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Abstract Nanopores with fixed charges show ionic

selectivity because of the high surface potential and the

small pore radius. In this limit, the size of the ions could no

longer be ignored because they occupy a significant fraction

of the pore and, in addition, they would reach unrealistic

concentrations at the surface if treated as point charges.

However, most models of selectivity assume point ions and

ignore this fact. Although this approach shows the essential

qualitative trends of the problem, it is not strictly valid for

high surface potentials and low nanopore radii, which is just

the case where a high ionic selectivity should be expected.

We consider the effect of ion size on the electrical double

layer within a charged cylindrical nanopore using an

extended Poisson–Boltzmann equation, paying special

attention to (non-equilibrium) transport properties such as

the streaming potential, the counter-ion transport number,

and the electrical conductance. The first two quantities are

related to the nanopore selectivity while the third one

characterizes the conductive properties. We discuss the

nanopore characteristics in terms of the ratio between the

electrolyte and fixed charge concentrations and the ratio

between the ionic and nanopore radii showing the experi-

mental range where the point ion model can still be useful.

Even for relatively small inorganic ions at intermediate

concentrations, ion size effects could be significant for a

quantitative estimation of the nanopore selectivity in the

case of high surface charge densities.

Keywords Nanopores � Ion size �
Poisson–Boltzmann equation � Ionic selectivity �
Conductance

1 Introduction

The primary application of fixed charge nanopores is to

provide ionic selectivity and sensing exploiting the fact that

the pore size is not much larger than the ionic analyte size

(Martin and Siwy 2007; Höltzel and Tallarek 2007; Griffiths

2008; Abgrall and Nguyen 2008; Schoch et al. 2008).

Therefore, the question of the effect of the analyte size on the

nanostructure performance naturally arises. In the Coulter

counting method, for example, the analyte size is estimated

from the increase in the resistance observed as it passes

through a fluidic constriction separating two reservoirs

(Petrossian et al. 2008). Resistive-pulse sensing allows for

single-molecule mass spectrometry in solution using a

nanopore (Lee et al. 2004; Robertson et al. 2007; Sexton

et al. 2007a, b; Wharton et al. 2007; Griffiths 2008; Abgrall

and Nguyen 2008). The principles of single-molecule sens-

ing were suggested and analyzed in earlier papers

(Kasianowicz et al. 1996 and references therein). The

nanopore, however, does not act simply as a mechanical

filter: it displays also ionic selectivity because of the elec-

trical charges attached to the surface. In the case of electro-

lyte solutions with small inorganic ions, which is relevant to

water desalination and biological membranes, these charges

favor the passage of counter-ions (ions with charge opposite

to that of the pore) but hinder the passage of co-ions (ions

with charge of the same sign as the pore) (Siwy and Fulinski

2002; Jorne 2006; Cervera et al. 2006; Ali et al. 2009).

Nanopores with high surface charge density on the pore

walls are likely to exhibit high ionic selectivity because
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their (molar) concentration of fixed charges, which

increases with increasing surface charge density and with

decreasing pore radius, is larger than the external electro-

lyte concentration. It is well known that the diffuse double

layer theory can give a suitable description of the ion and

potential distributions only when the concentrations of

fixed charges and mobile ions are low enough. At high

surface charge densities, unrealistic counter-ion accumu-

lation at the pore walls casts some doubts on the model

predictions, and ion size effects should be included

(Guzmán-Garcı́a et al. 1990; Cwirko and Carbonell 1992;

Bontha and Pintauro 1994; Basu and Sharma 1997). In the

past, these effects have proved significant in problems of

physical chemistry and biophysics including the ion dis-

tribution in the vicinity of a planar charged surface

immersed in an electrolyte solution (Borukhov et al. 1997;

Paunov and Binks 1999), the transport of ionic drugs across

the paracellular pathway of cell monolayers (Pade and

Stavchansky 1997), and the modeling of ionic transport

through biological ion channels (natural nanotubes)

(Eisenberg 1998).

Tables 1 and 2 illustrate the nature of the problem.

Table 1 considers the ratio (Ri/Rp)2, where Ri and Rp are the

ionic and nanopore radii, respectively, for a wide range of

experimental values. The ionic crystal radius (approxi-

mately 0.1 nm for small inorganic ions) is significantly

smaller than the hydrated ion radius (approximately

0.3 nm). This radius is the relevant quantity in aqueous

solutions because the small ions move together with a water

layer: it is the effective hydrated radii that dictates the ion

mobility in bulk solutions. Organic ions [e.g., those having

the tetraalkylammonium structure, usually employed as ion

channel blockers (Hille 2001)] have significantly larger

radii (0.3–0.5 nm) while aromatic compounds (e.g., sodium

benzene sulfonate) have longer molecular axis in the range

0.5–1 nm (Jin et al. 2005). Finally, macro-ions have char-

acteristic lengths significantly higher than 1 nm (Karginov

et al. 2005), with protein gyration and Stokes radii as high

as 2–4 nm (Chun et al. 2006). The nanopore radii of Table 1

span also over a wide region of experimental values. Ion

channels in biological membranes are usually \1–2-nm

wide (Hille 2001) with some biological pores such as the

bacterial outer membrane porin (OmpF) (Alcaraz et al.

2004, 2006) and the PA63 channels [involved in the anthrax

infection (Karginov et al. 2005; Aguilella-Arzo et al. 2006)]

having radii in the range 1–2 nm. These are close to those of

the smaller synthetic nanopores (Dekker 2007; Tabard-

Cossa et al. 2007; Healy et al. 2007; Zhao et al. 2007;

Griffiths 2008) and carbon nanotube membranes (Yeh and

Hummer 2004). Conical nanopores have tip and base radii

in the ranges 1–10 nm and 100–500 nm (Siwy and Fulinski

2002; Spohr 2005; Cervera et al. 2006; Healy et al. 2007;

Martin and Siwy 2007; Sexton et al. 2007b; Apel et al.

2007; Cornelius et al. 2007; Ramı́rez et al. 2008), respec-

tively, while nanoporous membranes radii are typically

5–25 nm (Cwirko and Carbonell 1992; Nishizawa et al.

1995; Chun et al. 2006; Ku et al. 2007; Striemer et al. 2007).

The results of Table 1 show clearly that inorganic and

organic ions tend to occupy a significant fraction of the

nanopore cross section, this trend being more pronounced

for big organic ions and macro-ions, where the size effect is

dominant in most applications (Sexton et al. 2007a, b;

Wharton et al. 2007; Healy et al. 2007; Zhao et al. 2007;

Striemer et al. 2007). The numbers in italics approximately

indicate the region, where size effects are expected to be

significant (note that some of them are limiting cases not

achieved in practice).

Table 1 emphasizes only the geometrical problem. To

better understand the electrochemical consequences of

treating ions as point charges, Table 2 shows the surface

counter-ion concentrations that would result from using a

Gouy–Chapman approach for the radial distribution of the

ionic concentration in the pore. In this approach, the con-

centration at the center of the pore (which is the bulk

solution concentration approximately) and the concentra-

tion at the pore surface are related by the Boltzmann factor

exp(F/surface/RT) where /surface is the surface potential, R is

the gas constant, T is the temperature, and F is the Faraday

Table 1 The ratio (Ri/Rp)2 (in %) where Ri and Rp are the ion and nanopore radii, respectively, is a measure of the nanopore cross section

occupied by the (finite size) ionic permeant

(Ri/Rp)2 (%)

Ri (nm) 0.1 (crystal radius

of inorganic ion)

0.3 (effective radius of

hydrated inorganic ion)

0.5 (organic ion/

aromatic compound)

1 (macro-ion)

Rp = 1 nm (ion channel) 1 9 25 100

Rp = 2 nm (wide ion channel/

carbon nanotube/tip of conical nanopore)

0.25 2 6 25

Rp = 3 nm (nanopore) 0.1 1 3 10

Rp = 5 nm (nanoporous membrane) 0.04 0.4 1 4

The numbers in italics approximately indicate the region where size effects are expected to be significant
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constant. The numbers in italics approximately indicate the

region, where the accumulation of (point) ions is likely to be

unrealistic and could lead to misleading conclusions. The

results of Table 2 show that the size effect is already sig-

nificant at moderately high surface potentials and electro-

lyte concentrations. We propose to study here this question

using a generalized Poisson–Boltzmann (P–B) equation,

showing the experimental region where the ionic size can

be safely ignored, and discussing the size effects on the

selectivity and transport in the nanopore.

Despite the nanometer scales involved, the fact is that

most models of selectivity are still based on the classical

continuum theories because these are relatively simple and

predict correctly the qualitative trends of the problem (Siwy

and Fulinski 2002; Lee et al. 2004; Cervera et al. 2006;

Jorne 2006; Aguilella-Arzo et al. 2006; Ramı́rez et al.

2003a, 2007, 2008; Vlassiouk and Siwy 2007; Gracheva

et al. 2007). Some approaches consider the linearized P–B

equation for point ions (Schoch et al. 2008; Jorne 2006,

Aguilella-Arzo et al. 2006). In those cases where the exact,

nonlinear P–B equation is employed, ion size effects are

usually ignored (Westermann-Clark and Christoforou 1986;

Cervera et al. 2006; Aguilella-Arzo et al. 2006; Vlassiouk

and Siwy 2007) despite the fact that the electrolyte solution

is confined to the reduced free space available within the

nanopore. Studies of the nanopore selectivity using a gen-

eralized P–B equation that incorporates explicitly the size

of the ions (Bontha and Pintauro 1994; Basu and Sharma

1997; Cervera et al. 2003) are lacking. These would be of

great interest to doped-semiconductor membranes (Gra-

cheva et al. 2007), nanotubule membranes (Nishizawa et al.

1995; Ramı́rez et al. 2003a; Chun et al. 2006; Ku et al.

2007), nanofluidic channels and nanoslits (Stein et al. 2004;

Schoch et al. 2008) conical nanopores (Siwy and Fulinski

2002; Lee et al. 2004; Cervera et al. 2006; Ramı́rez et al.

2007, 2008), nanopipettes (Umehara et al. 2006), nanoc-

ables (Lebedev et al. 2005), nanochannel-based fuel cells

(Liu et al. 2005), nanoelectrodes (Zhang et al. 2006), and

the ion channels of biological membranes (Hille 2001;

Karginov et al. 2005; Alcaraz et al. 2006; Aguilella-Arzo

et al. 2006; Miedema et al. 2007).

The P–B approach for the ionic radial distribution in the

nanopore considers the ions as point charges and the water

as a dielectric continuum, despite the fact that atomistic

details should be significant as the nanopore radius

becomes comparable to the ionic radius. Atomistic simu-

lations, in particular the Molecular Dynamics (Qiao and

Aluru 2005) and Monte Carlo (Hou et al. 2008) methods,

are increasingly used to study nanometer wide channels,

but they require considerable numerical effort and do not

provide intuitive equations to understand the basic trans-

port phenomena, contrary to the case of the continuum

approaches (Cwirko and Carbonell 1992; Siwy and Fulin-

ski 2002; Lee et al. 2004; Yeh and Hummer 2004; Heins

et al. 2005; Aguilella-Arzo et al. 2006; Muthukumar and

Kong 2006). While molecular simulations are more rigor-

ous than the P–B equation for the length scales involved,

the fact is that extensions of this approach have often

proved useful (Guzmán-Garcı́a et al. 1990; Bontha and

Pintauro 1994; Cervera et al. 2003) because long-range

electrostatic forces rather than atomistic-level details

dominate the behavior of macroscopic transport phenom-

ena (Eisenberg 1998; Siwy and Fulinski 2002; Lee et al.

2004; Cervera et al. 2006; Ramı́rez et al. 2008). Therefore,

an intermediate, useful approach is to generalize the P–B

approach to incorporate either explicitly (Cervera et al.

2003) or implicitly (Garcı́a-Morales and Mafé 2007) the

ion size effects. This leads to new intuitive physical results

and allows us to discuss the qualitative trends of ions size

effects while keeping the numerical complexity to a

minimum.

Modifications of the P–B equation which incorporate the

volume of the hydrated ions have been proposed by Bik-

erman (1942), Grimley and Mott (1947), Freise (1952),

Wicke and Eigen (1953), Brodowsky and Strehlow (1959),

Levine and Bell (1960), and Sparnaay (1972). These

studies have evidenced the difficulties involved in an

accurate statistical description of electrolyte solutions at

high concentrations. Nevertheless, most of these modifi-

cations of the P–B equation appear to be correct at least for

moderate concentrations (of the order of 0.1 M for a 1:1

electrolyte).

The present work goes one step further by including the

size effects in the modified P–B equation, the diffusion

coefficients (Renkin 1954), and the transport equations

(Cervera et al. 2003), as suggested in the fundamental

contributions by Haase (1969) and Buck (1984). The

physical model is based on the Nernst–Planck equations to

describe the flux of the ionic species, the Navier–Stokes

equation to obtain the solution velocity inside the pore, and

an extended P–B equation to calculate the radial distribu-

tion of the electrical potential and ionic concentrations.

Although some authors have proposed more complicated

structures, particularly for Nafion membranes (Haubold

Table 2 The counter-ion concentration at the pore surface, csurface,

obtained using a Gouy–Chapman approach for the ionic radial dis-

tribution, as a function of the surface potential, /surface

csurface (M)

/surface (mV) 10 25 50 100 125 150

cs = 0.01 M 0.015 0.03 0.07 0.50 1.3 3.4

cs = 0.1 M 0.15 0.3 0.7 5 13 34

cs = 1 M 1.5 3 7 50 130 340

The numbers in italics approximately indicate the region where the

accumulation of (point) ions is likely to be unrealistic
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et al. 2001), in this work the nanopore is considered as a

cylinder with charged wall, as is usual in these space–

charge models. Because we wish to study the ion size

effects on the (non-equilibrium) transport properties such

as the streaming potential, counter-ion transport number

(selectivity), and electrical conductance, we will focus on

the case of a symmetric electrolyte solution. Generalizing

our approach to the case of ions with charge and size

asymmetries (Hou et al. 2008) would allow describing

additional effects such as adsorption and charge inversion

at the nanopore surface as well as other specific water–ion

interactions.

This work is organized according to the following

scheme. First, we describe the steady-state transport

equations and the incorporation of finite size effects in the

ionic activity and the osmotic pressure. In particular, we

analyze how the P–B equation is generalized to incorporate

the ion size. The equations are formally integrated using a

pore-averaging technique which leads to simple equations

for the conductance G, the counter-ion transport number t?,

and the streaming potential m. Then, the numerical solution

of the generalized P–B equation is used to evaluate the

average ionic concentrations, which are necessary to

understand the macroscopic transport phenomena, and the

transport properties G, t?, and m as functions of experi-

mental parameters such as the electrolyte concentration,

the surface charge density and the ratio between the ionic

and the pore radii. The contribution of the electro-osmotic

flow to these transport properties is analyzed in detail

because the finite size of the ions can enhance the impor-

tance of convection as a transport mechanism.

2 Theoretical modeling

We consider a single cylindrical nanopore immersed in a

1:1 electrolyte of molar concentration cs, as shown in

Fig. 1. The pore fixed charges are modeled as a uniform

surface charge density r\ 0. The Nernst–Planck equation

for the ionic flux density in the nanopore-fixed reference

frame is

j~i ¼ u~ci � Dicir ln ai þ zi f /½ �; ð1Þ

where Di and zi are the diffusion coefficient and the charge

number of species i, respectively, and f : F/RT. The

solution velocity u~ is obtained from the Navier–Stokes

equation

gr2u~¼ rpþ qer/; ð2Þ

where qe = F(c? - c-) is the electrical charge density, g
is the solution viscosity, and p is the pressure. Finally, the

electric potential / is determined by the Poisson equation

r2/ ¼ �qe

e
; ð3Þ

where e is the electrical permittivity. Equations 1–3

describe the ion transport through the nanopore. The size

effect can be described through the activity of ionic species

i (Cervera et al. 2003)

ai ¼
ci

1� v
P

k

ck
; ð4Þ

where v is the partial molar volume of the ions assumed to

be equal for the two ionic species.

Since the nanopore length L (which is of the order of

micrometers) is much higher than the nanopore radius Rp

(which is of the order of nanometers), we can assume that

j~i and u~ have only axial components denoted by ji and u.

The continuity equations qji/qx = 0 and qu/qx = 0 then

require that these quantities are functions of the radial

position coordinate only, ji = ji(r) and u = u(r). Intro-

ducing the electrostatic potential

wðr; xÞ � � 1

zi f
ln

ai

a�
ð5Þ

the equilibrium condition for the radial ionic distribution

(radial component of Eq. 1)

o

or
ln ai þ zif /½ � ¼ 0 ð6Þ

implies that the electrolyte mean activity

a�ðxÞ � aþðr; xÞa�ðr; xÞ½ � 1=2 ð7Þ

and the electromotive potential

VðxÞ � /ðr; xÞ � wðr; xÞ ð8Þ

are functions of the axial position x only. Similarly, the

mechanical equilibrium condition (radial component of

Eq. 2)

op

or
þ qe

o/
or
¼ o

or
ðp�PÞ ¼ 0 ð9Þ

Fig. 1 Schematic view of a negatively charged nanopore separating

two 1:1 electrolyte solutions (I and II) of the same concentration cs at

different electric potentials (/I and /II) and pressures (pI and pII)
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implies that the so-called solvent pressure

PðxÞ � pðr; xÞ �Pðr; xÞ ð10Þ

is a function of x only. The last equality in Eq. 9 has been

obtained from Eq. 6 and the Bjerrum relation for the

osmotic pressure, dP ¼ RT
P

k ckd ln ak: This latter

relation can be integrated to

P ¼ �RT

v
ln 1� v

X

k

ck

 !

; ð11Þ

which reduces to the classical expression P0 ¼ RT
P

k ck

in the case of point ions (v ? 0).

In terms of variables a±, V, and P, the transport Eqs. 1

and 2 can be presented as

ji ¼ uci � Dici
d ln a�

dx
þ zi f

dV

dx

� �

ð12Þ

g
1

r

o

or
r
ou

or

� �

¼ dP

dx
þ qe

dV

dx
ð13Þ

The variables a±, V, and P are defined inside the nanopore.

They are related to c, /, and p in the external solutions by

the boundary conditions that specify the transport and

mechanical equilibria between the external (I and II) and

internal solutions at the nanopore ends (x = 0 and L)

a�ð0Þ ¼ a�ðLÞ ¼ as ¼
cs

1� 2vcs

ð14Þ

Vð0Þ ¼ /I; VðLÞ ¼ /II ð15Þ
Pð0Þ ¼ pI �Ps; PðLÞ ¼ pII �Ps ð16Þ

Thus, the axial gradients are dP/dx = -Dp/L = (pII - pI)/

L, dV/dx = -DV/L = (/II - /I)/L, and dlna±/dx = 0

because the two external solutions have the same electro-

lyte concentration (and the same osmotic pressure Ps =

2RTcs) in the system under consideration.

From Eqs. 4, 5 and 14, the radial distribution of the ionic

concentration is determined by the electrostatic potential w
through the Bikerman equation (Bikerman 1942)

ci ¼
1� v

P

k

ck

1� 2vcs

cs expð�zi f wÞ; ð17Þ

which can also be presented as ai = as exp(-zifw) and is a

generalization of the Boltzmann relation ci = cs exp

(-zifw) that incorporates the finite size of the ions. From

Eq. 17, the total ionic concentration inside the nanopore is

cþ þ c� ¼
2cs coshðf wÞ

1þ 2vcs½coshðf wÞ � 1� ð18Þ

and the P–B equation can be generalized to

1

r

o

or
r
ow
or

� �

� �qe

e
¼

j2
D;s

f

sinhðf wÞ
1þ 2vcs½coshðf wÞ � 1� ð19Þ

where jD,s : [2F2cs/eRT]1/2 is the reciprocal Debye length

referred to the external solution, and the term q2//qx2 in

the Poisson equation has been neglected because L � Rp.

Note that Eq. 18 imposes bounds to the total ionic

concentration, 2cs B c? ? c- B 1/v, and therefore it

avoids the unrealistic values sometimes found when

considering point ions. Equation 19 is subject to the

boundary conditions

ow
or

�
�
�
�
r¼0

¼ 0; ð20Þ

which follows from the cylindrical symmetry, and the

Gauss law

ow
or

�
�
�
�
r¼Rp�Ri

¼ r
e

Rp

Rp � Ri

ð21Þ

that can be derived from the electroneutrality condition in

the nanopore cross section and the fact that no charge is

present in the region Rp - Ri \ r \ Rp (Mafé et al. 1990).

From Eqs. 19 to 21, we conclude that the electrostatic

potential w defined in Eq. 5 is the contribution to / that

describes the interaction between the ions and the fixed

charges at the nanopore surface.

Using Eq. 19, the Navier–Stokes equation (Eq. 13) can

be formally integrated with the non-slip condition u = 0 at

r = Rp - Ri to yield the solution velocity

uðrÞ ¼
Rp � Ri

� �2�r2

4g
Dp

L
þ e

g
wðrÞ � ws½ �DV

L
; ð22Þ

where ws : w(Rp - Ri) is the surface electrostatic

potential (i.e., the electrostatic potential at the position of

closest approach of the ions to the pore wall). Equation 22

shows that there is convection even in the absence of a

pressure difference between the external solutions. The last

term in Eq. 22 accounts for the electro-osmotic flow which

originates from the electrical force that acts on the charged

pore solution.

Defining the average of a function f(r) over the pore

cross section as

fh i � 2

R2
p

ZRp�Ri

0

f ðrÞrdr ð23Þ

the average flux density of species i is obtained from

Eq. 12 as

jih i ¼ ucih i � 1

ziF
jih i

dV

dx
ð24Þ

In the absence of applied pressure difference, Eq. 22 leads

to

jih ijDp¼0¼ �
1

ziF
ji þ jc;i

� �dV

dx
; ð25Þ
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where ji : F2Dici/RT and jc,i : (Fe/g)zici[w(r) - ws]

are the migrational and convective contributions of

species i to the electrical conductivity (Kontturi et al.

2008). The electrical conductance is

G � I

DV

�
�
�
�
Dp¼0

¼
pR2

p

L
jþ jch i; ð26Þ

where I ¼ pR2
pF jþ � j�h i is the electric current and

j = j? ? j- and jc = jc,? ? jc,- are the migrational

and convective electrical conductivities, respectively. The

(integral) counter-ion transport number is

tþ �
pR2

pF jþh i
I

�
�
�
�
�
Dp¼0

¼
jþ þ jc;þ
� �

jþ jch i : ð27Þ

An applied pressure difference Dp generates a hydraulic

flow of solution across the nanopore (see Eq. 22). Because

the pore solution bears an electrical charge density qe [ 0

whose average value is qeh i ¼ FX ¼ �2r=Rp; this

hydraulic flow produces a charge separation which

eventually creates a potential difference DV. The ratio of

DV to Dp under zero current conditions, jþh i ¼ j�h i; is the

streaming potential m and can be evaluated from Eq. 24 as

m � DV

Dp

�
�
�
�
I¼0

¼ 1

4g

r2qe

� �
� Rp � Ri

� �2
FX

jþ jch i ð28Þ

3 Results and discussion

The following results have been obtained for a nanopore of

radius Rp = 3 nm and length L = 10 lm. For the surface

charge density, we have considered the values r = -0.1

and -0.5 e/nm2, which are equivalent to fixed charge

concentrations X : -2r/FRp = 0.11 and 0.55 M. These

values are typical of nanopores (Westermann-Clark and

Christoforou 1986; Apel and Pretzsch 1986; Manzanares

et al. 1991; Ramı́rez et al. 2003b; Chun et al. 2006; Ku et al.

2007). The external electrolyte concentrations have been

assigned values between 0 and 0.8 M. The radii ratio Ri/Rp

assumes values ranging from 0 (point ions) to 0.1

(Ri = 0.3 nm). We estimate the partial molar volume of the

ions as v = NAv(4p/3)(2Ri)
3, where NAv is Avogadro’s

number. This expression follows from statistical mechanics

arguments by considering the ionic solution as a gas of hard

spheres (Paunov and Binks 1999). The ionic radius

Ri = 0.3 nm corresponds to a volume fraction occupied by

the ions of 2vcs = 0.11 when cs = 0.1 M. The radii ratio Ri/Rp

also affects the diffusion coefficient of the ions inside the

nanopore. This effect is accounted for the Renkin equation

Di¼D0
i 1�2:104

Ri

Rp

þ2:09
Ri

Rp

� �3

�0:95
Ri

Rp

� �5
" #

; ð29Þ

where Di
0 is the ionic diffusion coefficient in the (free)

aqueous solution. The Renkin equation is valid for

Ri/Rp B 0.4 (Renkin 1954). The free diffusion coefficients

have the values D?
0 = D-

0 = 2 9 10-5 cm2/s, which cor-

respond to K? and Cl- ions approximately. Other param-

eters are T = 300 K, g = 1 mPa s, and e = 80e0, where e0

is the vacuum permittivity.

3.1 Average ionic concentrations

Most transport properties of charged nanopores are sig-

nificantly influenced by the ionic concentrations in their

interior. Their values result from the interplay of three

dimensionless parameters: (i) the ratio X/cs between the

fixed charge concentration and the external electrolyte

concentration, (ii) the ratio jD,XRp between the nanopore

radius and the Debye length 1/jD,X : [eRT/F2X]1/2

referred to the fixed charge, and (iii) the volume fraction

2vcs occupied by the ions in the external solution, which

accounts for the finite ion size. In the classical Donnan

theory, the co-ion concentration inside the nanopore is

c�;D ¼ ðX=2Þ2 þ c2
s

h i1=2

�X=2 ð30Þ

so that sinh[ln(c-,D/cs)] = -X/2cs. In our theoretical

modelling the ratio X/cs determines the average value

qeh i
2Fcs

¼ � sinhðf wÞ
1þ 2vcs coshðf wÞ � 1½ �

	 


¼
j2

D;X

j2
D;s

¼ X

2cs

ð31Þ

that is, it roughly determines the average value of the

electrostatic potential. The differences between these two

equations are that Eq. 31 is valid for finite size ions and

accounts for the existence of a radial electrical double

layer while Eq. 30 is valid for point ions and assumes

that the electrostatic potential is uniform (in the radial

direction). Otherwise, these equations are similar and

therefore the ratio X/cs is an important factor in

determining the average ionic concentrations inside the

nanopore. The ratio jD,XRp determines the electric field

at the pore surface

r
ow
or

� ��
�
�
�
r¼Rp�Ri

¼ �
j2

D;XR2
p

2f
ð32Þ

and hence the importance of radial electrical double layer

in the electrokinetic effects. If jD,XRp \\ 1 (for which

Rp = 3 nm means -r\\ 0.02 e/nm2) the radial profile

of the electrostatic potential is nearly flat and the classical

Donnan theory provides a good estimate of the average

co-ion concentration inside the nanopore in the case of

point ions. On the contrary, in the case jD,XRp � 1 that

we consider in the calculations, the electrostatic potential

has a large variation in the radial direction and, in the
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case of point ions, the average co-ion concentration inside

the nanopore is larger than predicted by Eq. 30 (Kontturi

et al. 2008). This effect is particularly noticeable when

cs \ X, otherwise the radial electrical double layer is

restricted to the close vicinity of the pore wall and a large

fraction of the nanopore cross section is practically

electroneutral.

It is intuitive that the ionic concentrations inside the

nanopore must be lower for finite size than for point ions,

under the same conditions, because of the increased

osmotic pressure P C P0, and this must also hold true for

their average values cþh i and c�h i: Since the average

value of the charge density qe = F(c? - c-) inside the

pore is determined by the electroneutrality condition in

the pore cross section cþh i � c�h i ¼ X ¼ �2r=FRp;

increasing the ion size does not affect the difference

cþh i � c�h i; but decreases both cþh i and c�h i: In other

words, co-ion exclusion is enhanced by finite ion size

effects. This explains the superior selectivity of nanopores

compared to larger pores for the same values of X and cs.

In order to prove that the ionic concentrations inside

the nanopore are lower for finite size than for point ions,

we can write Eq. 17 as c?c- = (cs
2/c?c-)cs

2, where

ci � 1= 1� v
P

k ck

� �
is the activity coefficient of species

i. At any position inside the nanopore the total ionic

concentration is larger than in the external solution, c? ?

c- C 2cs. This is a well-known consequence of the

existence of a radial electrical double layer in the case of

point ions (Kontturi et al. 2008) and it can also be

deduced from Eq. 18 in the case of finite size ions

because the volume fraction occupied by the ions is lower

than one, 2vcs \ 1. Then, the activity coefficient ci is

larger inside the nanopore than in the external solution,

c?c- C cs
2, and therefore c?c- B cs

2 where the equal sign

only holds for point ions.

Figure 2a, b illustrates that the average co-ion concen-

tration c�h i in a nanopore deviates from the value c-,D

predicted by the classical Donnan theory, Eq. 30. Since

cþh i ¼ c�h i þ X; the counter-ion concentration shows the

same absolute deviation from Donnan theory. These figures

show c�h i=c�;D versus the external electrolyte concentra-

tion for point ions and finite-size ions with Ri = 0.1, 0.2,

and 0.3 nm; recall that cþh i ¼ c�h i þ X: As explained

above, c�h i=c�;D [ 1 in the case of point ions because of

the radial variation of the electrostatic potential. This effect

is more noticeable in the case of a highly charged nanopore

illustrated in Fig. 2a. Increasing ion size decreases the

average concentration, and hence enhances the co-ion

exclusion. For the larger finite-size ions here considered

(Ri = 0.3 nm) the average concentrations is below that

predicted by the classical Donnan theory, and this effect is

more noticeable in the case of a weakly charged nanopore

illustrated in Fig. 2b.

3.2 Electrical conductance

Figure 3a, b shows the nanopore electrical conductance as

a function of the external electrolyte concentration for the

cases of point and finite size ions at different values of the

surface charge density. The migrational contribution to the

average electrical conductivity, jh i � F2Di cþ þ c�h i=RT ;

is simply proportional to the average ionic concentrations

and therefore can be understood from Figs. 2a, b. In the

classical Donnan theory cþ;D þ c�;D ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ 4c2

s

p
and,

therefore, jh i increases with cs (at constant X or r) asffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ 4c2

s

p
; which saturates at low cs and shows a linear

increase at high cs. Basically, this is the behavior observed

in Fig. 3a, b. Since finite size ions have values of cþ þ c�h i
lower than point ions, the migrational conductivity must

decrease with increasing ionic radius. Moreover, the Ren-

kin correction factor Di/Di
0 B 1, which accounts for the

reduced mobility of finite size ions in nanopores, also leads

to a 20% reduction in the migrational conductivity when

Ri/Rp = 0.1.

The presence of electric charges on the pore walls

implies that there is volume flow, even in the absence of a

pressure difference between the external solutions. This

electro-osmotic flow arises from the electrical force that
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Fig. 2 Average co-ion concentration relative to the value c-,D

predicted by the classical Donnan theory, c�h i=c�;D versus the

external electrolyte concentration for point and finite-size ions with

Ri = 0.1, 0.2, and 0.3 nm. The nanopore surface charge density is a
r = -0.5 e/nm2 and b r = -0.1 e/nm2
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acts on the positively charged pore solution and can be

assumed to be laminar under most experimental conditions.

Since j? [j- and the convective and migrational flows

have the same direction for counter-ions but opposite for

co-ions, jc,?/j? = -jc,-/j- [ 0 (Kontturi et al. 2008), it

turns out that the electro-osmosis increases the total con-

ductivity, jch i[ 0: The contribution of the electro-osmotic

flow to the electrical conductivity is the convective

conductivity

jch i �
eF
g

X

k

zk ckwh i � ckh iws½ � ¼ e
g

qewh i � FXws½ �

ð33Þ

This quantity is very small when the electrostatic

potential distribution along the radial direction is almost

flat. On the contrary, when jD,XRp � 1 and X/cs [ 1

(which corresponds to high surface charge densities) the

large variation of this potential makes qewh i to be different

from FXws and jch i has to be taken into account. In order

to make apparent the role of jch i; Fig. 4a, b shows the

relative contribution of electro-osmotic convection to the

overall conductivity. As shown in Fig. 4b, this contribution

accounts for 12% at most of the total conductance for the

case of finite size ions and r = -0.1 e/nm2. This result is

in agreement with a recent experimental study of the

conduction and selectivity of a single nanochannel which

concluded that electro-osmosis had a small effect on the

total current and could often be neglected for qualitative

purposes, especially in the case of long nanopores

(Vlassiouk et al. 2008). However, the effect of electro-

osmosis can be larger in the case of strongly charged

nanopores as shown in Fig. 4a.

Finally, that the cþh i þ c�h i vs. cs and G vs. cs curves

are concave upwards for finite size and point ions. At very

low electrolyte concentrations, there is a conductance sat-

uration that occurs because the co-ion concentration is zero

(total co-ion exclusion) while the counter-ion concentration

is equal to the (constant) fixed charge concentration inside

the nanopore (electroneutrality condition). This saturation

is observed experimentally in membranes and nanopores in

the low concentration limit (Westermann-Clark and

Christoforou 1986; Stein et al. 2004). At moderate elec-

trolyte concentrations, the conductance increase with cs, in

agreement with the experimental observations, due to the

increase of cþh i þ c�h i with cs. At very high concentra-

tions, the calculations predict a linear increase of the

conductance with cs, which is due to our assumptions of

constant ionic diffusion coefficients. Experimentally, the G

vs. cs curves are sometimes concave downwards in the high
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Fig. 3 Electrical conductance G versus the external electrolyte

concentration for point and finite-size ions with Ri = 0.1, 0.2, and

0.3 nm. The nanopore surface charge density is a r = -0.5 e/nm2

and b r = -0.1 e/nm2
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Fig. 4 Relative contribution of electro-osmotic convection to the

total electrical conductivity versus the external electrolyte concen-

tration for point ions and finite-size ions with Ri = 0.1, 0.2, and

0.3 nm. The nanopore surface charge density is a r = -0.5 e/nm2

and b r = -0.1 e/nm2
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concentrations range. This is related to a reduction in the

effective values for the ionic concentrations and diffusion

coefficients inside the pore due to electrostatic interactions

between the mobile ions and the pore fixed charges (Mafé

et al. 2003 and references therein).

3.3 Counter-ion transport number

When a potential difference is applied between the two

external solutions, an electric current flows through the

pore. The fraction of current transported by counter-ions,

i.e., the (integral) transport number t?, is a measure of the

nanopore selectivity (Cervera et al. 2001a). Figure 3a, b

illustrates that the ion size effects increase the nanopore

selectivity. If we neglect convection, Eq. 27 simplifies to

tþ �
cþh i

cþh i þ c�h i
¼ 1� c�h i

2 c�h i þ X
; ð34Þ

where we have used the electroneutrality condition cþh i �
c�h i ¼ X: Equation 34 allows us to explain qualitatively

the trends shown in Fig. 5a, b. The transport number t?
decreases from 1 to 0.5 when increasing the external

solution concentration because the average ionic concen-

trations inside the nanopore also increase with cs. This is

well described by the expression t? = 0.5(1 ? [1 ? (2cs/

X)2]-1/2) derived from the classical Donnan theory for

point ions of equal diffusion coefficients. As shown in

Fig. 2a, b, ion size effects give enhanced co-ion exclusion

and then the transport number t? increases with increasing

the ionic size.

As shown in Eq. 27, the integral transport number

measures the contribution of an ionic species to the elec-

trical conductivity j ? jc. To analyze the effect of the

convective flow, we note first that j? [j- and that the

convective and migrational flows have the same direction

for counter-ions but opposite for co-ions, jc,?/j? =

-jc,-/j- [ 0 (Kontturi et al. 2008). Equation 27 then

implies that the effect of convection is to enhance the

nanopore selectivity. Finally, the effects of ion size and

electro-osmotic convection are more noticeable when

cs * X because t? has fixed limiting values of 1 and 0.5 in

the cases of very highly and weakly charged nanopores,

regardless of ion size and convection.

3.4 Streaming potential

The streaming potential is the ratio between the resulting

potential difference and the applied pressure difference

under zero current (Cervera et al. 2001b). Rather surpris-

ingly, the streaming potential [not the streaming current,

(van der Heyden et al. 2005)] has not widely employed in

the characterization of nanopores in spite of its relative

experimental simplicity and considerable use in the case of

porous membranes (Kontturi et al. 1994; Huisman et al.

2000; Cervera et al. 2001b; Fievet et al. 2001).

The streaming potential results from the displacement

of the space charge present in the nanopore solution

induced by the pressure gradient. Since the average value

of this charge is constant (due to the electroneutrality

condition cþh i � c�h i ¼ X), one might argue that the

streaming potential should not depend on the size of the

ions and the external concentration. This is not the case,

however, because both the space charge and the solution

velocity have radial profiles which depends on Ri/Rp and

cs. The streaming potential values can be understood

qualitatively from the space charge value at the pore

center, where the solution velocity attains its highest

value. Increasing the external concentrations allows for a

better screening of the fixed charges, which gives a

decrease of the space charge at the pore center qe(0) and,

therefore, a decrease of the streaming potential as shown

in Fig. 6a, b. Figure 6 also shows that the streaming

potential increases significantly (about 30–40% in some

cases) with the ionic size. This is due to an increase of

qe(0) with the ionic size as a consequence of the decrease

in the ionic concentrations inside the nanopore with

increasing ionic size (see Fig. 2a, b).
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Fig. 5 Integral counter-ion transport number t? versus the external

electrolyte concentration for point ions and finite-size ions with

Ri = 0.1, 0.2, and 0.3 nm. The nanopore surface charge density is

a r = -0.5 e/nm2 and b r = -0.1 e/nm2
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3.5 Description of ion size effects using Tsallis’

thermostatistics

The ion distribution inside the nanopore is constrained by

the finite size. The ions can be in a range of states, from

frozen configurations where they are not able to move to

diffuse configurations where the traditional P–B approach

applies. It has recently been proposed that the ion distri-

bution near macro-ions (Garcia-Morales et al. 2004) and

monolayer-protected metal clusters (Garcı́a-Morales and

Mafé 2007; Cervera and Mafé 2008) as well as the charge

correlations in free ionic solutions (Varela et al. 2007) can

be described using the Tsallis’ non-extensive thermosta-

tistics. The effect of the correlations on the ion distribution

can be described using the q-exponential distribution, and

this leads to a generalized P–B equation in the nanopore

solution (Garcı́a-Morales and Mafé 2007)

1

r

o

or
r
ow
or

� �

¼ �Fcs

e
e�fw

q � efw
q

� 

; ð35Þ

where eq
x : [1 ? (1 - q)x]1/(1-q) is the Tsallis q-expo-

nential (Tsallis 1988). The q-parameter is a measure of the

restricted motion of the ions due to correlations and

structural reasons (Garcı́a-Morales and Mafé 2007): for

q ? 0 the ions are ‘‘frozen’’ inside the nanopore, while for

q ? 1 the diffuse P–B equation is regained. The values

q \ 1 reflect the reduction in the phase space available for

the ion inside the nanopore solution (Garcia-Morales et al.

2004).

Although the description of finite ion size effects on the

transport properties of the nanopore in terms of the partial

molar volume v of the ions has provided new physical

insights, it seems also interesting to compare the previous

results with those obtained from a modification of the P–B

equation that introduces the q-parameter instead of v.

Figure 7 shows the electrical conductance G as a function

of the external electrolyte concentration for the case of a

highly charged nanopore (r = -0.5 e/nm2) and different

values of the Tsallis q-parameter. For moderate values of q,

the behavior of the conductance is the same found for the

case of finite size ions: G increases with q because the

modification introduced in the P–B equation acts to restrict

the movement of the ions. (While the influence of the

q-parameter on G appears to be smaller than that of the ion

size in Fig. 3, it should be noted that the diffusion coeffi-

cients used in Fig. 7 are those of point ions, i.e., no Renkin

correction is applied.) For lower values of q, consistently

lower conductances G are obtained.

4 Conclusions

We have studied the effect of ion size on the electrical

double layer within a charged nanopore with special

emphasis on non-equilibrium transport properties such as

the streaming potential, the counter-ion transport number,

and the electrical conductance. To this end, we have con-

sidered generalizations of the P–B approach based on the

Bikerman and Tsallis ion distributions. These should be
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Fig. 6 Streaming potential m versus the external electrolyte concen-

tration for point ions and finite-size ions with Ri = 0.1, 0.2, and

0.3 nm. The nanopore surface charge density is a r = -0.5 e/nm2

and b r = -0.1 e/nm2
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Fig. 7 Electrical conductance G as a function of the external

electrolyte concentration for different values of the Tsallis

q-parameter (q = 1, 0.9, 0.8, 0.7, and 0.6, from top to bottom) and

the case of a strongly charged nanopore (r = -0.5 e/nm2)
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significant for pore radius of the order of the electrolyte

Debye length, which is usually in the nanometer scale. In

this limit, the size of the ions could no longer be ignored

because they occupy a significant fraction of the pore and,

in addition, they would reach unrealistic concentrations at

the surface if treated as point charges. The ion size effects

on the nanopore characteristics have been discussed as a

function of the electrolyte solution concentration for highly

and weakly charged nanopores. The ionic selectivity and

the streaming potential values increase with ion size.

However, the conductance decreases for finite size ions

because of the decrease in the average ionic concentrations

inside the nanopore and the decreased diffusion coeffi-

cients. Even for the case of relatively small inorganic ions

at intermediate concentrations, these effects could be sig-

nificant for a quantitative estimation of nanopore selec-

tivity when the surface charge density is high.
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Cervera J, Manzanares JA, Mafé S (2001a) Ion size effects on the

current efficiency of narrow charged pores. J Membr Sci 191:

179–187
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Ramı́rez P, Gómez V, Cervera J, Schiedt B, Mafé S (2007) Ion
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