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Abstract
Weak input signals are routinely processed by molecular-scaled biological networks composed
of non-identical units that operate correctly in a noisy environment. In order to show that
artificial nanostructures can mimic this behavior, we explore theoretically noise-assisted signal
processing in arrays of metallic nanoparticles functionalized with organic ligands that act as
tunneling junctions connecting the nanoparticle to the external electrodes. The electronic
transfer through the nanostructure is based on the Coulomb blockade and tunneling effects.
Because of the fabrication uncertainties, these nanostructures are expected to show a high
variability in their physical characteristics and a diversity-induced static noise should be
considered together with the dynamic noise caused by thermal fluctuations. This static noise
originates from the hardware variability and produces fluctuations in the threshold potential of
the individual nanoparticles arranged in a parallel array. The correlation between different input
(potential) and output (current) signals in the array is analyzed as a function of temperature,
applied voltage, and the variability in the electrical properties of the nanostructures. Extensive
kinetic Monte Carlo simulations with nanostructures whose basic properties have been
demonstrated experimentally show that variability can enhance the correlation, even for the case
of weak signals and high variability, provided that the signal is processed by a sufficiently high
number of nanostructures. Moderate redundancy permits us not only to minimize the adverse
effects of the hardware variability but also to take advantage of the nanoparticles’ threshold
fluctuations to increase the detection range at low temperatures. This conclusion holds for the
average behavior of a moderately large statistical ensemble of non-identical nanostructures
processing different types of input signals and suggests that variability could be beneficial for
signal processing. We demonstrate also that circuits composed of coupled non-identical
nanoparticles can act as elementary nano-oscillators that show synchronization properties for
sub-threshold stimuli. The results obtained should be of conceptual interest for the design of
reliable signal processing schemes with non-identical nanostructures.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Non-linear dynamical systems can exploit noise to detect
weak input signals [1–7]. Molecular-scaled biological net-
works [2, 3, 8, 9] composed of non-identical units which
show some variability in their individual characteristics operate
correctly in a noisy environment. The interplay between
diversity and signal detection is crucial for neuronal sensory
networks [2, 3], clusters of ion channels in cell mem-
branes [8, 9], arrays of functionalized nanoparticles (NPs) [10],

carbon nanotube [11] and nanowire [12] field-effect transistors,
and nanoswitches based on a finite number of molecular
dipoles [13].

Logical and signal processing based on nanostructures
have attracted great interest due to the continuous miniaturiza-
tion of electronics [14, 15]. For instance, the tunneling current
through a gold colloid quantum dot between two electrodes
could be modulated by the attached ligands, forming an
NP-based single-electron transistor whose tunneling barriers
consist of monolayers of thiols [16–22], although the nature of
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the electrical contacts in the molecular junctions is also impor-
tant [23]. We have considered theoretically the logics [24] and
synchronization [25] of single-electron circuits whose building
blocks are functionalized NPs. Electron tunneling in NPs is
influenced by the discrete nature of charge transport and the
Coulomb blockade (CB) energy barrier, which must be higher
than the thermal energy for the transport of single electrons to
be controlled [16, 18–21, 26]. The above condition is usually
fulfilled by scaling down to the nanoscale where the problems
of thermal noise and variability cannot be ignored. The
variability acts as a static, diversity-induced noise that is added
to the dynamic noise caused by thermal fluctuations [10, 11].
The high variability of individual nanostructures constitutes a
serious issue for device design and application because of the
fabrication uncertainties inherent to nanoscale experimental
procedures. In particular, the size distribution of the metallic
NPs [18–21, 27, 28] results in a significant spread of the
individual threshold potentials. This experimental fact causes
fluctuations in the threshold potential of the NPs that could not
be ignored for voltage-driven applications [7–13].

The practical implementations of logical and signal
processing schemes using nanostructures are expected to
have a low reliability because of the weak signals involved,
the thermal noise, and the variability. Fault-tolerant
approaches [29, 30] are needed to carry out reliable
information processing of weak signals using inherently
unreliable components. Circuit redundancy has been proved as
a feasible solution to the thermal noise and device variability
problems [31]. We show here that redundancy not only solves
the adverse effects of the hardware variability but also may turn
this variability into an advantage. Variability can be beneficial
provided that the signal is processed in parallel by a sufficiently
high number of redundant nanostructures. Weak, sub-threshold
signals can be reliably processed with a moderate increase in
the number N of nanostructures because averaging enhances
the system response.

Using kinetic Monte Carlo simulations, we explore
theoretically the noise-assisted processing of sub-threshold
signals using nanostructures whose basic properties have been
shown experimentally [18–21, 27]. In particular, we consider
arrays of metallic NPs functionalized with organic ligands that
act as tunneling junctions connecting the NP to the external
electrodes [16–20]. The correlation between different input
(potential) and output (current) signals is studied as a function
of the signal strength, temperature, variability, and the circuit
redundancy. We demonstrate significant enhancement of the
input–output correlation in the signal processing by NPs that
show a high variability in the threshold potentials. Moreover,
redundancy takes advantage of this variability to increase the
detection range at low temperatures. Finally, we prove that
resistively coupled arrays of non-identical structures can act
as nano-oscillators that show collective signal processing and
synchronization properties. While the main emphasis is on the
reliability of the signal processing using these nanostructures,
the results may also be relevant to neuronal sensory networks
where variability is important for information processing and
synchronization phenomena [2–6].

2. Model and simulation procedure

Figure 1(a) shows an elementary nanostructure formed by a
metallic NP linked to two electrodes by organic ligands. A
potential V is applied to the left electrode with respect to the
right one. The left and right ligands act as tunneling junctions
with capacitances CL and CR and tunneling resistances RL

and RR much higher than the quantum resistance R0 =
h/e2 = 26 k�, where e is the elementary charge and h
is Planck’s constant. This condition confines the electrons
within the NP. We can neglect the existence of discrete
quantum electronic energy levels because of the relatively high
NP volume [18–20]. The transport of electrons across the
nanostructure occurs then by tunneling and is dominated by
the CB effect. At absolute zero temperature, electron transport
from the negative electrode to the (uncharged) NP can only
occur when the applied voltage |V | is higher than the threshold
potential Vth = e/C� , where C� = CL + CR is the total
capacitance. For the sake of simplicity, we consider CL = CR.
At finite temperatures, according to the orthodox theory, the
electron transfer rates are [10, 24, 26]
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are the changes in the electrostatic energy when the electron is
transferred from the left electrode to the NP (→) and from the
NP to the left electrode (←), n is the electronic occupancy of
the NP (the excess or defect number of electrons). Similarly,
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(4)
are the energy changes when the electron is transferred from
the NP to the right electrode (→) and from the right electrode
to the NP (←). For n = 0 and V > 0, positive values
of the signal-to-threshold distance Vth − V correspond to the
sub-threshold potentials characteristic of weak signals while
negative values correspond to supra-threshold potentials.

The calculated current–voltage curve of figure 1(b) shows
the typical trends found experimentally [20, 21, 27]. The
electrostatic energy diagram is shown in figure 1(c) for n = 0
and a sub-threshold potential 0 < V < Vth. The height of
the energy barrier is �E→L = e(Vth + V )/2 > 0, as seen
from the L electrode, and �E←R = e(Vth − V )/2 > 0, as
seen from the R electrode. At low temperatures, kT/e � Vth,
the transfer rate from the right electrode to the NP is non-zero
even at sub-threshold voltages (0 < V < Vth,�E←R > 0) but
it is only significant for supra-threshold voltages (0 < Vth <

V ,�E←R < 0). The transfer rates increase with the thermal
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Figure 1. (a) Scheme of the nanostructure composed of a metallic NP linked to the electrodes by organic ligands acting as tunneling junctions
and the equivalent electrical circuit. (b) The current–voltage curve of the nanostructure together with the noise amplitude (shaded region). The
electrical parameters of the nanostructure are CL = CR = 1 aF and RL = RR = 50 M�, and the temperature is T = 30 K. At low
temperatures, the current is negligible for V < Vth = e/(CL +CR) = 80 mV because of the CB effect. (c) The electrostatic energy diagram of
the electron for a sub-threshold voltage V in the case CL = CR. (d) A randomly generated distribution of the individual left capacitances of
N = 50 nanostructures with a relative variability δ = 0.4. It is this variability that causes a distribution of threshold potentials, giving
different energy diagrams for each nanostructure (see (c)).

energy kT and give a fluctuating current with a characteristic
thermal noise (see figure 1(b)).

We analyze the processing of a weak, sub-threshold input
signal V (t) using a parallel array of N nanostructures similar
to that of figure 1(a). The output is the current Ii (t) through
nanostructure i . However, because the currents generated
by weak signals are small, their fluctuations should also be
considered when analyzing the signal processing reliability.
The signal processing is based on the fact that, at finite
temperatures, the output shows a positive correlation with the
input, even for sub-threshold input signals. A kinetic Monte
Carlo method is used to simulate the transport of electrons
through the parallel array of nanostructures [10]. In every
simulation step, the potential and occupation state of every NP
are changed and this modifies the transfer rates according to
equations (1)–(4). In the time interval from t to t + �t , the
current through nanostructure i is calculated from the charge
�Qi transported by the net number of electrons transferred,
Ii (t) = �Qi/�t , with �t = 1 μs.

Ligand-stabilized metallic NPs a few nanometers in radii
have effective capacitances of the order of 10−18 F = 1 aF.
The CB effect appears then at sub-ambient and close to
ambient temperatures [12, 16, 17, 21]. In fact, electrochemical
Coulomb staircases have been observed in room-temperature
solutions of NPs with approximately monodisperse cores
because of their sub-attofarad double layer capacitances [18].
However, fabrication procedures give structures with a high

variability in their physical properties. This experimental fact
leads to statistical distributions for the values of the electrical
parameters in the equivalent circuit of figure 1(a), as is shown
schematically in figure 1(d) [28] (see also [31] and references
therein). Eventually, these distributions must give different
threshold potentials Vth,i for the different NPs. Therefore,
each NP has a different current Ii under the same applied
potential V . At low temperature, those NPs characterized
by Vth,i > V show a very small current because of the
CB effect. To study the effect of variability on the signal
processing, we have considered a set of N non-identical
structures whose electrical parameters CL, CR, RL, RR have a
random distribution of values with a maximum variability. For
instance, the capacitances CL,i (1 � i � N) are distributed
randomly around a central value C0

L with a maximum relative
variability δ, so that

1− δ

2
� CL,i

C0
L

� 1+ δ

2
. (5)

In the results of sections 3.1 and 3.2 below, we use C0
L = C0

R =
1 aF and R0

L = R0
R = 50 M� as typical electrical parameters

for metallic NPs with ligand shells [4, 5, 10, 18–20, 24, 25].
The central threshold potential is V 0

th = e/C0
� ≈ 80 mV and

the individual threshold potentials Vth,i vary from 64 to 107 mV
when δ = 0.5.
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Figure 2. The individual (Ii ) and total (I ) currents (in red) at 30 K for a parallel array of four identical nanostructures (δ = 0, no variability)
when a sub-threshold multi-step potential (in blue) is applied to the electrodes.

3. Results and discussion

3.1. Sub-threshold signal processing enhancement

Figure 1(b) shows that the I –V curve of a nanostructure is
highly non-linear in the vicinity of the threshold potential.
NPs with different threshold potentials have then very different
currents under the same applied potential, within the non-linear
behavior range. The NPs with smaller threshold potentials
show higher currents and those with larger threshold potential
show lower currents. Because of the non-linearity of the I –V
curve the former have a larger influence on the total current.
If the circuit redundancy (i.e. the number of nanostructures
in the parallel array) is large enough, the presence of some
nanostructures with high output current, and hence a large total
current, is ensured. This large total current implies a better
correlation with the input potential signal and improves the
signal processing reliability. We show next that the variability
can improve the signal processing even for a moderate circuit
redundancy.

Figures 2 and 3 show the output currents Ii of four
nanostructures at 30 K with an applied multi-step potential

V (t) = V0[H (t)+ H (t − τ )+ H (t − 2τ )+ H (t − 3τ )]
(6)

where H (t) is the Heaviside step function, V0 = 0.95V 0
th/4

and τ = 100 μs. The total current I (t) resulting from the sum
of the individual currents Ii and the potential V (t), scaled to
the central threshold potential V 0

th = 80 mV, are also shown.
The minor differences in the currents of the four identical
nanostructures of figure 2 (δ = 0) are due to the thermal
noise. The large differences in the currents of the non-identical
nanostructures of figure 3 are due to both the thermal noise
and the variability (δ = 0.5). In this particular case, the
randomly generated electrical parameters of the nanostructures
have resulted in threshold potentials between Vth,3 = 71.6 mV
and Vth,2 = 85.7 mV. At 30 K, the thermal potential kT/e and

the potential barrier V 0
th−V are both in the 1–10 mV range and

then the thermal energy is high enough to overcome some of
the individual threshold potentials, which explains the different
behavior observed in figures 2 and 3.

In figure 3, the output of nanostructure 2 is very small
but nanostructure 3 has an output higher than that observed
for every nanostructure of figure 2. Hence, the correlation
between V (t) and some of the individual currents Ii (t) in
figure 3 is lower than in figure 2. This result might lead to the
(wrong) conclusion that the reliability of the signal processing
worsens due to their variability. Contrarily, when V (t) and
the total current I (t) are considered, figures 2 and 3 show that
the variability enhances the correlation. The current through
nanostructure 3 in figure 3 is so high that its contribution
to the total current compensates for the low current through
nanostructure 2.

Variability effects can be observed at higher temperatures
in systems with potential barriers in the 10–100 mV range
because kT/e = 26 mV at ambient temperature. This
case has recently been demonstrated for field-effect nanowire
transistors with different individual characteristics [12]. The
experimental variability resulted in a distribution of multi-
threshold potentials for the nanowires (see figures 1 and 4
in [12]). The theoretical results of figure 3 agree qualitatively
with the experimental results of figure 4(b) in [12] for the
electric current through the nanowires, thus confirming that
variability can be beneficial for signal processing.

3.2. Statistical analysis of the signal processing enhancement

In this section the output currents are calculated as average
values from 100 simulations. This large number of simulations
is chosen to gather meaningful statistics. In every kinetic
Monte Carlo simulation a new sample of the parallel array is
prepared by changing the values of the electrical parameters
of the N nanostructures according to a random distribution
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Figure 3. The individual (Ii ) and total (I ) currents (in red) at 30 K in a parallel array of four different nanostructures (δ = 0.5) when a
sub-threshold multi-step potential (in blue) is applied to the electrodes.

with maximum relative variability δ. Different output currents
are obtained in each simulation because of the variability and
thermal noise effects. If Imax and Imin denote the maximum and
minimum values observed, respectively, the current fluctuation
is estimated as ε(I ) = (Imax− Imin)/2. Most calculated current
lies within the interval 〈I 〉 ± ε(I ), shown in the plots as error
bars or shadow regions, where 〈I 〉 is the average value of
the currents obtained in 100 simulations. In a parallel array
of different nanostructures, the individual threshold potentials
Vth,i show some variability. The maximum total current Imax is
observed when most of the NPs have low threshold potentials
Vth,i ≈ V 0

th/(1 + δ/2) and the minimum total current Imin is
observed when most of the NPs have high threshold potentials
Vth,i ≈ V 0

th/(1− δ/2).
Obviously, the current fluctuation ε(I ) increases with

the variability because the diversity-induced noise adds to
the thermal noise. However, the variability effect on the
average current 〈I 〉 is not so predictable. Figures 2 and 3
have shown that one particular parallel array of non-identical
nanostructures can have a larger total current than a similar
array of identical nanostructures. In the following paragraphs
we demonstrate that this conclusion holds for most arrays
of non-identical nanostructures and, particularly, for the
average behavior of a large statistical ensemble of non-
identical nanostructures. Moreover, we show that its validity
is not restricted to the multi-step input potential considered in
figures 2 and 3 but it is also confirmed for other types of input
signals.

Figure 4 shows the total current I (t) at 30 K for N =
50 and the sinusoidal input potential V = V0 sin(2π t/τ),
with τ = 100 μs. The results correspond to the average
currents 〈I 〉 (dashed line for δ = 0 and solid line for δ =
0.5) and the shadow regions indicate their fluctuations ε(I ).
Figure 4(a) evidences that the total current is significantly
higher for δ = 0.5 than for δ = 0 in the case of a sub-
threshold signal of amplitude V0 = 0.6V 0

th. Because the

Figure 4. The total current I (t) (right axis) at 30 K for a parallel
array of N = 50 nanostructures when a sinusoidal potential (left
axis) of amplitudes V0 = 0.6V 0

th (a) and V0 = 1.2V 0
th (b) is applied to

the electrodes. The average current is obtained from 100 simulations
for δ = 0 (dashed line) and δ = 0.5 (solid line). The current
fluctuation is shown by the shadow regions and it is very small in the
case of V0 = 1.2V 0

th and δ = 0 because of the low temperature.

current through an individual nanostructure increases non-
linearly with potential for values close to its threshold potential
(see figure 1(b)), the contribution to the total current of a small
fraction of nanostructures with Vth,i < V 0

th can be so large that
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it compensates for the small contribution of a large fraction
of NPs with Vth,i > V 0

th. This compensation occurs when the
variability δ and the redundancy N are high enough to ensure
a significant number of NPs with low threshold potentials and,
hence, an increased total current. The correlation between the
input and output signals for the case of sub-threshold potentials
is then enhanced because of the variability.

Figure 4(b) considers the case of a supra-threshold signal
of amplitude V0 = 1.2V 0

th. Compared to figure 4(a), 4(b)
shows a dramatic increase by two orders of magnitude in the
total current because of the non-linearity of the system: the
current at 0.6V 0

th in figure 4(b) is as low as that of figure 4(a)
and currents in the nanoampere regime are only obtained for
potentials higher than 0.8V 0

th. For the same reasons explained
above, the average current is larger for δ = 0.5 than for
δ = 0; however, this current enhancement is small for supra-
threshold potentials (compare figure 4(a) to (b)) and the main
effect of variability is an increase of the current fluctuation.
The absence of a significant current enhancement is associated
with the loss of the non-linearity in the current–voltage: the
change of the current with the potential is approximately
linear for supra-threshold potentials (see figure 1(b)). The
variability of individual threshold potentials still results in a
range of individual output currents but the average current is
then determined by the central threshold potential.

Figures 3 and 4 show that the processing of weak signals
could be enhanced by the combined effects of the thermal noise
and the diversity-induced noise. Thermal energy allows the
electrons to go through the nanostructure and the variability
improves the system response because of the diversity of
threshold potentials. This enhancement is reminiscent of
the result obtained for networks of model neurons subject to
different individual noises [2, 3, 6] (compare figure 2 of [2]
to figures 3 and 4 here) and model systems composed of
coupled units with significant threshold variability driven by
an external periodic signal [32]. In these cases, an appropriate
level of variability can improve the system response to the
input signal and this result leads us to speculate that the
variability observed in some biological systems may have an
important function [32]. Structural variability also plays a
constructive role in the detection of sub-threshold extracellular
signals [33] as well as in opinion-formation models with
individuals that have diverse preferences and opinions [34].
This diversity-induced resonance causes external influences
such as advertising to be better followed by populations
with a suitable level of diversity in their preferences, rather
than by other populations with identical or too differing
individuals [32, 34].

Figure 5(a) shows the total root mean square current
Irms =

√〈I 2〉 at 30 K of a parallel array with N = 50 as a
function of the amplitude V0 of the input potential

V (t) =
{

V0, 0 < t < τ/2

−V0, τ/2 < t < τ
(7)

where τ = 100 μs. In the case of identical nanostructures
(δ = 0), the results in figure 5(a) are qualitatively similar to
those of figure 1(b) because every nanostructure has the same

contribution to the total current. The current is negligible when
V0 � V 0

th = 80 mV, becomes significant when V0 is close to
V 0

th, and increases almost linearly with V0 for higher values
of V0. These general trends are also observed in the array of
non-identical nanostructures (δ = 0.5), but there are significant
quantitative differences. The inset of figure 5(a) clearly shows
an enhancement of the total current because of the variability.
The ratio of the currents obtained for δ = 0.5 and 0 has a
maximum when V0 is about V 0

th/2 = 40 mV and tends to unity
when V0 exceeds V 0

th because the I –V curve of the individual
nanostructures is practically linear in the V0 > Vth,i regime.
These results confirm the observations made in figures 4(a)
and (b), suggesting that the main conclusions are not affected
by the particular input signal considered.

Figures 5(b) and (c) show how temperature modifies the
influence of variability on the total current, and hence on
the reliability of the processing of a sub-threshold signal.
The rms current increases with the temperature. Since
V0 = 50 mV and V 0

th ≈ 80 mV, the CB prevents the
transport of electrons at low temperatures and the current
is very low until the thermal energy kT is high enough to
increase the tunneling rates. In this temperature range, the
variability effects are significant (see figure 5(c) and the inset
of figure 5(b)). At high temperatures, however, the current is
high (because the potential barrier becomes similar to kT/e)
and its average value becomes independent of the variability
δ (see figure 5(c)). For the temperature range in figure 5(c),
the contribution of the variability to the current fluctuation
is larger than that due to thermal noise and this fluctuation
increases with the variability (compare the error bars for δ =
0.5 and 0.3). Because the variability is kept constant and√〈I 2〉 increases with temperature, there is a decrease in the
uncertainty of the ratio

√〈I 2〉(δ)/〈I 2〉(0) with temperature.
The current enhancement due to the variability observed

in figures 5(a) (inset) and (c) is possible because of the
redundancy. In a parallel array of non-identical nanostructures,
the variability can increase the total current if redundancy
allows for some NPs with so low threshold potentials that their
large contribution to the total current compensates for the small
contribution of other nanostructures. Figure 5(d) shows the
current per nanostructure

√〈I 2〉/N at 30 K as a function of
the number of nanostructures for δ = 0.5 and V0 = 50 mV.
The average value of

√〈I 2〉/N is practically constant but its
uncertainty decreases with increasing N . The increase in the
number of nanostructures (system redundancy) improves the
performance of the system: weak, sub-threshold signals can
be processed with a moderate increase in N because averaging
enhances the system response. Variability can then enhance
the system response provided that the signal is processed by a
sufficiently high number of redundant nanostructures.

3.3. Synchronization of NP potential oscillations

Figure 6(a) shows a resistance-single electron transistor (R-
SET) nanostructure composed of a metallic NP of capacitance
Ci connected to the right electrode by a tunneling junction of
resistance Ri and to the left electrode by an effective charging
resistance ri . If the potential V > 0 applied to the left electrode

6
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Figure 5. (a)
√〈I 2〉 as a function of the potential amplitude V0 of the potential in equation (7) at 30 K for the cases δ = 0.5 and 0 (the current

fluctuation is very small for δ = 0 because of the low temperature). The inset shows the ratio of
√〈I 2〉 for the two variabilities. (b)

√〈I 2〉 as a
function of the temperature for δ = 0.5 and 0 at V0 = 50 mV. The inset zooms the low temperature region. (c) The ratio

√〈I 2〉(δ)/〈I 2〉(0) as
a function of temperature for δ = 0.3 and 0.5 at V0 = 50 mV. (d)

√〈I 2〉/N as a function of the number of nanostructures N for V0 = 50 mV,
T = 30 K, and δ = 0.5.

exceeds a threshold value Vth = e/(2C), the NP potential Vi (t)
exhibits an oscillatory behavior associated with the charging–
tunneling process and the CB effect at low temperatures. When
ri 	 Ri , Vi(t) increases due to the charging process described
by the differential equation

C
dVi

dt
= V − Vi

ri
. (8)

Because of the discreteness of the charge, the NP charging
should occur in a multi-step process but the fact is that a
continuum approach captures the basic characteristics of the
problem [25]. This approach is valid when the number of
elementary steps is sufficiently high so that the charging time
is approximately constant. The electron tunneling rate between
the right electrode and the NP is described by equations (2)
and (4). A tunneling event produces a change in the NP
potential equal to −2Vth if the electron tunnels from the right
electrode and is equal to+2Vth if the electron tunnels from the
NP to the right electrode. In the simulation of this charging–
tunneling process, Vi(t) is changed at every time step because
of the charging and the possibility of electron tunneling is
evaluated.

A number N of different R-SET nanostructures can be
connected in a parallel array and coupled using a common
resistance rS (see figure 6(b)). This coupling causes every
nanostructure to be affected by the state of the others and
produces synchronization phenomena [25, 35]. The addition
of the resistance rS couples the individual charging processes

so that the charging rate Ci dVi/dt of the i th NP depends on
the charging rates C j dVj/dt of the other NPs in the array
according to the equation

(ri + rS)Ci
dVi

dt
+ rS

N∑
j 
=i

C j
dVj

dt
= V − Vi . (9)

The coupling strength is characterized by the dimensionless
parameter [25]

KC ≡ rS

N∑
i=1

1/ri . (10)

For the system of figure 6(b), we consider that an input
weak potential signal is detected if it produces synchronized
potential oscillations. For a system of identical nanostructures
(δ = 0) at 5 K, the oscillations are only observed when the
applied potential V is higher than their threshold potential.
However, when δ > 0 some of the NPs have low threshold
potentials Vth,i < V 0

th and start oscillating when the applied
potential is in the range Vth,i < V < V 0

th. Because
the nanostructures of figure 6(b) are strongly coupled, the
oscillation of a small fraction of NPs with low threshold
potentials causes the potentials of the other NPs to oscillate
with the same frequency and phase.

The synchronization is first illustrated in figure 6(c) for a
parallel array of N = 3 at 5 K with the electrical parameters
V0 = 100 mV, r1 = 1.08 G�, r2 = 0.97 G�, r3 = 1.02 G�,
R1 = 37.7 M�, R2 = 45.8 M�, R3 = 45.7 M�, C1 =
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Figure 6. (a) Scheme of a resistance-single electron transistor (R-SET) formed by an NP linked to the electrodes by a tunneling junction of
resistance Ri and a charging resistance ri . If Ri � ri , an oscillatory charge-tunneling process occurs at low temperatures. (b) Using a
common resistance rS, it is possible to couple the individual electrical states of N nanostructures in a parallel array. (c) When the coupling is
sufficiently high, the potential oscillations become synchronized with the same frequency and phase. The results correspond to the individual
time recordings of the potentials for three NPs at KC = 10 and 5 K. (d) Frequency ν of the synchronized oscillations for N = 10
nanostructures with a coupling constant KC = 10 as a function of the applied potential in the cases δ = 0 and 0.5.

1.03 aF, C2 = 1.21 aF, C3 = 0.93 aF, and rS = 3.41 G�,
which give the threshold potentials indicated in the figure.
These results have been obtained using a mixed continuum
Monte Carlo approach [25]. In the absence of coupling,
the individual potential oscillations would occur at different
frequencies because of the different time constants ri Ci . In
the presence of coupling, the potential jump from Vth to −Vth

in one NP due to tunneling affects the potentials of the other
two NPs. For high enough KC, the nanostructures are strongly
coupled and the three NP potentials become synchronized
(i.e. the NP potentials oscillate with the same frequency and
phase) as shown in figure 6(c). Qualitatively similar results
have recently been obtained for neuromorphic, single-electron
circuits based on integrate and fire neuronal units that were
simulated at lower temperatures and variability values than
those considered here [36]. These circuits show pulse-density
modulation when the output is fed back to all the oscillators
through a capacitive coupling [5, 36] instead of the resistive
coupling of figure 6(b).

Figure 6(d) shows the synchronized oscillation frequency
of N = 10 strongly coupled nanostructures (KC = 10) at 5 K
as a function of the applied potential V . For every point, 100
simulations have been carried out and each simulation runs for
a system time of about 200 ns. In the simulations the electrical
parameters ri , Ri and Ci of the different nanostructures have
been changed according to a random distribution of central

values r 0 = 1 G�, R0 = 50 M�, C0 = 1 aF, and
relative variability δ. The average values of the oscillation
frequency are indicated by the circles (δ = 0.5) and squares
(δ = 0) and their uncertainties by the error bars in figure 6(d).
These uncertainties originate from the thermal noise (note
that tunneling can occur for V < V 0

th at finite temperature)
and, especially, from the variability (note that a different
sample of the system with different threshold potentials is used
in every simulation). The results of figure 6(d) show that
variability helps to increase the detection range of the system.
In particular, figure 6(d) shows that synchronized, collective
oscillations are observed only for V > 0.94V 0

th approximately
when δ = 0 while lower applied potentials already trigger the
collective oscillations in the case δ = 0.5. Once the potential
oscillations start, increasing further the potential increases the
charging currents and, hence, the oscillation frequencies.

The synchronization of potential oscillations described
above is reminiscent of that found in networks of non-identical
neurons [2, 3, 36] and shows clearly that the variability
can be beneficial not only to extend the range of signal
processing but also to enhance the cooperative response of
the system. This remarkable collective property is based on:
(i) a finite distribution of individual threshold potentials that
is available for the first NP oscillation to start and (ii) the
strong coupling making it possible that NPs with low threshold
potentials force the other NPs with high threshold potentials
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to oscillate with the same frequency and phase. Cooperative
phenomena are characteristic of biological networks and could
also be exploited in redundant molecular circuits composed
of many units that are not identical because of the fabrication
uncertainties inherent to the nanoscale.

4. Conclusions

Weak input signals are routinely processed by molecular-
scaled biological networks composed of significantly dif-
ferent basic units that can operate correctly in a noisy
environment [2, 3, 8, 9, 33]. It is worth reconsidering this
question on the basis of more simplified molecular systems
amenable to fundamental physical analysis. This is the
case of arrays of metallic NPs functionalized with organic
ligands acting as tunneling junctions. These arrays constitute
a simple idealization of nanoscale circuits whose building
blocks are based on the CB and tunneling effects. Practical
implementations of logical and signal processing schemes
with these nanostructures are difficult not only because of
the interconnections but also because of the low system
reliability caused by the weak signals involved, the thermal
noise, and the variability. We have conducted extensive kinetic
Monte Carlo simulations to study the correlation between
the input (potential) and the output (current) signals, as well
as the absolute value of the current and its fluctuations,
as a function of temperature, applied voltage, and number
of nanostructures. The results show that variability can
enhance the correlation, even for the case of weak signals
and high variability, provided that the signal is processed
by a sufficiently high number of nanostructures. Moderate
redundancy permits us not only to minimize the adverse
effects of the hardware variability but also to take advantage
of the nanoparticles’ threshold fluctuations to increase the
detection range at low temperatures. This conclusion holds
for the average behavior of a moderately large statistical
ensemble of non-identical nanostructures processing different
types of input signals and suggests that variability could be
beneficial for signal processing. Remarkably, similar results
have been demonstrated experimentally for ion channels in cell
membranes [8, 9] and carbon nanotube [11] and nanowire [12]
field-effect transistors showing significant variability, which
supports the validity of the present concepts for the design
of reliable signal processing schemes with many non-identical
nanostructures. Finally, we demonstrate that circuits composed
of coupled non-identical nanoparticles can act as elementary
nano-oscillators that show synchronization properties for sub-
threshold stimuli.
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