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In the stochastic resonance (SR) phenomena, the response of a non-linear system to a weak periodic

input signal is optimised by the presence of a particular level of noise which enhances signal detection.

We explore, theoretically, the influence of thermal noise in arrays of metal nanoparticles

functionalised with organic ligands acting as tunnelling junctions, with emphasis on the interplay

between the SR phenomena and the nanostructure variability. In this system, the transference of

a reduced number of electrons may suffice to implement a variety of electronic functions. However,

because nanostructures are expected to show a significant variability in their physical characteristics,

it is important to study the relation between the diversity-induced static noise and the dynamic noise

caused by thermal fluctuations. We consider an ideal model based on the Coulomb blockade and

tunnelling effects that includes the stochastic nature of electron transference due to thermal noise

together with the nanostructure variability found in experimental distribution functions. The

correlation between the input (potential) and the output (current) signals, as well as the absolute value

of the current and its time fluctuations, are analysed as a function of the temperature and the number

of nanostructures. Extensive kinetic Monte Carlo simulations suggest that the interplay between

thermal noise and variability could permit reliable processing of weak signals with many non-identical

nanostructures.
1. Introduction

In the stochastic resonance (SR) phenomenon, the response of

a non-linear system to a weak periodic input signal is optimised

by the presence of a particular level of noise which enhances

signal detection.1 This occurs in a wide variety of natural (e.g.,

sensory neurons) and artificial (e.g., microelectronic circuits)

systems.1–4 However, for SR to be effective in a single unit

system, the noise intensity must be adjusted to a particular level

that depends on the nature of the input signal, and this consti-

tutes a serious practical limitation. Remarkably, non-linear

dynamical systems composed of many identical units can detect

weak, sub-threshold input signals irrespective of the particular

noise level (molecular-scaled biological networks, for instance,

operate correctly in a noisy environment).2,4,5 However, real units

are not identical in most practical cases (biochemical systems,

nanostructures, and social groups show high variability in their

individual characteristics) and then the interplay between diver-

sity and SR naturally arises.6 This is a crucial issue for nano-

device design and application because of the weak signals

involved and the high variability of the individual nano-

structures. This variability acts as a static noise to be added to the

dynamic noise caused by thermal fluctuations.7–10

Logical and signal processing nanodevices based on the trans-

port of a small number of electrons have attracted great interest

due to the continuous miniaturisation of electronics.11–13 For

instance, the tunnelling current through a gold colloid quantum
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dot between two electrodes could be modulated by the attached

ligands, forming a nanoparticle (NP)-based single electron tran-

sistor whose tunnelling barriers are defined by monolayers of

thiols.14 We have considered recently the synchronisation of

coupled single-electron circuits whose building blocks are NPs

functionalised with organic ligands that act as tunnelling junc-

tions.15 The tunnel junction acts as a leaky capacitor that can be

controlled by the voltage across the junction and, because of the

scale at which transport occurs, the transference of a few electrons

may suffice to implement a variety of electronic functions.12

Electron tunnelling is influenced by the discrete nature of charge

transport and the Coulomb blockade energy barrier, which must

be higher than the thermal energy for the transport of single

electrons to be controlled. This condition is usually fulfilled by

scaling down to the nanoscale where the problems of thermal

noise and nanostructure variability cannot be ignored. In partic-

ular, the size distribution of the metal NPs16 results in a significant

spread of their properties. It has been reported that the high

parameter variability influences the conductance of molecular

memories,17 the threshold potential of voltage-driven molecular

switches,18 and the tunnelling junction characteristics of disor-

dered arrays.19 Fault-tolerant approaches8–10,20,21 are needed to

perform reliable information processing from inherently unreli-

able nanostructures. Recently, we have explored theoretically the

application of nanoscale switches to implement a signal process-

ing scheme and a frequency-dependent associative memory,22

paying attention to the effects of the nanostructure tolerance and

the thermal fluctuations.8

Metal NPs functionalised with organic ligands14,23–28 can be

employed to modulate the electron transfer between the
Nanoscale, 2010, 2, 1033–1038 | 1033



Fig. 1 Scheme of the nanostructure composed of a metal NP linked to

the electrodes by organic ligands acting as tunnelling junctions (a), the

equivalent circuit of the system (b) and the electrostatic energy diagram

of the electron for a sub-threshold voltage V0 in the case CL¼CR (c). The

diagram corresponds to an uncharged NP and shows an energy barrier

separating two stable states of low energy, as typical of SR systems.
electrodes in molecular circuits.22,29 Tunnelling is the dominant

conduction mechanism through alkanethiol ligands,30,31

although the nature of the electrical contacts in the molecular

junctions is also important.31 An array of nanostructures whose

building blocks are metal NPs interconnected with tunnelling

junctions is an idealisation of nanoscale circuits based on the

Coulomb blockade effect2,4 that includes the stochastic nature of

electron transference together with the nanostructure variability

typically found in experimental systems. An electron crossing the

nanostructure must go first from the electrode to the NP (co-

tunnelling is neglected). However, at 0 K, due to the Coulomb

blockade effect, electron transfer from one electrode to the

(uncharged) NP can only occur when the applied voltage V0

between the electrodes is higher than the threshold value Vth ¼
e/2CR. This process is characterised by the signal-to-threshold

distance (Vth � V0). Negative values the of signal-to-threshold

distance correspond to supra-threshold signals while positive

values correspond to sub-threshold signals.5

We analyse here the processing of a weak (sub-threshold)

input signal V(t) using a parallel array of N nanostructures

whose building blocks are metal NPs interconnected with

tunnelling junctions. The output is the total current I(t) through

the N nanostructures. The signal processing is based on the fact

that, at finite temperatures, the output shows a positive corre-

lation with the input, even for sub-threshold input signals.

However, since the currents generated by sub-threshold input

signals are very small, in addition to a positive correlation, the

absolute value of the current and its time fluctuations are also

crucial for signal processing reliability. The practical imple-

mentations of logical and signal processing schemes with

nanodevices are expected to have a low reliability because of the

weak signals involved, the thermal noise and the nanostructure

variability. Using kinetic Monte Carlo simulations, we study the

effects of thermal noise on the signal processing nanostructures

whose basic properties have been demonstrated experimen-

tally.14,23–28 Special attention is paid to the SR phenomena in

relation to the enhancement of the signal processing reliability.

In addition, since nanostructures are expected to show a signif-

icant variability in their physical characteristics, we study the

interplay between the ‘‘dynamic noise’’ caused by thermal

fluctuations and the ‘‘static noise’’ associated with the nano-

structure variability.

This study has been partially motivated by previous theo-

retical findings on SR phenomena with different systems and

conditions.2,4,5 The rapid increase of the correlation coefficient

C with the temperature at low T, the slow decrease of C at

high T, and the increase of C with the number of nano-

structures in the array have been verified experimentally with

GaAs-based nanowire field-effect transistors.3 The effect of

the variability in the physical characteristics was considered in

ref. 6 for a (hypothetical) system of coupled threshold units

with significant threshold heterogeneity driven by an external

periodic signal. It was found that an appropriate level of

diversity can improve the system response to the input signal

and this result led to speculate that the diversity present in

some biological systems could have an important function.6

We will consider also the interplay between the thermal noise

and the nanostructure variability in the processing of weak

signals.
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2. Theoretical model

The nanostructure of Fig. 1a is formed by a metal NP linked to

the electrodes by organic ligands acting as tunnelling junctions.22

The equivalent circuit of this nanostructure is shown in Fig. 1b.

The left and right ligands have tunnelling resistances RL and RR

that are much higher than the quantum resistance R0 ¼ h/e2 ¼
26kU, where e is the elementary charge and h is the Planck

constant. The electron transfer can be described by the equa-

tions:22,32
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where G%
L,n and G%

R,n are the tunnelling rates for electron transi-

tions between the left (L) and right (R) electrodes and the NP

from left to right (/) and from right to left ()). DE%
L,n and DE%

R,n

are the changes in electrostatic energy between the electronic

occupation states n and n + 1 of the NP. Because the resistance of

the ligands are much higher than R0, electrons are localised inside

the NP. This allows calculating DE%
L,n and DE%

R,n using the

orthodox theory:22,32
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where V(t) is the applied voltage between the electrodes, CL and

CR are the capacitances of the left and right tunnelling junctions,

respectively, and CS ¼ CL + CR is the total capacitance (see

Fig. 1b). The electrostatic energy diagram of the electron for the

sub-threshold voltage V ¼ V0 < Vth characteristic of weak input

signals is shown in Fig. 1c in the case n¼ 0 and CL¼ CR (see also

Fig. 1b and eqn (3) and (4)). An energy barrier separates

two stable states of low energy, as typical of SR systems. The

height of the energy barrier is e(Vth � V0)/2, as seen from the
This journal is ª The Royal Society of Chemistry 2010



Fig. 2 Correlation coefficient C vs. temperature T for different numbers

of nanostructures N (with V0 ¼ 5 mV) (a) and applied sub-threshold

voltages V0 (with N ¼ 1) (b). Time response curves of the current for

different temperatures with N ¼ 1 (c) and 5 (d). The curves correspond to

the temperatures marked by the six dots in the C vs. T curves of (a). The

narrow bands (in grey) correspond to time intervals with the ON voltage

(V ¼ V0) whereas the wide regions between the bands correspond to

intervals with the OFF voltage (V ¼ 0).
L electrode, and e(Vth + V0)/2, as seen from the R electrode. At

finite temperatures, electron transfer from the L electrode to the

NP occurs with a non-zero probability even at sub-threshold

voltages (0 < V0 < Vth), as indicated by the tunnelling rates of eqn

(1). The tunnelling rates increase with the thermal energy kT.

Note that the electron transfer from the R electrode to the NP

can also occur at finite temperatures with a non-zero rate given

by eqn (2) when 0 < V0 < Vth so that the system displays a fluc-

tuating current with a characteristic thermal noise. The thermal

fluctuations act as a dynamic noise allowing net electron transfer

(and then signal processing) even for weak, sub-threshold

signals, especially at high temperatures.

The applied voltage between the electrodes has a modulation

of period s. The voltage is in the ON state (V0) during a fraction

a of this period so that V(t) ¼ V(t + s) and

VðtÞ ¼
(

V0; 0\t\as

0; as\t\s
(5)

We employ a kinetic Monte Carlo approach to simulate the

electron transfer through the nanostructure.15,22 On each simu-

lation step, the voltage and occupation state of the NP changes,

and this modifies the transfer rates given by eqn (1) and (2). In

a time interval Dt, the total current through the N nanostructures

in the parallel array is calculated by dividing the charge trans-

ported by the net number of electrons that have tunnelled

between the NPs and the R electrodes, DQ, by Dt

IðtÞ ¼ DQ

Dt
(6)

The signal processing is described by the correlation coefficient:3

Ch
hVIi � hVihIiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

V 2
�
� hVi2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
I2
�
� hIi2

q (7)

where the brackets denote time averages. If the input V(t) and the

output I(t) are statistically independent, then C ¼ 0. On the

contrary, when these magnitudes are strongly correlated, C / 1.
3. Results and discussion

The kinetic Monte Carlo simulations have been carried out with

the parameter values (see Fig. 1a): RR ¼ 108 U, RL ¼ 107 U and

CL¼CR¼ 2 aF, so that Vth¼ 40 mV. These can be considered as

typical values for the nanostructure considered.8,15,24–28 The

voltage modulation of eqn (5) has amplitude V0 ¼ 5 mV unless

otherwise specified, period s ¼ 10 ms and a ¼ 0.1. The time

interval to calculate the current is Dt ¼ 0.1 ms and the total

simulation time is t0 ¼ 1 ms.

Fig. 2a shows the correlation coefficient C vs. the temperature

T for different numbers of nanostructures. At low temperatures,

the Coulomb blockade prevents the electron transfer so that both

I and C vanish. At T�50 K, the thermal energy kT leads to

a significant increase of the tunnelling rates, allowing the elec-

trons to cross the nanostructure and give a correlation signifi-

cantly different from zero. The correlation coefficient increases

with the temperature until it reaches a maximum. A further

increase of T gives a slow decrease of C because of the increase in

the amplitude of the thermal fluctuations of the current. This

behaviour is qualitatively similar for each N, although the initial
This journal is ª The Royal Society of Chemistry 2010
increase and the maximum value of C are slightly shifted to the

low temperature region with the increase of N. Fig. 2b shows the

effect of the applied voltage V0 on C for N ¼ 1. As expected,

increasing V0 up to the threshold potential Vth¼ 40 mV improves

correlation (and hence the signal processing reliability).

Fig. 2a shows that an optimal level of thermal noise helps to

improve the processing of sub-threshold potentials and that this

phenomenon is enhanced by increasing the number of nano-

structures, in agreement with previous studies emphasising

neural networks.2,4,5 The rapid increase of the correlation coef-

ficient with the temperature at low T, the slow decrease of C at

high T, and the increase of C with the number of nanostructures

in the array are characteristics of the SR phenomena.2–5

However, a serious issue in practical design not fully addressed in

previous studies is that significant correlations do not necessarily

mean high output currents (compared to the current fluctua-

tions) if weak input signals are involved. Therefore, the current

and its time fluctuations should also be considered for the signal

processing reliability. Fig. 2c and 2d show the time response

curves of the total current for different temperatures with N ¼ 1

(c) and 5 (d). The narrow bands (in grey) indicate the time

intervals with the ON voltage (V ¼ V0) whereas the wide regions

between bands indicate the intervals with the OFF voltage (V ¼
0). The results correspond to the temperatures marked by the six

dots in the C vs. T curves of Fig. 2a. The curves of Fig. 2c and 2d

give the electric current I and show the time structure of the

correlation. For N ¼ 1, only the time averaging can assist
Nanoscale, 2010, 2, 1033–1038 | 1035



Fig. 4 (a) Correlation coefficient C vs. the normalised signal-to-

threshold distance (Vth � V0)/Vth for different temperatures T with N ¼
10 and Dt ¼ 0.1 ms. (b) C vs. (Vth � V0)/Vth for different numbers N and

Dt¼ 0.1 ms at T¼ 100 K. The inset shows the effect of N in the values of C

for T ¼ 10 K. The increase in the number of nanostructures (system

redundancy) improves significantly the system performance (see also

Fig. 2a) although the thermal noise is still necessary for significant

correlation in the case of sub-threshold potentials V0 < Vth.
correlation because the interval Dt ¼ 0.1 ms is much higher than

the typical time for individual electron transfer. For N > 1,

however, the calculated current also includes the effect of aver-

aging over the number of nanostructures and this leads to

a better correlation. As to the temperature effect, comparison of

the current vs. time curves for T ¼ 100 K and 300 K shows that I

is higher at 300 K than at 100 K but so are the current fluctua-

tions, and this worsens the correlation.

A reliable processing relies on sufficiently long time averaging

so that random fluctuations are screened out. It is therefore

mandatory to analyse also the effect of the averaging time Dt

on the correlation coefficient. This is done in Fig. 3a and 3b for

N ¼ 5. The time response curves of Fig. 3b are obtained at T ¼
100 K and correspond to the three dots marked in Fig. 3a.

Because the current is defined as I ¼ DQ/Dt, high values of Dt

correspond to long time averages of the charge DQ delivered by

the nanostructures. Clearly, long time averaging decreases

significantly the current fluctuations, allowing for significant

correlations for Dt ¼ 0.1 ms. This effect is similar to that noted in

Fig. 2a for the number of nanostructures. Note that the ideal,

limiting value C ¼ 1 could not be attained because of the noise

and finite-size effects. However, much higher Dt or, alternatively,

a higher number N of nanostructures, should increase the

correlation further.

Fig. 2 and 3 have emphasised that thermal noise can provide

the electrons with the necessary energy to cross the nano-

structure, allowing correlation even in the region of sub-

threshold potentials. This is reminiscent of the results obtained

previously for a network of FitHugh-Nagumo model neurons

subjected to different individual noises:5 the cooperative effect of

the neural network allowed correct signal retrieval all over the

range of signal-to-threshold distances provided that the opera-

tional temperature was high enough. To better analyse this

unique property of SR,5 Fig. 4a shows the correlation coefficient

C vs. the normalised signal-to-threshold distance (Vth � V0)/Vth

for different temperatures T with N ¼ 10 and Dt ¼ 0.1 ms. It is

observed that the thermal noise does not disturb the array

capability to process the supra-threshold signals while the

increase of this noise enhances the sub-threshold processing.

Fig. 4b shows the correlation coefficient C vs. (Vth � V0)/Vth

for different numbers N with Dt¼ 0.1 ms and T¼ 100 K (the inset
Fig. 3 C vs. temperature T for different times Dt and N ¼ 5 with V0 ¼
5 mV (a). Time response curves of the current at 100 K for the times Dt

shown in the curves (b). Because the current is defined as I¼ DQ/Dt, high

values of Dt correspond to long time averages of the charge DQ.
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shows the effect of N on C for T ¼ 10 K). As in the case of the

thermal noise, the increase in the number of nanostructures

(system redundancy) improves significantly the performance of

the system, although the thermal noise is still necessary for

correct signal processing (see Fig. 2a). Therefore, weak, sub-

threshold signals can still be processed at high enough temper-

atures by increasing the number of nanostructures in the array

because averaging enhances the sensitivity.4,5

The peak of C in Fig. 2 and Fig. 3 could be observed at higher

temperatures by decreasing the nanostructure dimensions. The

use of ligand-stabilized metal nanoclusters a few nanometres in

radii enable effective capacitances of the order of 10�18 F ¼ 1 aF,

and then the Coulomb blockade effect appears at close to

ambient temperatures.14,24–28 In fact room-temperature solutions

of nanoclusters with monodisperse cores display electrochemical

Coulomb staircases because of the sub-attofarad double layer

capacitances.24

So far we have analysed arrays of identical nanostructures.

However, one of the salient characteristics of nanoscale systems

is their relatively high variability,7–10 which should affect their

response to a common input signal. For instance, if the
This journal is ª The Royal Society of Chemistry 2010



Fig. 5 (a) C vs. (Vth � V0)/Vth for the variability widths d ¼ 0 (orange

circles), 0.25 (green squares) and 0.50 (blue triangles) in the cases of N ¼
10 and 100 nanostructures at T¼ 20 K. The inset shows the C vs. d curves

for different temperatures with V0 ¼ 5 mV and N ¼ 100 (note the

correspondence between the marked points in the curve for T¼ 20 K and

the C vs. (Vth � V0)/Vth curves for N ¼ 100). The physical parameters of

each nanostructure follow a random distribution of relative width d. (b)

The time response curves of the total current I for the three values of the

variability width considered in (a) and N ¼ 100.
capacitance CR of Fig. 1a is different for each nanostructure in

the parallel array, the threshold voltages Vth ¼ e/2CR will also be

different, and this could change the correlation between the

output current and the input potential. To study the effect of

variability, we have considered arrays of N ¼ 10 and 100 non-

identical nanostructures where the values of the physical

parameters (CR, CL, RR and RL) follow a random distribution.

For instance, the N values of the capacitance CR would be

randomly distributed within the range 1 � d # CR/C0
R # 1 +

d where C0
R is the central value and 2d is the width of the distri-

bution for the CR/C0
R values. The central values (R0

R ¼ 108 U,

R0
L ¼ 107 U and C0

R ¼ C0
L ¼ 2 aF) are those used in Fig. 2–4. For

every variability d, the correlation coefficient is calculated 100

times with different individual values of the physical parameters

distribution. The points shown in Fig. 5a and 5b are average

results.

Fig. 5a shows the correlation coefficient C vs. (Vth � V0)/Vth

for the variability widths d ¼ 0 (orange circles), 0.25 (green

squares) and 0.50 (blue triangles) in the cases of N ¼ 10 and 100

nanostructures at T¼ 20 K. The inset shows the C vs. d curves for

different temperatures with V0 ¼ 5 mV and N ¼ 100 (note the

correspondence between the points marked on the curve for T ¼
20 K and the C vs. (Vth � V0)/Vth curves for N ¼ 100 of Fig. 5a).

Finally, Fig. 5b shows the time response curves of the total

current I for N ¼ 100 and the three values of d in the curve for

T ¼ 20 K of the inset in Fig. 5a.

Fig. 5a shows that the correlation is robust to the variability

effect even for weak, sub-threshold inputs. The inset in this figure

emphasises this effect showing that the nanostructure variability

increases the correlation only at intermediate temperatures (T ¼
20 K here). In the case of high variability, a significant fraction of

nanostructures have low threshold potentials so that electrons

can overcome the energy barrier of these nanostructures, and this

increases the correlation. At low temperatures, however, the

thermal noise is not high enough to take profit of the low

threshold potentials of some nanostructures whereas at high

temperatures the thermal noise is sufficiently high to mask
This journal is ª The Royal Society of Chemistry 2010
completely the effect of variability. Fig. 5b shows that both the

absolute value of the current and the fluctuations increase with

the variability at T ¼ 20 K.

Note that for metallic nanoparticles functionalised with ligand

shells the Coulomb blockade energy e2/(2CR), which is the rele-

vant system characteristic,14,24–28 corresponds to a relatively low

threshold potential e/(2CR) ¼ 40 mV for CR ¼ 2 aF. Therefore,

for d ¼ 0.5 (equivalent to an experimental variability of 50% in

the nanostructure capacitances) the threshold potential values

are in the range from 27 mV to 80 mV, showing that the nano-

structures are indeed not identical. However, because both the

thermal noise potential kT/e and the potential difference Vth �
V0 are in the 10 mV range, kT/e should assist to overcome the

non-identical threshold values, which could explain the results of

Fig. 5a.

The results of Fig. 5a suggest that, at high enough tempera-

tures, signal processing of sub-threshold potentials with an array

of non-identical nanostructures should still be possible because

the variability of the system can be compensated by the signifi-

cant increase of C with N (see also Fig. 2a and Fig. 4b). The

interplay between system variability and thermal noise could

then allow processing of weak signals using parallel arrays of

many non-identical nanostructures at sufficiently high tempera-

tures. It has been speculated that this could also be the case of

ideal coupled threshold units,6 which are reminiscent of biolog-

ical networks composed of many molecular structures that

process weak signals under noisy external conditions.
4. Conclusions

Arrays of metal NPs functionalised with organic ligands acting

as tunnelling junctions constitute a simple idealisation of

nanoscale circuits whose building blocks are based on the

Coulomb blockade and tunnelling effects. In these systems, the

transference of a reduced number of electrons may suffice to

implement a variety of electronic functions. However, practical

implementations of logical and signal processing schemes with

these nanostructures are difficult because of the low reliability

caused by the weak signals involved, the thermal noise and the

nanostructure variability. We have conducted extensive kinetic

Monte Carlo simulations to study the correlation between the

input (potential) and the output (current) signals, as well as the

absolute value of the current and its time fluctuations, as

a function of temperature, applied voltage and number of

nanostructures. The simulations involve nanostructures whose

basic properties have been demonstrated experimentally14,23–28

and show some of the characteristics trends of SR phenomena.

In particular, the results suggest that it should be possible to

exploit the thermal noise to process weak signals. The correla-

tion coefficient between the input and output signals increases

rapidly with the temperature at low T, shows a maximum at

moderate T, and then decreases slowly at high T, as found

previously.2–5 The increase in the number of nanostructures

(system redundancy8) improves significantly the system perfor-

mance. Moreover, the interplay of the (dynamic) thermal noise

with the (static) nanostructure variability could allow correlation

between input and output signals even for relatively high vari-

ability. This result may constitute a conceptual step towards the
Nanoscale, 2010, 2, 1033–1038 | 1037



design of reliable signal processing schemes with many non-

identical nanostructures.
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