, 

 

j

 

 = A for
co-ions), and index “

 

m

 

” denotes a layer (

 

m

 

 = 1,

 

 3 for
diffusion layers; 

 

m

 

 = 2 for membrane). In the first dif-
fusion layer, the Poisson equation

 

(2)

 

is used to take into account the space charge. In the
membrane and the second diffusion layer, the electro-
neutrality condition

 

(3‡, 3b)

 

is used. An electric current of density 

 

i

 

 passes through
the system

 

(4)

 

As we consider a steady-state process, by virtue of
the continuity condition fluxes 

 

j

 

j

 

 are invariant (to be
determined). At the interface between the first diffusion
layer and the membrane (

 

x

 

 = 

 

δ

 

), boundary concentra-
tions 

 

c

 

j

 

 and electric potential 

 

ϕ

 

 are continuous in differ-
ent phases (

 

m

 

 = 1, 2):

 

(5‡, 5b)

 

At the other interface membrane/diffusion layer,

Donnan equations link concentrations  and  in dif-
ferent phases (

 

m

 

 = 2, 3)

 

(6)

 

Boundary conditions at external boundaries of the
system are specified in the form of fixed concentrations

 

(7)

 

Here, 

 

j

 

j

 

 are ion flux densities, 

 

c

 

j

 

 are mole concentrations
of ions, 

 

ϕ

 

 is potential, 
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 = –

 

d

 

ϕ

 

/
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 is the electric field
strength, 

 

D

 

j

 

 are diffusion coefficients for ions, 

 

 = 

 

ε

 

'

 

ε

 

0

 

is the permittivity of water, 

 

ε

 

'

 

 is the dielectric constant
of water, 

 

ε

 

0

 

 is permittivity of empty space, 

 

Q

 

 is the
exchange capacity of the membrane, 

 

z

 

j

 

 are charges of

j j D j
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ions, i is the density of the passing current, k1A is a Don-
nan constant, δ denotes thicknesses of diffusion layers,
d is the membrane thickness, R is the gas constant, F is
Faraday’s number, and T is the absolute temperature.

The electroneutrality condition adopted for the
membrane (3a) means, in particular, that the model
ignores the presence of a thin charged layer of thickness

 inside the membrane, at its boundary with the solu-
tion undergoing desalination. This layer is the “mem-
brane” part of EDL at the interface. In view of a high

concentration of fixed ions, the value of  must be con-
siderably smaller than similar quantity λ in the first dif-
fusion layer, as they have order of the Debye shielding

length Dρ, which is inversely proportional to ,
where the quantity cs is the concentration of ions at a
relevant external boundary of EDL. For the solution,
the boundary concentration cs equals approximately

c0 at currents that are approximately equal to the
limiting current [2, 6, 8]. For the membrane, cs = Q ≈
1 M. Thus, the thickness  is equal to a few Å, whereas
λ equals a few hundred to a few thousand Å. The small-

ness of  implies that, generally speaking, the transport
through this layer must be described by some discrete
models, rather than a continuous Nernst–Planck equa-
tion. On the other hand, it makes sense to employ a dis-
crete approach only if the resistance of the layer under
consideration is commensurate with that of the entire
system. As will be shown below, in our case nearly 80%
of the potential (a few fractions of a volt to a few volts)
drop across the first diffusion layer, the contribution of
the potential drop across the membrane itself is small,
and the more so we can neglect the potential drop
across the thin, well conducting EDL in the membrane.

Formulation of a Boundary-Value Problem
in a Dimensionless Form

The mathematical model we formulated in the fore-
going is a nonlinear boundary-value problem in a three-
layered region. The problem is physically meaningful
at any positive currents. To solve it, the set of equations
(1)–(7) was reduced to a dimensionless form with the
aid of parameters 

λ

λ
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ε

λ

λ

X x/δ; X x/d; C0 z j c j
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the bar over which means that this particular parameter
refers to the membrane. In each diffusion layer and in
the membrane we introduce a space coordinate 0 ≤ X ≤
1 and in the entire system, a global coordinate 0 ≤ Y ≤
3. In new variables, the initial set of equations looks as
follows. For the diffusion layer that gives up counteri-
ons (m = 1; 0 ≤ Y ≤ 1),

(8)

(9)

for the membrane (m = 2; 1 ≤ Y ≤ 2),

(10)

(11)

for the diffusion layer that accepts counterions (m = 3;
2 ≤ Y ≤ 3),

(12)

(13)

Equations (8)–(13) are complemented by the condition
of the passing of an electric current and the condition of
steady-stateness

(14‡, 14b)

conditions on the first (Y = 1) and second (Y = 2) inter-
faces

(15‡)

(15b)

conditions at the external boundaries of the system

(16)
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and it is also assumed that the electroneutrality condi-
tion

(17)

is met at the left-hand external side of the system. As to
the right-hand side of a three-layered system, the elec-
troneutrality condition is obeyed in view of (13). By the

limiting current Ilim = i/  we understand the current at
which a limiting state arises in the model for a mem-
brane system [16], i.e. when the electroneutrality con-
dition replaces the Poisson equation in the first diffu-
sion layer.

A Method of Solution

The boundary-value problem (8)–(17), which con-
tains small parameter ε at a derivative, is solved by two
methods. One solution is found by a numerical method
of parallel shooting [15], while the other, by a method
based on using the QCD condition [6, 12].

The first method is applicable at not-too-small val-
ues of small parameter ε. The problem under consider-
ation is solved effectively only at ε > 10–5. The integra-
tion segment 0 ≤ X ≤ 1 (0 ≤ Y ≤ 1) in the first diffusion
layer was divided into 20 subsegments [Xk, k + 1] k = 1,
…, 20. The integration of the Nernst–Planck equations,
the Poisson equation, and equations (14b) for the fluxes
was performed at each subsegment independently. The
integration in the membrane and in the second diffusion
layer was also done independently. The target function
was formed with the aid of equations for matching solu-
tions [15]. The integration was performed using
Runge–Kutta methods of fourth order of accuracy and
each subsegment [Xk, k + 1] was divided into five parts,
which means that the integration step τ was equal to
1/(5 × 20) = 10–2. As there are merely twenty sugseg-
ments, and the matching of solutions was performed by
five functions C1(X), CA(X), J1(X), JA(X), and E(X), at
each iteration step we had to invert a matrix of dimen-
sionality of order 100 × 100. For even smaller values of
the small parameter (ε < 10–5), each segment must be
divided into a still greater number of parts, which
increases the system’s dimensionality, compromises
the convergence of the method, and raises the computa-
tion time. The method is described in detail elsewhere
[15].

The methods underlying the LSODI integrator used
in [13, 14] are α-stable implicit Gear methods of fifth
order of accuracy. That is why solutions obtained by
either method are rather accurate and practically coin-
cide at ε ≥ 10–5 throughout the entire integration range
0 ≤ X ≤ 1. When modeling a real electrodialysis, param-
eter ε may be much smaller than 10–5: its values vary
from 10–12 to 10–4. At ε < 10–5 one has to use approxi-
mate solutions in the first diffusion layer, for example,
the QCD method [6, 12]. The QCD condition assumes
a slow change in the charge density along a coordinate,

z1C1
I zACA

I+ 0=

ilim
0
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i.e.  ≈ 0, rather than assuming a small charge den-

sity, i.e. ρ ≈ 0, as in the local electroneutrality condi-
tion. The QCD condition is a more accurate approxima-
tion to the Poisson equation than traditional electroneu-
trality condition. The QCD condition is met throughout
the entire volume of the diffusion layer, including SCR,
with the exception of a microscopic quasi-equilibrium
EDL at the boundary with the membrane [12].

The authors of [13] used the condition of continuity
of dimensional concentrations and potential (5) at the
interfaces between the membrane and diffusion layers.
In calculations that use the QCD condition, the condi-
tion of continuity of concentrations at the interface the
first diffusion layer/membrane cannot be used (Fig. 1)
and must be replaced by some other relationship. See-

Xd
dρ

ing in Fig. 1 that the concentration gradient at X ≈ 1 is
very great, specifically, dC/dX ≥ 103 at any ε ≤ 10–3 and
ion fluxes Jj are no greater than 10 for currents I/Ilim <
2–10, we can write the dimensional equality

(18)

which is practically exact in the region 1 – λ ≤ X ≤ 1.
This condition, which follows from the Nernst–Planck
equations, is more accurate at smaller ε. Integrating

(18) in the limits 1 – λ ≤ X ≤ 1 + , we obtain [2, 12]

(19)

Assuming that cj(X = 1 – λ) =  is the boundary
concentration in the left-hand diffusion layer and cj(X =

1 + ) =  is the boundary concentration in the mem-
brane, equation (19) leads to the Donnan equation with
k1A = 1:

(20)

If condition (20) with k1A = 1 is applied to the sec-
ond interface membrane/diffusion layer, then, as fol-
lows from the above, the stationary solutions within the
model used by the authors of [13], who assumed that
concentrations were continuous at interface, and calcu-
lations with (8)–(17) will be consistent.

The application of the QCD condition eliminates the
integration of equations of transport in a very thin EDL
[13]. The application of the QCD condition for a multi-
layered boundary-value problem allows one to employ
the same interfacial boundary conditions that are
employed in the case of the electroneutrality condition.
If the electroneutrality condition is violated, the appli-
cation of the QCD condition simplifies the solution and
analysis of transport problems. The QCD method was
designed in [6, 12] specifically for simplifying a com-
plex singularly-perturbed problem. The QCD method
can, hypothetically, be effectively applied to solving
precisely the multilayered boundary-value problems [6,
12]. Solutions obtained with both methods ([6] and
[15]) are compared below.

Thus, if one desires to employ the QCD condition,
equations (5a) and (5b) must be replaced with equa-
tions (20) and (19). As in the first diffusion layer we
employed the QCD condition, the boundary-value
problem reduced to independent integration in the
membrane and in the diffusion layers without dividing
the integration region in the membrane and in the diffu-
sion layers into subsegments [Xk, k + 1] and to a subse-
quent search for the roots of a set of nonlinear equations
with two unknowns. For the unknowns we selected J1
and the right-hand boundary concentration in the mem-

1
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Fig. 1. (a) Distributions of concentration of counterions (j =
1) in first diffusion layer at I = 2Ilim and ε of (1) 0.1, (2)
0.01, (3) 0.001, and (4) 0.0001; curve 5 shows distribution
of co-ions (j = A) at ε = 0.0001; dashed lines represent QCD
calculations; initial data: d1 = 0.5, dA = 0.71, JA = 0, C1(0) =
C1(1) = 1; and (b) distributions of (4) counterions and (5)
co-ions at ε = 0.0001 and X ∈  [0.4–0.8].
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brane (Y = 2). For the target functions we selected
functions obtained from equations (15b) and (20) as
reported in [15]. In this case one has to invert a small
matrix of size (2 × 2).

With the QCD condition employed, the solution of
problem (8), (9) reduces to the solution of a simple
cubic equation for strength E, which has the following
form at z1 = –zA = 1 [6, 10]:

(21)

Here, G0 = J1/d1 + JA/dA, α =  + , and G1 = J1/d1 –
JA/dA. Having found the distribution E(x) at given I and
J1, we can find relevant concentrations C1(x) and CA(x)
by integrating the Nernst–Planck equations. The
method’s justification is most comprehensively ren-
dered in [6].

RESULTS AND DISCUSSION

Concentration Distribution in the First Diffusion Layer

Figure 1a compares concentration distributions cal-
culated at different values of ε by two methods. One
solution is found by a numerical method of parallel
shooting with use made of the Poisson equation, while
the other, by solving cubic equation (18) derived using
the QCD condition. We clearly see in the figure that the
solutions obtained with use made of the QCD condition
practically coincide with the numerical solution virtu-
ally throughout the entire range of X even at ε = 10–3.
The only exception is the narrow segment 1 – λ ≤ X ≤
1, where λ has an asymptotic estimate of . At large
values of small parameter ε (ε > 10–2), the deviation
becomes noticeable. At ε ≥ 10–1, the method based on
the QCD condition becomes useless. Thus, method [15]
is applicable at ε > 10–5, while method [6], at ε < 10–2.
At 10–5 < ε < 10–2, both methods yield results that coin-
cide to within their errors.

Figure 1b shows the region where variations in the

concentrations of counterions  and co-ions 

have substantially different rates. This difference is
responsible for the emergence of a maximum of the
density of charge ρ (Fig. 2), whose position is depen-
dent on the magnitude of the current (for details, see [6,
10, 13]). Figure 1b (I = 2Ilim) also shows that at large
values of small parameter ε the space charge occupies
the entire diffusion layer and steadily increases along
the X coordinate. With decreasing ε, a quasi-electroneu-
tral region starts forming to the right of X = 0 (approx-
imately in the interval 0 ≤ X ≤ 0.4 at I = 2Ilim). At 0.6 ≤
X ≤ 1 – λ, an electromigration region forms in the
space-charge region. The diffusion makes virtually no
contribution to the mass transfer in the electromigration
region (Fig. 1 for ε ≥ 10–4). The electric field strength in

c j

ε
2
---E3 G0X α–( )E– G1– 0.=

CI
1 CA

1

ε

dc1

dx
--------

dcA

dx
---------

the electromigration region becomes considerable,
ensuring constancy of fluxes of counterions despite
their small concentration. Between the quasi-electro-
neutral regions and the electromigration region, the
density of a volume charge reaches a maximum. The
consequences of importance from a practical side, to
which the formation of the maximum leads, were dis-
cussed in [1, 2]. In the fourth region (1 – λ ≤ X ≤ 1), the
electromigration and the diffusion are nearly identical
by their absolute values but are oriented in opposite
directions and reach maximum values (region of a
quasi-equilibrium EDL [2, 10, 12]). One should bear in
mind that the quantity ρ in Fig. 2. is a dimensionless
quantity and with increasing external concentration C0
dimensionless parameter ε diminishes while dimen-
sional density  = ρC0 rises. Dimensional values of 
for curves 1 and 4 will differ by four orders of magni-
tude at the same δ and I = 2Ilim.

The Current–Voltage Curves

The curves in Fig. 3 illustrate how concentrations
are distributed in three layers in two cases, specifically,
at i/ilim = 0.5 and i/ilim = 2. From the figure we see and
calculations show that in overlimiting modes the left-
hand boundary concentration of co-ions in the mem-

brane  is close to zero (<10–6). This also follows
from formulas (11) and (20), provided one takes into

account that the product  in an overlimiting mode
is also less than 10–6. At i > ilim, the concentration

 ≈ 0; therefore, the boundary-value problem

ρ̃ ρ̃
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Fig. 2. Distributions of charge density ρ = C1(X) – CA(X) in
first diffusion layer at values of ε and initial parameters as
in Fig. 1.
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(8)–(17) splits into two mathematically independent
problems. At first one solves a two-layered boundary-
value problem (membrane and second diffusion layer)

and determines Tj =  at a given I and, conse-

quently, Jj =  = . Then one solves the

second problem using the QCD condition and deter-
mines the concentration distribution in the first diffu-
sion layer. The concentration distributions thus
obtained allow one to construct current–voltage curves
in the entire system. The current–voltage curves for one
layer are analyzed in [2, 6]. A similar analysis for a
three-layered system was done by the authors of [13].
Here we will estimate the contribution made by the
membrane, the second diffusion layer, and the voltage
drops across the interfaces to the voltage drops in a
membrane system. Figure 4 shows that in the first dif-
fusion layer this contribution ∆U1 is no less than 80%.
Hence, in an overlimiting mode, no more than 20% of
the overall potential drop in the system occur across the
membrane, the second diffusion layer, and the inter-
faces.

The Selectivity of a Membrane System

It is well known that in dilute solutions, when it is of
interest to investigate overlimiting current modes, the
selectivity of the transport of counterions is close to
100%. Nonetheless, mathematical models have also
relative independence, and we will consider in the
framework of the model presented in the foregoing the

z jF j j

i
------------

j jF

ilim
0

--------
j jδ

D1C0 1 z+( )
-----------------------------

mechanism of the dependence of effective transport

numbers Tj =  on the current density and other

parameters of the model. Such a consideration may
come handy when considering more complex mem-
brane systems containing several competing counteri-
ons, when a knowledge of the Tj vs. i dependence is of
importance from a practical viewpoint.

The boundary-value problem for the entire system
splits into two independent problems and effective
transport numbers Tj = zjjjF/i are found by solving the
first problem. From this, in the framework of the model
presented, follows an interesting in theoretical respect
conclusion: in an overlimiting mode, the selectivity of
a membrane system, i.e. Tj, is defined only by proper-
ties of the membrane and the second diffusion layer.
The first diffusion layer exerts only an implicit influ-
ence through the magnitude of the limiting current.

In a special case where Dj = ,  = , and z1 =
|zA| = 1 this conclusion gains an analytical confirmation.
In the framework of the model proposed by the authors
of [13] an exact formula was derived, which was valid
at any currents i ≥ 0. As the approximation (18), (19) is
quite good, the model will be exact also in the frame-
work of the above model with the constant k1A = 1

(22)
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Fig. 3. Concentration distributions in a membrane system at
(1) I = 0.5Ilim and (2) I = 2Ilim; initial data: ε = 6.82 × 10–6;
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Fig. 4. Current–voltage curves for the data given in Fig. 3:
(1) potential drop across first diffusion layer and (2) poten-
tial drop across the entire system.
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Here, η = T1/TA characterizes the selectivity of the

transport; 〈cj〉1 = /δ is the dimensional

average integral concentration of ions of the jth sort in

the first diffusion layer 〈cj〉2 = /δ);

 = /d is the same for ions in the

membrane; 〈Cj〉1, 2 and  are similar designations in

a dimensionless form; and C0 =  is the external con-
centration of electrolyte.

One can readily infer from Figs. 1 and 3 that, with
increasing current, concentrations 〈Cj〉1 in the first dif-
fusion layer diminish, while concentrations 〈Cj〉2 in the
second diffusion layer rise. Therefore, values of η are
formed chiefly by the sum of the concentration  in
the membrane and the concentration 〈Cj〉2 in the second
diffusion layer.

In view of the validity of the equalities

(23)

one can use them for an approximate estimation of
effective transport numbers at any currents mentioned
in the above special case. The relative error of formulas
(23), when performing calculations with the same con-
stant K1A = 0.05 (Fig. 5) as in the model (8)–(17),
reaches 15% in some cases of a considerable backward
diffusion, largely because of the approximation  ≈

. That is why, when calculating curves in Fig. 5

(dashed lines) with approximate formula (23), we
selected K1A = 0.027. The selection was made from the
condition of best coincidence with numerical calcula-
tions (solid lines) for any modes specified by parameter

 = , (k1A = 1, Dj = ,  = , z1 = |zA|). As
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we see from this formula, with decreasing ratio ,

the selectivity of a membrane system is defined by the
membrane properties, and the estimate

(24)

is valid. At large values of the ratio  the selectivity

is defined by the solution properties

(25)

Let us now consider the effect the initial parameters
of the model have on the selectivity of a membrane sys-
tem in a more general case, i.e. in the absence of any

limitations (k1A = 1, Dj = ,  = , z1 = zA). As it is
impossible to derive an analytical formula in a more
general case, we will restrict our consideration to qual-
itative evaluations.

The behavior of Tj in sublimiting modes as a func-
tion of the current density i at various values of initial
parameters was thoroughly explored in [17]. The
dependence of Tj on i, obtained numerically with the
aid of QCD using model (8)–(17) at both sublimiting
and overlimiting currents, appears in Fig. 5 at a fixed
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Fig. 5. Dependences of effective transport numbers (solid
lines) on current density at initial data given in Fig. 3 in dif-
ferent kinetic modes r: (1) 2, (2) 1, (3) 0.5, and (4) 0.2;
dashed lines represent calculations with approximate for-

mula (22) at K1A = 0.027 and  of (1) 0.035, (2) 0.060,

(3) 0.110, and (4) 0.270.
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K1A and various values of the relative electrodiffusion
resistance r of the membrane.

It is known (and clearly seen in Fig. 3) that the con-

centration  at the interface the first diffusion

layer/membrane diminishes with increasing current

density, whereas the concentration  at the inter-

face the second diffusion layer/membrane increases. At
the same time, the gradient of concentration of co-ions
and the backward diffusion in the membrane increase.
Moreover, on the whole, the concentration of co-ions
increases, which leads to an increase in their electromi-
gration transport number . The contribution made by
the backward diffusion and the electromigration trans-
port to the transport of co-ions depends on dimension-

less relative penetrability p = P  [2, p. 286], where

P is the diffusion penetrability of a membrane for the
salt under consideration. In the case we consider, it is
more convenient to represent p in the form p = K1A/r =

 = P , where parameter r is

normalized to  = z1  in view of the principal influ-
ence exerted by the second diffusion layer on the sys-
tem’s selectivity in an overlimiting mode.

At p ! 1, the electrodiffusion resistance of the
membrane is large as compared with the second diffu-
sion layer. In this case, the major contribution to the
transport of co-ions is made by electromigration, T1 ≈

, and estimate (24) is valid. At p @ 1, on the other
hand, the principal contribution to the co-ion transport
comes from the backward diffusion. Then, as shown in
[2, p. 288], the effective transport number T1 ≈ t1

approaches the value of the electromigration transport
number in solution (estimate (25) and Fig. 5).

The deliberations we aired in the foregoing are con-
firmed by numerical calculations. At large values of the
relative electrodiffusion resistance of the membrane
(r ≥ 2–5), the selectivity of a membrane system is
defined by the membrane (Fig. 5), while at small values
(r ≤ 0.2), by the second diffusion layer. Once a limiting
state is reached, the behavior of a membrane system
with regard to the transport selectivity does not change,

in principle. At i > ilim, concentrations  continue

increasing, whereas concentrations  ≈ 0 stop

varying (Fig. 3). With increasing boundary concentra-

tions , the backward diffusion and the electromi-

gration of co-ions intensify still further. As a result, the
effective transport number of the co-ions continues
increasing.
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The rate of decrease in T1 (or increase in TA) in an
overlimiting state somewhat diminishes. There is a sim-
ple explanation for this phenomenon: a change in the
current i by ∆i in a sublimiting state makes boundary

concentrations at the left, , and the right,

, sides of the membrane alter by ∆C, i.e. an esti-

mate of a change in the concentration gradient amounts
to 2∆C/d. In overlimiting states, increasing the current
by the same quantity raises only the right-hand bound-

ary concentration  while leaving the left-hand

concentration  practically unchanged. That is

why the increase in the diffusion gradient in this case is
estimated by a halved quantity, specifically, ∆C/d. Con-
sequently, the decrease in T1 will be not that obvious
(Fig. 5, curve 1). At r < 0.2–0.5, the selectivity of a
membrane system is defined by selective properties of
the solution Tj ≈ tj in both sublimiting and overlimiting
modes (curves 3, 4). At 0.5 < r < 2, the selectivity is
affected by both the membrane and the solution.

CONCLUSIONS

A mathematical model describing the passing of an
overlimiting current in a membrane system is exam-
ined. The violation of local electroneutrality in a
depleted diffusion layer is accounted for by employing
the Poisson equation. A comparison with a more com-
plex model is made. The distinguishing feature of the
model in question, which was put forth by the authors
of [13], is that the Poisson equation is applied in all
three regions (membrane and two diffusion layers).
There is a complete coincidence of calculated concen-
tration distributions (with the exception of the region of
a quasi-equilibrium EDL) and current–voltage curves
at any currents, provided parameters were selected in a
proper manner. This testifies that one can ignore phe-
nomena of violation of electroneutrality in the mem-
brane and in the second diffusion layer, provided there
is no need for detailed information about EDL in these
layers.

A boundary-value problem is solved by two meth-
ods. One is a numerical method of parallel shooting
[15], which effectively operates at ε > 10–5. The other
employs an approximate QCD condition and ensures
sufficient enough accuracy at ε < 10–2 (ε is a small
parameter in the Poisson equation written in a dimen-
sionless form). It is shown that at 10–5 < ε < 10–2 both
methods yield results that coincide to within the calcu-
lation error.

The parallel-shooting method, intended mostly for
solving multilayered problems, may come useful for
describing electrical mass transfer in both sublimiting
and overlimiting modes (ε > 10–5). Use of the QCD
condition at ε < 10–2 radically simplifies the solution of
the initial set of equations. In sublimiting modes, use of
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the QCD condition is identical to the electroneutrality
condition. At currents i > ilim, the QCD condition allows
one to make use of the same equilibrium condition at an
interface as in the case of an electroneutral model that
employs the condition of continuity of electrochemical
potential.

A comparison of three different methods of solution
of the problem of electrical mass transfer of ions in a
membrane system with use made of the Poisson equa-
tion (a third method of solution, with the aid of an
LSODI integrator, was employed by the authors of
[13]) testifies that the obtained results are reliable. If
there is no need to obtain accurate information about
the distribution of concentrations in a quasi-equilib-
rium EDL, we recommend the QCD method (valid at
ε < 10–2), as the most interesting from a practical stand-
point, simple, and easily applicable.

The presented model may come useful for a more
complete study of the electrodiffusion phenomena in an
overlimiting state, if the water dissociation and the con-
jugated convection are taken into account.
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