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a b s t r a c t

The membrane potential of a cell measured by typical electrophysiological methods is only an average
magnitude and experimental techniques allowing amore detailedmapping of the cell surface have shown
the existence of spatial domainswith locally different electric potentials and currents. Electrical potentials
in non-neural cells are regulated by the nonlinear conductance of membrane ion channels. Voltage-gated
potassium channels participate in cell hyperpolarization/depolarization processes and control the electri-
cal signals over the cell surface, constituting good candidates to study basic biological questions on amore
simplified scale than the complex cell membrane. These channels show also a high heterogeneity, making
it possible to analyze the effects of diversity in the electrical responses of channels localized on spatial do-
mains. We use a phenomenological approach of voltage gating that reproduces the observed rectification
characteristics of inward rectifying potassium channels and relate the threshold voltage heterogeneity
of the channels to the establishment of spatial domains with different electrical sensitivities. Although
our model is only a limited picture of the whole cell membrane, it shows that domains with different ion
channels may permit or suppress steady state bioelectrical signals over the cell surface according to their
particular voltage sensitivity. Also, the nonlinear electrical coupling of channels with different threshold
potentials can lead to a rich variety of bioelectrical phenomena, including regions of membrane potential
bi-stability.
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1. Introduction

1.1. Electrical signals in cells and ion channels

Electric potentials and currents are characteristic of cells and
tissues. The coupling of the membrane potential, defined as the
electrical potential difference between the cytoplasm and the ex-
tracellular environment at zero current, to ionic gradients allows
nonlinear signaling pathways essential to the cell cycle, tissuemor-
phogenesis and wound regeneration, cancer progress, and the reg-
ulation of the left–right asymmetry [1–4]. Electrical signals in the
cell are usually supported by ion channels, blockers, and trans-
porters localized over heterogeneous patches of the membrane
surface [4,5]. These channels can control cell cycle progression [6]
and patterning [7,8] because electric potential gradients act in con-
cert with specific ligand–receptor instructions. As opposed to the
action potential of neurons, electrical potentials in non-neural cells
show slow changes along the cell cycle that may be related to
changes in the nonlinear conductance of ion channels [4,6]. In par-
ticular, the membrane potential constitutes an average magnitude
resulting from the individual activity of ion channels and trans-
porters with different electric characteristics localized over cell
surface domains (see [9,10] and references therein).

Although biological processes typically require the coordinated
action of many channels and pumps, potassium channels play a
pivotal role because they regulate the membrane potential [5,6],
controlling the cell cycle and cancer progression by means of ionic
conduction and permeation-independent mechanisms [6,11,12].
Indeed, voltage-gated potassium channels participate in cell hy-
perpolarization and depolarization processes, control the driving
force for the entry of calcium ions into the cell triggering different
intracellular signals, and regulate electrical signals over localized
domains of the cell surface, providing also relevant positional in-
formation [4–6,9,13]. In this study, we concentrate mostly on the
electrical characteristics of the inward rectifying channels because
of their generality and significant role in cell biology [6,7,14,15].

1.2. Electrical characteristics of voltage-gated ion channels

The inward rectifying potassium channels form a heteroge-
neous group [6,7,14,15] that may conduct large inward currents
at potentials more negative than the equilibrium Nernst potential
Ein (hyperpolarization) and low outward currents at potentials less
negative than Ein (depolarization) [5]. The equilibrium potentials
correspond to the logarithm of the ratio of the ionic concentra-
tions in the extracellular medium and the cytoplasm [5]. Fig. 1(a)
shows the essential nonlinear characteristics of these channels, re-
produced by the phenomenological current (I)–potential (V ) curve
[5,15–17]:

I = G(V − Ein)Popen(V ),

Popen(V ) =
1

1 + exp[zF(V − Vth)/RT ]
(1)

where G is the maximum channel conductance, Popen(V ) is the
open state probability of the channel, Vth is the threshold potential,
F is the Faraday constant, R is the gas constant, and T is the
temperature. Since (dPopen/dV )Vth = −zF/4RT , the parameter
z gives the steepness of the transition region between the open
and closed conductance states (z can be regarded as the effective
number of channel charges involved in gating [5]).

To better show the electrical characteristics of Eq. (1), we
rewrite the I–V and (dV/dI)–V curves introducing the dimen-
sionless variables Ĩ = I/(GVT), Ṽ = V/VT, Ṽth = Vth/VT and
Fig. 1. (a) The characteristic current–potential curves of an inward rectifying
channel obtained from Eqs. (2) and (3) in terms of dimensionless variables. The
curves correspond to the threshold potential values Ṽth = Vth/VT = 0.5, 1.2, and
2.0 (equivalent to Vth = 13.5, 32, and 54 mV, respectively) for a fixed equilibrium
potential Ẽin = Ein/VT = −2 (equivalent to Ein = −54 mV) and a gating effective
charge z = 3 [5,16]. The inset shows dṼ/dĨ as a function of Ṽ < Ṽc . This magnitude
attains high values close to the critical potentials Ṽc giving the maxima in the
Ĩ–Ṽ curves. The potential Ṽc can then be regarded as an excitation potential [18]
giving the transition between the positive and negative differential conductance of
Fig. 1(a). (b) The electrical characteristics of outward rectifying channels can also
be obtained from Eq. (2) changing the sign of z to zout = −3 and replacing Ẽin by
Ẽout = 2.

Ẽin = Ein/VT (note that VT = RT/F = 27 mV at T = 310 K):

Ĩ = (Ṽ − Ẽin)Popen(Ṽ ), Popen(Ṽ ) =
1

1 + exp[z(Ṽ − Ṽth)]
(2)

dṼ

dĨ
=


1 + exp[z(Ṽ − Ṽth)]

2

1 +


1 − z(Ṽ − Ẽin)


exp[z(Ṽ − Ṽth)]

. (3)

In Fig. 1(a), Ṽ = 2 corresponds to V = 54 mV (VT = 27 mV at
T = 310 K) and Ĩ = 2 to I = 54 pA for a channel conductance
G = 1 nS, which are typical values for voltage-gated ion chan-
nels [18–20]. Note that outward rectification [5] can also be ob-
tained from Eq. (2) by changing the sign of z and replacing Ein with
a positive equilibrium potential Eout (see Fig. 1(b) for some exam-
ples that are considered in Section 2.5).

Note that the membrane potential can be identified with Ẽin
in Eq. (2) only because we have ignored other contributions
(e.g., the sodiumand chloride channels) to this potential [5,11]. The
nonlinear channel conductance is high under hyperpolarization
(Ṽ < Ẽin), favoring thus the entry of potassium ions, and decreases
under depolarization (Ṽ > Ẽin), as shown in Fig. 1(a). This electrical
rectification allows controlling the cell membrane potential by
establishing a barrier to external stimuli [18].

However, it is not usual for the cell potential to become more
negative than Ẽin and it is the small outward current carried at po-
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tentials more positive than Ẽin (see Fig. 1(a)) thatmaintains Ṽ close
to Ẽin [5] against external depolarizing stimuli. This stabilizing ef-
fect is operative until Ṽ is close to the critical potential Ṽc giving
the maxima in the Ĩ–Ṽ curves of Fig. 1(a). In the potential region
Ṽ > Ṽc, the channel closes, entering a region of negative differen-
tial resistance (dṼ/dĨ < 0 in Fig. 1(a)), because of internal gating
processes and the action of external blockers [5,15,18,19,21,22].
The experimental Ĩ–Ṽ curves tend to follow the nonlinear trends
of Fig. 1(a) [5,14,15,17–19,21–24] and can be obtained by applying
hyperpolarizing and depolarizing potential ramps of characteristic
times large enough for the channel response to be slave of input
signal [20,21]. The effect of potassium concentration on the curves
can be discussed in terms of Ẽin [5,15,24].
The results of Fig. 1(a) and (b) show that the channel electrical
sensitivity (i.e. the current through the channel as a response to
changes in the potential Ṽ ) is dictated by the threshold potential
Ṽth. Therefore, spatial domains of different ion channels may
permit or suppress the transmission of electrical signals over the
cell surface depending of the values of this potential. In those
cases where the domains are electrically coupled by a common
membranepotential Ṽm = Ṽ (Ĩ = 0), wewill consider thepotential
difference Ṽth − Ṽm as an index for the domain electrical sensitivity
in the next section.

1.3. Diversity of channels and electrical domains

In complex biological systems, the observable physical mag-
nitudes usually emerge as average values over the individual re-
sponses of many units that may show a significant diversity at the
single unit level. In particular, the membrane potential constitutes
an average electrical index that results from the individual activ-
ity of many ion channels and transporters with different electric
characteristics localized over the cell surface domains [9,10]. The
mechanisms by which neighboring domains can show locally dif-
ferent potentials are not completely understood [9,10] andmay in-
volve also surface potentials due to fixed charges [25]. However, it
is believed that heterogeneous patches of ion channels and trans-
porters may form a spatio-temporal map of potentials over the cell
surfacewhich supports locally different ionic fluxes relevant to de-
velopmental processes [1,4,8,10,26,27].

Because of the relevant physiological role of voltage-gated
potassium channels in patterning [7,9] and their high heterogene-
ity [6,14,15], we now consider how the diversity of threshold
voltages over the cell surface can support a map of electrical sen-
sitivities to external bioelectric perturbations [9]. To this end, we
introduce the idealization that each domain can be represented
by a fixed number of channels with the same threshold potential
Ṽth. However, distinct domains may still have different values of
Ṽth [16]. We use the phenomenological model for voltage gating of
Fig. 1(a) because it reproduces the observed rectification character-
istics [5,15] and incorporates the experimental fact that these char-
acteristics are distinct for different types of channels [14]. (Note
that, even for the same type of channels, a significant variability
between the individual responses is found experimentally [23].)
There existmore detailedmodels allowing for quantitative estima-
tions of the cell ionic concentrations and membrane potential [28]
where the state of the cell is described by a system of coupled non-
linear differential equations describing the different channels and
pumps [26,28–30]. However, we assume for the sake of simplicity
that the extracellular environment fixes the ionic concentrations
and equilibrium potentials and ignore the concentration changes
occurring for long times (note that the number of ions needed to
establish typical potential differences is very small compared with
the total number of ions in the cell [5]).
2. Results and discussion

In the following calculations, we have used the phenomeno-
logical equation (1) or (2) to describe the average current–voltage
curve characteristic of the ion channels. In some cases indicated
in the figures, however, we have simulated the time fluctuations
of the current obtained for one (or a few channels) to better show
the electrical response of the channels. In this case, the channel
opening (conductive state) [31–33] is described by the stochastic
probability Popen, stoch(Ṽ ), which is evaluated using a Monte Carlo
algorithm as follows. At every time step, a random number r (0 ≤

r ≤ 1) is generated from a uniform distribution and Popen, stoch(Ṽ )
is assigned the value:

Popen, stoch(Ṽ ) =

1 if r ≤ 1/

1 + exp[z(Ṽ − Ṽth)]


0 if r > 1/


1 + exp[z(Ṽ − Ṽth)]

 (4)

so that the current delivered by the channel is:

Ĩ =


(Ṽ − Ẽin), if the channel is open
0, if the channel is closed.

(5)

TheMonte Carlo approach allows implementing a channel dynam-
ics by introducing steps of dimensionless time t̃ = t/(C/G) in the
simulations, where C is a typical electrical capacitance of the chan-
nels. The time average of the current in Eq. (5) gives the value of the
current in Eq. (2) for long enough times.

2.1. Current fluctuations in channels and threshold diversity

We study now the electrical response of three domains of
voltage-gated channels composed by N = 50 identical channels
whose characteristics are those of Fig. 1(a) (each domain is charac-
terized by a different threshold potential). To illustrate the elec-
trical sensitivity of the ion channels, we consider first the time
fluctuations in the current trace of the domain of threshold poten-
tial Ṽth.

Fig. 2(a) shows the current traces obtained at Ṽ = 0 for three
domains of different threshold potentials Ṽth = 0.5, 1.2 and 2.0.
The potential Ṽ = 0 has been considered here because it is close
to the critical potential Ṽc = −0.03 corresponding to Ṽth = 0.5
in Fig. 1(a). Fig. 2(b) shows the current traces at three potentials Ṽ
approaching the critical Ṽc of the domain with Ṽth = 0.5. The elec-
trical noise increases with decreasing Ṽth (Fig. 2(a) at fixed Ṽ ) and
with increasing cell potential in the range Ṽ < Ṽc (Fig. 2(b) at fixed
Ṽth). The noise amplitudes are related with the different electrical
responses characteristic of the domains, which are dictated by the
particular values of Ṽth.

The results of Fig. 2(a) and (b) suggest that channel domains lo-
calized on the cell surface can show different electrical responses
based on the potential Ṽc (and then Ṽth). This fact is relevant for
establishing electrical maps on the cell surface because of the dif-
ferent channel domain behavior in the limit Ṽ → Ṽc (see Fig. 2(a)
for Ṽc ≈ 0).

2.2. The diversity in the thresholds leads to a pattern of electrical
sensitivities

We incorporate now the effects of the threshold diversity
on the electrical sensitivity of different channel domains. This
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Fig. 2. (a) Dimensionless current traces Ĩav(t̃) vs. time t̃ . The three traces are
obtained as average values over three different domains, with Ṽth = 0.5, 1.2, and
2.0, of N = 50 identical channels using Monte Carlo simulations based on Eqs. (4)
and (5). There is no potential difference across the channels, Ṽ = 0,which is close to
the critical potential Ṽc = −0.03 for Ṽth = 0.5 in Fig. 1(a). (b) Ĩav(t̃) vs. t̃ obtained
as average values over a domain of N = 50 identical channels with Ṽth = 0.5 at
three cell potentials Ṽ = −1, −0.75, and 0. In all cases, Ẽin = −2 and z = 3, as
in Fig. 1(a). The corresponding voltage Ṽ windows in Fig. 1(a) are also shown for
clarity.

diversity originates from the individual heterogeneity in the ge-
ometry and charge distributions of the channels, which results in
statistical distributions for the threshold potential Ṽth character-
ized by central andwidth distribution values (central inset of Fig. 3)
[14,16,23]. These types of distributions are significant not only for
biological pores [16,23] but also for artificial threshold nanostruc-
tures such as field-effect nanowires, carbon nanotubes, and single
electron transistors [34].

Fig. 1(a) showed the relevance of the critical potential Ṽc for the
channel electrical response [18]. The potential Ṽc corresponds to
the maximum value of Ĩ in Fig. 1(a) at each threshold potential Ṽth
and can be obtained from Eq. (3) imposing that the denominator
vanishes at Ṽc, 1 + [1 − z(Ṽc − Ẽin)] exp[z(Ṽc − Ṽth)] = 0. This
equation can be readily solved for Ṽth as Ṽth = Ṽc + ln[z(Ṽc −

Ẽin) − 1]/z. If we consider the results of Fig. 1(a), where Ẽin = −2
and z = 3, the first term of the right hand side, Ṽc, varies between
Ṽc = −0.03 (Ṽth = 0.5) and Ṽc = 1.28 (Ṽth = 2.0), whereas
the second term of the equation varies more slowly from 0.53 to
0.73. This means that the dependence between Ṽc and Ṽth is almost
linear, as shown in Fig. 3. In addition, this fact suggests that we can
use Ṽc or Ṽth to assess the electrical sensitivity of the channel.

We consider two heterogeneous domains of non-identical
channels in Fig. 3. The domains are described by two different
Gaussian distributions of low (c) and high (d) threshold potentials
(central inset) instead of by a single value of Ṽth. We assume that
the domains are localized on three spatial regions of the cell surface
(bottom inset). N1 = 150 low threshold channels (distribution
1) are spatially restricted on each of the two small (dark colored)
Fig. 3. The linear dependence of the critical potential Ṽc on the threshold potential
Ṽth (a) for a channel characterized by Eq. (2) and Fig. 1(a) suggests that we can use
Ṽc or Ṽth to assess the electrical sensitivity of the channel. Considering two spatial
locations on the membrane surface (b), two different Gauss distributions of low (c)
and high (d) threshold potentials are introduced. A gradient color scale is assigned
to Ṽth between the lowest value Ṽth = 0.5 (dark color) in the threshold distribution
(c) and the highest value Ṽth = 2.0 (light color) in the distribution (d). Because a
low Ṽth value gives a low Ṽc value (and then a high electrical sensitivity), the dark
colors over the membrane surface (b) show the regions with higher sensitivity to
changes in the potential. The arrows show the spatial regions on the cell surface
where the low and high threshold distribution domains are assumed to be localized.
Two particular values of Ṽc characteristic of the different surface domains in the
regions (bottom inset) are also shown. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

regions while N2 = 6100 high threshold channels (distribution
2) are spread over the dominant (light colored) region. The
maximum electrical sensitivity corresponds to the lowest value
of Ṽth in the two domains characterized by distribution 1 while
the minimum sensitivity corresponds to the highest value of Ṽth
in the domain characterized by distribution 2. Fig. 3 shows that a
map of threshold potentials (central inset) can be translated into
spatial domains (bottom inset) of different electrical sensitivities
(top inset).

2.3. Leak conductance and threshold diversity

Fig. 3 suggests that heterogeneous domains characterized
by channels with different thresholds can support domains of
different electrical sensitivities over the cell surface. However,
the question of the nonlinear coupling between currents and
potentials still remains to be addressed. A direct extension of
the above model considers leaky Ohmic channels in parallel with
voltage-gated channels [23,32]. The leaky channels have a linear
current (IL)–potential (V ) response:

IL = GL(V − EL) (6)

where GL is the channel conductance and EL is a characteristic
potential [23] (examples of leaky channels and their influence
on membrane potential can be found in Refs. [5,23,32]). For
simplicity, we consider a homogeneous domain with NL leaky
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Fig. 4. The membrane potential Ṽm of an isolated domain vs. the ratio of the total
channel and leak conductances, NG/(NLGL), is shown for two domains of threshold
potentials Ṽth = 0.5 (top curve) and 1.2. Each curve is obtained from Eq. (7) for
N voltage-gated channels with the same Ṽth in parallel with NL identical leaky
channels. The insets show the current Ĩav(t̃) around Ĩav = 0 vs. time t̃ in the
different regimeswhere the leaky or the voltage-gated channels dominate the ionic
conduction. The currents are average values obtained with N = 50 channels by
means of Monte Carlo simulations considering the stochastic opening and closing
of the channels (see Fig. 2(a)). In all cases, Ẽin = −2 and z = 3, as in Fig. 1, and
ẼL = 1.

channels of the same conductance GL and potential EL in parallel
with N identical voltage-gated channels of threshold potential Vth,
maximum conductance G, and equilibrium potential Ein. The (zero
current) membrane potential of an isolated domain can now be
obtained from the condition NLIL + NI = 0, where NLIL is the total
leakage current. In terms of dimensionless variables, this condition
gives an equation for the membrane potential Ṽm = Ṽ (Ĩ = 0) of
the domain:

Ṽm − ẼL +
NG
NLGL

(Ṽm − Ẽin)
1

1 + exp[z(Ṽm − Ṽth)]
= 0. (7)

This equation can be solved to give NG/(NLGL) as a function of Ṽm.
Fig. 4 shows the membrane potential Ṽm of two isolated

domains vs. the ratio NG/(NLGL) parametrically in the threshold
potential Ṽth of each domain. The insets show the current traces
around the average value Ĩav = 0 in the limits NG/(NLGL) ≪ 1
(the leaky channels dominate conduction and then Ṽm ≈ ẼL) and
NG/(NLGL) ≫ 1 (the voltage-gated channels dominate conduction
and then Ṽm ≈ Ẽin). Note that the deviation between the curves
obtained for the two domains of different threshold potentials is
noticeable only in the potential region Ṽ > 0 of Fig. 1(a) where the
effect of Ṽth on conduction is significant. The current fluctuations
are also important in this limit (insets of Fig. 4), especially in the
case of the low threshold domain, in agreement with the results
of Fig. 2(a). Indeed, if we compare the fluctuations shown in the
insets, we observe that they are high when Ṽm is close to Ṽth (and
then to Ṽc). Fig. 4 shows that a map of threshold potentials can
give different electrical sensitivities also when leaky channels are
present.

2.4. One single membrane potential, a multiplicity of domain
electrical sensitivities

We demonstrate now that a single value of the membrane po-
tential can correspond to a multiplicity of local electrical sensi-
tivities over different channel domains. To this end, we consider
the coupling between the currents of four homogeneous domains
characterized by the threshold potentials 0.5, 1.0, 1.5, and 2.0. We
assume for simplicity that all channels have the same equilibrium
potential Ẽin, gating charge z = 3, and maximum conductance G.
Fig. 5. The membrane potential Ṽm vs. the ratio NG/(NLGL) is shown for the case
of four electrically coupled homogeneous domains with characteristic threshold
potentials 0.5, 1.0, 1.5, and 2.0. The curve is obtained from Eq. (8) for Ẽin = −2,
z = 3, and ẼL = 1, as in Fig. 4. Each of the four domains (circular sectors in the
insets) is composed ofN voltage-gated channelswith the same Ṽth,i (i = 1, 2, 3, and
4) in parallel with NL identical leaky channels. The two circular insets correspond
to the particular values of Ṽm marked by the arrows. The different colors in the
horizontal scale of the inset refer to the value of Ṽth–Ṽm characteristic of each
domain. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

As in the above section, each domain is composed of N identical
voltage-gated channels [23,32] in parallel with NL identical leaky
channels of conductance GL and potential EL. From the condition
of zero total current, the membrane potential Ṽm common to the
four electrically coupled homogeneous domains is obtained from
the equation:

Ṽm − ẼL +
NG
NLGL

(Ṽm − Ẽin)

×
1
4

4
i=1

1

1 + exp[z(Ṽm − Ṽth,i)]
= 0 (8)

which is a generalization of Eq. (7).
Fig. 5 shows Ṽm as a function of the ratio NG/(NLGL). The inset

gives the map of the domain electrical sensitivities, described now
by the potential difference Ṽth,i–Ṽm, on a color scale. The difference
Ṽth,i–Ṽm measures the distance between the threshold potential
Ṽth,i characteristic of a given domain and the membrane potential
Ṽm common to all domains. Note that this difference dictates the
closure potential window characteristic of a particular inward
rectifying channel (see the denominator in the sum of Eq. (8)),
controlling then the stability and fluctuations of the membrane
potential.

Channel closure is more likely to occur over the dark colored
domains (low Ṽth–Ṽm values) of Fig. 5 because they are more
sensitive to external electrical signals (see Fig. 1(a); note that
channel closure does not allow the stabilization of the membrane
potential at the value Ẽin in Fig. 1(a)). This result shows again that
the parameter Ṽth–Ṽm is useful to understand basic functions of
the channel, although other feedback mechanisms such as the ion
pumps and additional channels [26,28–30] should also participate
in the electrical coupling for a complete description of the problem.

2.5. The case of two voltage-gated ion channels acting simultaneously

A multiplicity of electrically coupled channels should exist
over the cell membrane [26,28–30]. The case of two distinct
voltage-gated ion channels with different rectifying properties and
different Nernst equilibrium potentials Ẽin and Ẽout (Fig. 1(a) and
(b)) constitutes a significant extension of the previous results.
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Fig. 6. Total current Ĩ = Ĩin + Ĩout vs. Ṽ for two generic inward (in) and outward
(out) rectifying channels in the cases Ẽin = −2.0 (a) and Ẽin = 0 (b). The curves
are parametric in the threshold potential Ṽth,in and have been obtained with zin =

−zout = 3, Gin = Gout , Ẽout = 2 and Ṽth,out = 0.5. The membrane potential at zero
current (Ṽm) vs. Ẽin is shown for the same system parameters of Fig. 6(a) and (b)
(c). Note the correspondence between the marked points in Fig. 6(a)–(c). The curve
corresponding to Ṽth,in = 0.8 is included in Fig. 6(c) to better show the onset of
bistability effects.

Figs. 6(a) and (b) show the total current Ĩ = Ĩin + Ĩout of inward
(in) and outward (out) rectifying channels for three threshold
potentials Ṽth,in (the numbers in the curves). The curves are
parametric in the threshold potential Ṽth,in and have been obtained
with zin = −zout = 3, Gin = Gout, Ẽout = 2 and Ṽth,out = 0.5.
Figs. 6(a) and 6(b) are obtained at the equilibrium potentials Ẽin =

−2.0 and 0, respectively.
Remarkably, Fig. 6(c) shows that the coupled channels can lead

to amultiplicity ofmembranepotentials Ṽm for the lower threshold
potential Ṽth,in = 0.5 at sufficiently high (in absolute value)
equilibrium potentials Ẽin. Indeed, Fig. 6(a) shows that there is an
unstable point (central circle) between two stable points (squares)
corresponding here to negative and positive potentials [35]. The
above results arise from the central region of negative differential
conductance in Fig. 6(a). Note also that the membrane potential
Ṽm is not very sensitive to the threshold potential Ṽth,in for large
(in absolute value) negative potentials Ẽin and Ṽm. When Ẽin tends
to zero, Ṽm depends on the threshold potential Ṽth,in, showing
bistability for Ṽth,in = 0.5 in Fig. 6(c).

Consider Ẽin = −2.0 in the curve for Ṽth,in = 0.5 of Fig. 6(c).
Eq. (1) shows that the stable membrane potential Ṽm = −2.0 cor-
responds to individually zero channel currents, Ĩin = 0 = Ĩout. The
inward channel with Ẽin = −2.0 and zin = 3 is at the equilibrium
potential (see Fig. 1(a)) while the outward channel with Ẽout = 2.0
and zout = −3 is closed (see Fig. 1(b)). The two other cases corre-
spond to current compensation between the inward and outward
channels. The stable potential Ṽm = 1.9 is close to the equilibrium
potential of the outward channel (Ẽout = 2.0) and corresponds
to lower inward and outward currents than the unstable potential
Ṽm = 0.8 (see Fig. 1(a) and (b)).

When externally perturbed, themembrane potential Ṽm should
eventually reach one of the stable points [35] along the top and
bottom curves with Ṽth,in = 0.5 in Fig. 6(c). We will not pursue
this question further because other elements ignored in the model
such as ion pumps and transporters [26,28–30] may influence
the system response. We must mention, however, that N-shaped
current–voltage curves (see Fig. 6(a) and (b)) and membrane
potential bistability (see Fig. 6(c)) have been confirmedexperimen-
tally and theoretically at low extracellular potassium concentra-
tion [36] (note that the potential Ẽin in the axis of Fig. 6(c) depends
on this concentration [5]). Individual skeletal [36] andmouse lum-
brical [30]muscle cells have experimentally shownmembrane po-
tential bistability. Also, the resting membrane potential of the hair
cell membrane has been found to fluctuate between two values
determined by the potential region characteristic of the lowmem-
brane conductance range [37]. In all the above cases, inward rec-
tifying potassium channels played a crucial role in the observed
bistability phenomena [30,36,37].

3. Conclusions

In non-neural cells, the changes in the electrical potentials char-
acteristic of the cell cycle are regulated by the nonlinear con-
ductance of ion channels localized over different domains on the
surface membrane. In particular, voltage-gated potassium chan-
nels are involved in the cell hyperpolarization and depolariza-
tion processes that control electrical signals and ionic currents.
These channels constitute a good candidate to study basic biolog-
ical questions on a more simplified scale than the complete cell
membrane. Also, the channels show a significant heterogeneity,
making it possible to analyze the effects of diversity in the electrical
responses of different channel domains.Wehave considered aphe-
nomenologicalmodel of potassium inward rectifying channels (see
Fig. 1(a)), showing that the diversity of threshold potentials could
be related with the establishment of spatial domains with differ-
ent electrical responses over a model cell surface (see Figs. 2 and
3). Although the physical model is a crude picture of the biological
problem in the sense the above channels alone are not sufficient
to explain the intricate mutual influence of concentrations and po-
tentials, inward rectifying channels play a key role in membrane
depolarization [5,38] because they dictate the potassium perme-
ability of many cells. Therefore, considering these channels with
detail should constitute a first step to the incorporation of other
elements and mechanisms (e.g. the coupling of potassium and
sodium channels with ion pumps and the activity of calcium chan-
nels) needed for a complete description of this highly nonlinear
problem.
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The membrane potential of a cell obtained by standard elec-
trophysiological methods is only an average electrical magnitude
[4,5,9,10]. The simplemodels considered here also explore the con-
nection of thismagnitudewith surface patches of ion channels (do-
mains) having locally different electrical properties (see Figs. 4 and
5). These spatial domains may permit or suppress the transmis-
sion of electrical signals according to their particular responses to
external electric signals. Note also that much emphasis is usually
put on the quasi-steady state values of cell membrane potentials
while the present results offer some clues to the understanding of
the transition between the different potential values (see Figs. 4–
6). Indeed, depolarization shifts the potential Ṽ to less negative val-
ues in Fig. 1(a), entering the channel into the region of potentials
close to Ṽc where it can no longer control the cell membrane po-
tential against the external stimuli [5,15,18] and other fluctuations
[39,40]. In the limiting case of channel closure, the stabilization
of the membrane potential is not possible [5]. The potential range
over which the channel controls the membrane potential is dic-
tated by the gating steepness in Fig. 1(a) [5], which depends on
the critical potential Ṽc (and then on the threshold potential Ṽth in
Fig. 3). The results of Fig. 5 suggest that channel closure and de-
polarization are more likely to occur over spatial domains of high
sensitivity to external bioelectrical signals (low values of Ṽth and
Ṽth–Ṽm), being unlikely for low sensitivity domains (high values of
Ṽth and Ṽth–Ṽm). The experimental interdependence between Ṽth

and Ṽm [23] and the crucial role of the channel gating for control-
ling the cell cycle [6] have previously been noted. Also, the nonlin-
ear electrical coupling of channels with different threshold poten-
tials can lead to a rich variety of bioelectrical phenomena, including
regions of membrane potential bi-stability (see Fig. 6).
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