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Nanoscale switch based on interacting molecular dipoles: Cooperativity can

improve the device characteristics
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We propose a nanoscale switch, giving a nonlinear function with two conductive states separated
by a sharp transition region, on the basis of an array of molecular dipoles. We show theoretically
that the local interactions between dipoles result in cooperative phenomena that can significantly
improve the switching characteristics. We demonstrate the general validity of the concept in the
cases of (i) an electrical switch robust to the finite size and variability effects inherent to
the nanoscale and (i7) a sensing layer based on the voltage and ligand concentration dependence of
the dipole array conductance. © 2011 American Institute of Physics. [doi:10.1063/1.3549144]

. INTRODUCTION

Digital computing requires switching between two (ON
and OFF) conductive states separated by a sharp transition
region. Molecular electronic switches based on redox centers,l’2
metallic nanoparticles with ligand shells,” and molecular
dipoles®" have been demonstrated. Systems of experimental
interest include metal clusters with redox addressable groups,
gold nanoparticles functionalized with thiol chains, helical
and cyclic f-peptides, and different nanostructures based on
oligo(phenylene ethynylene) and ethynylbenzene molecules.

Designing a switch based on a finite number of nanoscale
units assembled on an array can eliminate the need for repro-
ducible access to each individual nanostructure. The control
of single molecules and the connection to the external
environment is difficult. In addition, nanoscale switches can
show large variability in their individual physical proper-
ties.!*" On the contrary, small domains of moderately defec-
tive nanoscale units could still be used as reliable switches
due tothe averaging effect of many nanostructures interacting
cooperatively. Indeed, the cooperative effects should be
enhanced at the nanoscale: the state of a given nanostructure
in a small domain must be influenced by the states of the
nearest neighbors because of the close proximity.'® In particu-
lar, cooperative electronic phenomena are characteristic of
two-dimensional molecular arrangements and allow electronic
detection of different physical and chemical effects (see, e.g.,
Ref. 17).

Experimental systems of special relevance are nanomag-
nets'®'® and nanodipoles®'*!'” whose physical behavior is
dictated by both the local field interactions between neigh-
boring units and their individual coupling to an external
field. Ideally, the local interactions should result in coopera-
tive phenomena and sharp transitions between two well-
defined conductance states. This behavior could be exploited
to enhance the conductance modulation of the switches by
the applied field, making reliable information processing
possible even with nonidentical nanostructures.

YAuthor to whom correspondence should be addressed. Electronic mail:
Salvador.Mafe@uv.es.

0021-8979/2011/109(4)/044302/6/$30.00

109, 044302-1

We theoretically explore the properties of a switch based
on an array of molecular dipoles acting cooperatively due
tothe local interactions, assuming that the array as a whole
has two states of significantly different electrical conductan-
ces Gp and Gy, with G; < Gy. We also assume that the
dipoles can be found in two states (that differ in their dipole
moments) so that the conductance of the array is G (Gp)
when all the dipoles are in the L (H) state. In general, how-
ever, the array has a conductance G intermediate between Gy,
and Gy which is determined by the states of the individual
dipoles. Because these states can be tuned externally (by
means of an applied voltage or by adsorbing a ligand from
an external solution), electrically- and chemically-driven
switching between the conductances G; and Gy should be
possible. The proposed concept is analyzed by using the sta-
tistical thermodynamics formalism as described by Hill'?%°
and Ben—Naim,21 who have considered the effects of cooper-
ativity and correlations in molecular dipoles for the cases of
biological membranes and macromolecules in solution. This
formalism allows one to obtain the average numbers of
dipoles in the different individual states as a function of the
array and the external conditions (e.g., temperature and
applied voltage). From these average values, the conduct-
ance state of the array can be estimated. Because arrays of
molecular dipoles are features of biophysical structures, the
results could also be of importance for biological membranes
and novel biosensors.'*~** We do not attempt to model a par-
ticular system but rather to demonstrate the concept of a
nanoscale switch which would be useful for information
processing and chemical sensing.

Il. PHYSICAL MODEL

The experimental motivation of the proposed nanoswitch
is based on the following facts®''7?*%: (j) a large number
of externally tunable molecular dipoles of magnitude suffi-
cient to interact with an applied electric field is available; (i7)
molecular engineering of the dipole moments by selecting
the appropriate chemical groups and their subsequent as-

sembly into approximately defined architectures have been
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demonstrated; (iii) local interactions between dipoles are re-
sponsible for the observed cooperative phenomena; (iv) pro-
motion or suppression of electron transfer in arrays of
molecular dipoles has been reported and attributed to changes
in the locally high dipolar electric field (in particular, the
dipole moments in molecular junctions dictate the rectifica-
tion phenomena in the current-voltage curves because it is the
relative orientation of the internal dipole field and the exter-
nally applied field that controls the junction conductivity);
and (v) moderately defective, locally imperfect molecular
arrays could still be used in practical nanodevices because of
the averaging effects produced by small domains of
nanostructures acting cooperatively. In addition, previous
theoretical studies have shown significant dipole moment var-
iation'*"*2> as well as conformational”'*?*" and molecular
orbital changes'*?® that allow tuning the conduction state of
molecules with the applied electric field.

The local interactions between dipolar moments are
complicated because not only the electrical dipole-dipole
interactions but also other effects, such as field-induced elas-
tic deformations,”'® hydrogen bonding,”'® and the particular
spatial packing of the dipoles’* are important. In particular,
while neighboring dipoles may be oriented in a stable anti-
parallel pair state canceling out the total dipole, other struc-
tures and dipole immobilization on metallic surfaces can
also stabilize the parallel orientation.’

We propose a model that incorporates the basic features
needed for a practical implementation while keeping the com-
plexity to a minimum (Fig. 1). The local interactions between
the dipoles in the array are restricted to nearest neighbors (see
the lattice of Fig. 1; each dipole has c nearest neighbors). A
number N of fixed dipoles on an approximately defined spatial
arrangement can switch conformation between the L. and H
individual states of dipole moments p; and py < p; because
of the external field £ ~-V/d (V is the applied voltage across
the length d of the array). These dipole moments are effective
values characteristic of the molecules forming the array in the
L and H individual states. At low voltages V the L dipole state
is stabilized (with respect to the H state) because of the attrac-
tive L-L interactions giving an interaction energy &;; <0 for
two neighboring dipoles in the L state and the effect of the
external field [see Fig. 1(a)]. As the voltage V is increased,
there is an electric field-driven transition of the dipoles from
the L to the H state, provided that the exchange energy
Ae = 2¢1y — €11 — ey is positive [see Fig. 1(b)], where the
interaction energies ¢z and ¢; 4 correspond to a pair of neigh-
boring dipoles in the H state and to the case of two dipoles in
different states L. and H, respectively. For realistic values of
the system parameters, this transition may occur at low but
close to ambient temperatures 7. In fact, significant coopera-
tive effects due to molecular dipole interactions have been
observed in experiments conducted at ambient temperature
for different arrangements (self-assembled organic mono-
layers on metallic surfaces,” mixed parallel and antiparallel
dipole monolayers,”* and molecular dipole sensing layers'’;
see also the reviews cited in Refs. 7 and 17). Interestingly, the
microscopic details of the local interactions are not essential
in the model and the only requirement is A¢ > 0. While this
condition could be difficult to achieve with certain array
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FIG. 1. (Color online) A lattice of N molecular dipoles with effective dipole
moments p; and py(pr > py) located between two electrodes. When a
potential difference is externally applied to the electrodes, electron flow
across the molecular dipoles is suppressed when it occurs in the direction
opposite to a high dipole moment (a), and allowed in the reverse case (b)
The external electric field triggers a conductance transition which is cooper-
ative because of the local interactions between the dipoles. The distribution
of charges around a central dipole is shown in (a).

geometries, the fact is that a variety of different approxi-
mately defined molecular architectures”'’** are currently
available. For instance, a relatively high value of &5 could
result from the increased electrical and deformation energies
associated with the charge and elastic mismatching in the
lattice forming the dipole array when units in states of very
different dipole moments coexist.”*

The array of molecular dipoles is useful for implementing
an electronic switch because the electron transfer should be
determined by the direction of the dipole moments with
respect to the high external field.®” Electron flow across the
dipole array should be suppressed when it occurs in the direc-
tion opposite to a high dipole moment [low array conduct-
ance, Fig. 1(a)], as observed experimentally in self-assembled
monolayers7 and molecular junctions,6 while it should be
allowed in the reverse case [high array conductance,
Fig. 1(b)], even for a relatively low dipole moment. Note also
that the molecule length could be decreased in the latter case
[see Fig. 1(b)]. which could lead to an increased electronic
conductance.®'*?® Because typical breakdown fields for thin
films of self-assembled monolayers'’ should not be much
higher than 10® V/m, we consider the maximum electric field
|El=1Vl/d~1 V/3 nm =3 x 10® V/m across the array.

While we restrict our analysis to the particular model of
Fig. 1, some of the general effects to be described could also
be exploited in other spatial architectures involving a dipole
layer adsorbed on a substrate.'” In particular, a sharp transi-
tion between the low and high conductance states of the array
must occur at temperatures close to the critical temperature
T. characteristic of the system of interacting dipoles when
V reaches a threshold voltage V. This fact should signifi-
cantly improve the device characteristics, as we show later.
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In the absence of an external electric field, the energy of a
dipole lattice with Ny =x;N (0 <x; < 1) dipoles in the L state
and Ny=xyN=N-—-N, dipoles in the H state is
&(0) = Nrzérr + Nurénn + Niwern where Ny is the number
of ij nearest-neighbors interactions and ¢ their corresponding
energies. Since 2Nj; =cN;—Npy and 2Npyy=cNy—Npy,
where ¢ is the coordination number of the lattice, the total
energy of the lattice is £(0) = 5 (Nrer + Nyéenn) + %NLHAa,
where Ae = 2¢y — €1 — eyy is the exchange energy. In the-
presence of an external electric field E, these dipole energies
are shifted and the lattice energy is &(E) = ¢(0)—
(N.pr + Nppp )E. The canonical partition sum of the lattice is

N
7 — Z (ZL)NL (ZH)NHZG—S(E)/kBT (1)

N =0 Nin

where z; is the internal partition function of a dipole in the i state
(i=L, H). Taking the dipole layer in the H state as the reference
state, Zy = (zHe‘“HH/ ks T opik/ kBT)N, and the partition sum
becomes Z = Z'/Zy;. This sum can be evaluated exactly in the
case of a one-dimensional system using the transfer matrix for-
malism (see the Appendix). For other systems, the mean-field
approximation,'*?° ¢(0) = (¢/2)(Nrer + Nuenn + NxpxpAe)
transforms the sum into

(st

N =0 Niy N.=0 N
N
= ( " )S<E>”Lo“NL“NL/N) )
N =0 N

where S(E) = (ZL/ZH)e*f(eufsnn)/ZkBTe(PL—PH)E/kBT and o

= e /2T This approximation predicts a phase transition

with a critical temperature T, = cA¢/4kg, so that ¢ = e~ 2T/T,
The average fraction of dipoles in the L state is

N
E < N )NLS(E)NLO.CNL(I—NL/N)

1§20 \ VL
) = 3)
N.=0 N

The noncooperative behavior corresponds to ¢ = 1 (T, = 0)
and is described by the Langmuir isotherm (x;)=s(E)/
[1+s(E).

While the results to be presented make use of Eq. (3), it is
now worth introducing an approximation to better understand
the behavior of the dipole array at different applied voltages. In
the mean-field approximation the energy of the lattice can be
presented as ¢ = Npg, + Nyey where & = (g1, +X12_1A8)C/2
and &y = (eyy +x7Ae)c/2 are the effective energies of a
dipole in the L and H states, respectively. If we approximate
the lattice energy as ¢ ~ Ny (g.) + Nu({ey), the partition func-

tion becomes Z' & (z e~ {@)/kT —|—zHe‘<*‘”>/kBT)N, and (x7)
can be evaluated from

() e~ )/l 2t
11— <)CL> - ZHe*<¥:H>/kBT =0 " S(E) 4

J. Appl. Phys. 109, 044302 (2011)
which resembles the Frumkin-Fowler-Guggenheim isotherm.'”
Because s(E) = s(0)e~Pe=Pn)V/kTd and p; > py, an increase
in the applied voltage leads to a decrease of both s(E) and
(xr). Equation (4) predicts the first-order phase transition,
shown in Fig. 1, from the low to the high conductance states of
the array with increasing voltage, provided that 7 < T,.. This
transition is continuous at the critical point, which is character-
ized by (0s/0(xz));= 0 and (823/3<XL)2)TL>: 0, and corre-
sponds to (x;),=1/2 and ¢ “=e’? (or, equivalently,
T =T, = cAe/4kg). A threshold voltage corresponding to the
critical value s(E),. = 1 can be defined as

cAe Ins(0), cAeln(zp/zy), — 2(err — enn)
VT = C d —_ C

— d.
4 pL—pu 4 PL — PH

®)

Equations (3) and (4) allow the calculation of (x;) as a func-
tion of the array characteristics (dipole moments, interaction
energies, and the number of dipoles) and the external condi-
tions (temperature and applied voltage). In the next section
we show that, due to the cooperative nature of the transition,
(xr) can be switched sharply between the extreme values 0
and 1 by varying the external conditions, which allows the
array to switch between Gy, and Gy in Fig. 1. We introduce
the simplifying assumption®® that the relative array conduct-
ance roughly follows the average fraction of dipoles in the
H state, (G — G.)/(Gy — Gr)={xy) =1— (x.). In the case
of a one-dimensional array, for instance, the conductance
should be low when (x;) > 0 and increase rapidly when (x;)
switches to 0 but other geometries can give more complicated
dependences. Nevertheless, if the array conductance G is dic-
tated by the bistability of (x.), intermediate conductances
should only be observed over a narrow potential range. With
this assumption, the voltage-induced transition for the average
fraction of dipoles in the H state should be clearly shown in
the conductance versus voltage curves. Finally, note that
while we have used the conductance as the array output vari-
able, relatively small reshapes of the molecular electron den-
sities in the array, rather than net electron currents could also
be used because of the concerted, cooperative behavior of
many molecules acting together to give an enhanced electrical
signal. 7 Clearly, these changes in the local electron density
should correlate with the average fractions of dipoles in the
different states, as it was assumed here.

lll. RESULTS AND DISCUSSION

We solve Eq. (3) for c=4, d=3 nm, p, —py = 8D
(1 D=33x10"2" C m), and the dipole-dipole interaction
energies kgT, = —2¢;; = 4ey = Ae. The value of p; — py
has been deliberately chosen in the high range of typical
dipole moments’>'7?*%% to better emphasize the concept
involved [note also that the external electric field should act
to increase this effective dipole moment difference; see Figs.
1(a) and (b) as well as Refs. 6 and 12]. Using the approxima-
tion z; ~ zy, the threshold voltage is V;y=0.47V when
T.=300 K. Equivalently, the ratio between the energy due to
the external field and the thermal energy at the critical temper-
ature is (pp — pu)|E|/kgT, = 2.1 for V=1 V (the higher
voltage assumed later in Figs. 3 and 4, which can be
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considered as a realistic value.'*'® Note that the exchange
energy Ae¢ and the energy due to the external field (p, — py)E
should be at least of the order of the thermal energy kg7 to
overcome the dipole moment tendency to change randomly
due tothermal fluctuations (stochastic switching should be
avoided for the voltage-triggered switching to be efficient).”'°

Figure 2(a) shows the conductance ratio (G —Gyg)/
(Gy — Gr) = (xg) of the dipole array at three different tem-
peratures around the critical T, = Ae/kg = 300 K. The case
of noncooperative behavior (A¢/kg = T. = 0, no sharp tran-
sition) is also shown for the sake of comparison. The results
of Fig. 2(a) quantitatively demonstrate the concept described
in Fig. 1, and clearly show how cooperativity enhances
the switching response by significantly decreasing the width
of the transition region between the ON (high conductance
Gp) and the OFF (low conductance Gj) states of the
array. This transition region can be narrowed further by
increasing the dipole moment p; and the critical temperature.
Fig. 2(b) shows the slope of the conductance ratio
(G—GL)/(Gy —G) as a function of the voltage at
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FIG. 2. (a) Cooperativity enhances the switching response by significantly
decreasing the width of the applied voltage region characteristic of the
transition between the ON (high conductance G;;) and the OFF (low con-
ductance Gy) states of the array. The results shown correspond to N = 1000
dipoles at temperatures 7/T, =0.8, 1.0, and 1.2 for T. = A¢/kg = 300 K,
giving a threshold voltage of V; = 2kgT.d/(pL — pn) = 0.47V. The discon-
tinuous curve shows the noncooperative behavior at 300 K for the same
system parameters (except for ¢;;=0). (b) The slope of the conductance vs
voltage curves shows a peak around the threshold voltage. The height of this
peak is proportional to (p, —py ) and inversely proportional to T, so that the
switching can be enhanced by increasing the dipole moment p; and the criti-
cal temperature.
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FIG. 3. (a) Finite-size effects widen the transition region between the high
and low conductance states of the array, but the performance of the switch
becomes practically independent of N for a few hundred dipoles in the array.
The curves shown correspond to 7/T.=0.8 and N = 10, 20, 50, 100, and 500
dipoles. (b) The switch is robust under moderate dipole moment variability
0. When the dipole difference p;, —py is allowed to fluctuate around a mean
value (p,—py)=8D with a flat probability distribution of relative width
0=A(pL—pn)/{pL—pu), the conductance vs voltage curves (N = 1000,
T/T.=0.8) still show relatively narrow transition regions for moderate val-
ues of 0. The curves shown correspond to 6 =0.01, 0.1, 0.2, and 0.5.

T =1.05T,. (note that the derivative diverges at the critical
point for macroscopic systems). Clearly, this indicates that close
to the critical temperature the dipole array should be highly sen-
sitive to small voltage changes around the threshold voltage,
showing a sharp transition between the two conductance states
because of the local dipole interactions. Hence, cooperativity
can significantly improve the switching characteristics.

One serious concern in the practical realization of the
nanoswitch is the relatively small number of dipoles forming
the array. These finite-size effects can also be analyzed with
the help of Eq. (3) and the obtained results are shown in Fig.
3(a). The conductance ratio versus applied voltage of an
array with 10 and 20 dipoles at T/T.= 0.8 shows a transition
region of a few tenths of a volt only, which is much sharper
than that observed in the noncooperative case. Arrays with
100 and 200 dipoles have narrow transition regions, and
arrays of 500 dipoles shows a transition that is practically
discontinuous (i.e., an array of several hundred dipoles, for
practical purposes, exhibits a macroscopic behavior).

Moreover, the switch appears to be robust under
moderate dipole moment variability. Figure 3(b) shows the
conductance ratio versus applied voltage of 1000 dipoles at
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T/T.= 0.8 when the dipole difference p; — py is allowed to
fluctuate (because of the inherent fabrication uncertainties at
the nanoscale) around a mean value (p;, — py) = 8D. For
the sake of simplicity, a flat probability distribution with a
relative width 6 = A(p, — pu)/{pL — pu) has been consid-
ered. It is observed that the width of the transition region is
still lower than 0.05 V when the relative width of the dipole
distribution is close to 10% (6 =0.1).

We note that, because the dipole array acts as an effec-
tive nanodiode [see Fig. 2(a)], the logical gates AND and
OR could be readily implemented by a simple combina-
tion>?>** of two dipole arrays in approximately defined
architectures. In addition, the application of a time-depend-
ent potential would permit the processing of an external
signal from the resulting conductance modulation.*!

The dipole array could also be used as the active layer
for a sensor immersed in a solution of a ligand that binds to
the molecular dipoles.'”'”?"* In this case, the ligand
concentration (in addition to the applied voltage) could mod-
ulate the array conductance. The grand canonical partition
function'®~! of the system is

N
E(T,N, /1) = (zHe—f*ﬁHH/ZkBTePHE/kBT)NZ ( N )s(E)NL

N.=0 Ne
X (1 + )L[Z[L)NL(I + )u[Z]H)NHO'CNL<17NL/N) (6)

where /; = e*/*sT is the absolute activity of the ligand (which
is proportional to its concentration ¢; in a dilute solution?%>?)
w; is the ligand chemical potential and z; is the canonical
partition function of the ligand bound to a dipole in the i state
(i=L, H), including the Boltzmann factor for the adsorption
energy. If z;; > z;;, an increase in /4; gives an increase in the
fraction of dipoles in the H state. Assuming that the ligand
binds only to the dipoles in the H state (z; =0), the average
fraction of dipoles in the L state is given by Eq. (3) with s(E)
replaced by s,(E) = s(E)/(1 + Ziziz), which decreases with
the ligand concentration. This occurs because the presence of
the ligand shifts the equilibrium between the L and the H
dipole states, favoring the H state, and then switching the
array conductance from the low to the high value.

Figure 4 shows the conductance ratio as a function of
Aizig = Kcy, the product of the equilibrium binding constant
and the ligand concentration,”** for different applied vol-
tages. The system parameters are those of Fig. 2 and the tem-
perature is fixed at the critical value. Note that the transition
region is not as narrow as in the case of the voltage-driven
switch [see Fig. 2(a)] because s;(E) is (roughly) proportional
to (Ke;)~ ! in Fig. 4 while it changed exponentially with the
voltage in Fig. 2(a). Clearly, the performance of the dipole
array as the active layer of a sensor is enhanced by the coop-
erative effects (see the discontinuous curve in Fig. 4). By
applying different voltages V, the ligand concentration range
where the sensor could be operative can be significantly
extended. Moreover, the active layer could also give a poten-
tiometric signal (as opposed to the conductance-based output
of Fig. 4) because the molecular dipole variations in the
array should produce measurable electric potential changes
(see Ref. 23 in this context). This may occur if the binding of

bl
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FIG. 4. The concentration of a ligand that binds to the molecular dipoles
modulates the array conductance and allows for the implementation of a
voltage-tunable sensor. The conductance ratio is represented as a function of
the product of the equilibrium binding constant and the ligand concentration
for N=1000 dipoles, T=T7,.=300 K, and different applied voltages. The
conductance transition occurs over a narrow concentration range and,
remarkably, it can be shifted by changing the applied voltage V. The discon-
tinuous curve shows the noncooperative behavior (V=0 V, T =300 K), thus
providing evidence that the cooperative effects significantly improve the
system performance.

the ligand to the molecular dipole occurs with local charge
redistribution or transfer.'”

IV. CONCLUSION

In conclusion, addressing a nanostructure formed by a
small domain of molecular dipoles not only avoids the need
for accessing single molecules in a reproducible manner>>
but also permits us to exploit the emerging cooperative
properties in the design of switches robust against finite-size
and variability effects inherent to the nanoscale. As a proof-
of-concept, a nanoscale electrical switch and a sensing layer
have been theoretically demonstrated on the basis of an ideal
array of interacting dipoles. Finally we note that the reversi-
ble tuning of the dipole array between two approximately
defined conductance states should also allow bit assignment
and data storage modes.
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APPENDIX

The transfer matrix technique allows for the exact
evaluation of the partition sum

LSy
Np=0

Nin

(AL)

in the case of one-dimensional systems. If Zy; denotes the
partition sum of a system of N dipoles where the last one is
in state i (i =L, H), the following recurrence relations follow
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directly from Eq.

. 1 o
Iny = 0SZn—1H + SZy—1p. The matrix M= (as s)
formed by the coefficients is known as the transfer matrix.
Considering periodic boundary conditions (i.e., a ring of
dipoles), the partition sum is>**°

(Al): Zny =Zy-1y+0Zy-1 and

Z=TiM"] = 2 4 )% (A2)

where the two eigenvalues of M are given by

2 = (1+5) *[(1 —5)* +40%5]" (i=1,2). The average
fraction of dipoles in the L state is

- s (8an> s
YN os oy AN+l

oA 04
N-1(O41 N-1 (942
@) @))

In the thermodynamic limit N > 1, the Nth power of the
smaller eigenvalue, )fzv , can be neglected in Eq. (A2) and

(A3)

dA — 1+ [(1 = 5)* + 407%5)"/?
() “5(1) =2 ( 28) T/j] (A4)
4 \0s/, 2[(1 —s)” + 402%s]

When s ~ 1 and (x;) = 1/2, Eq. (A4) can be approximated
by (xp) — 1/2 ~ (s — 1) /40, which implies that (x;) changes
from (x;) =~ 0 to (x,) ~ | over a region of thickness As ~ 4¢
around s ~ 1. Hence, the lower the value of the cooperativity
factor o, the sharper the transition. Because ¢ = e 1</ in one-
dimensional systems, the transition widens with increasing tem-
perature (it has a width As = 1.5 at the critical temperature).
Note, finally, that this is not a first-order phase transition
because one-dimensional systems cannot exhibit a first order
phase transition. Except for this fact, the results obtained with
Eq. (A4) are qualitatively similar to those of Fig. 2. A direct
extension of the above procedure also allows us to obtain the
relevant equations for the case of the sensing layer (not shown
here). Other problems concerning one-dimensional chains of
dipoles are considered in Refs. 34 and 36.
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