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Abstract: Researchers in thermoelectricity with backgrounds in non-equilibrium thermodynamics, thermo-
electric engineering or condensed-matter physics tend to use different choices of flux densities and general-
ized forces. These choices are seldom justified from either the dissipation function or the entropy production
rate. Because thermoelectric phenomena are a primary focus in several emerging fields, particularly in recent
energy-oriented developments, a review of the different formalisms employed is judged timely. A systematic
classification of the transport equations is presented here. The requirements on valid transport equations
imposed by the invariance of the entropy production are clearly explained. The effective Peltier and Seebeck
coefficients, and the thermal conductivity, corresponding to the different choices of flux densities and gen-
eralized forces, are identified. Emphasis is made on illustrating the compatibility of apparently disparate
formalisms. The advantages and drawbacks of these formalisms are discussed, especially from the point of
view of the experimental determination of their thermoelectric coefficients.
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1 Introduction

The Peltier and the Seebeck thermoelectric coefficients are a primary focus in classical and emerging fields
such as thermoelectric heat-pumping and power generation [1-5], heat harvesting [6—8], spin caloritronics
[9, 10], thermoelectricity in low-dimensional materials [11-13], and fuel cells [14-16]. The thermoelectricity
transport equations are linear relations between flux densities and driving forces. Different formalisms have
been presented since the pioneering works carried out in the mid-twentieth century. Thermoelectricity is de-
scribed in specialized monographs [2, 17, 18] as well as in books of irreversible thermodynamics [19-21], solid-
state physics [22, 23], engineering [24], and biophysics [25]. While experts in different fields obviously know
the formalism they employ, a considerable mixing of thermoelectric concepts exists because of the increas-
ing number of scientists coming from a broad range of disciplines. A classification of the different formalisms
available in the literature is still lacking and judged timely. While a few recent works include some funda-
mentals [2, 26, 27], the presentation of the fundamentals included here is especially suited for the purpose of
the above-mentioned classification. The importance of this literature review is that it enables the comparison
of the notation used in different areas and helps in the identification of (quite often) not-defined variables.
Moreover, since a number of confusing ideas can be found in the literature, it may also be used to point out
the (exceptional, but existing) incorrect formulations of transport equations. For instance, it is at times over-
looked that the sets of flux densities and forces cannot be chosen arbitrarily. One possible choice of driving
forces is {-V¢, —VT}, where ¢ is the electrostatic potential [19, 28]. The electric current density j and a “heat
flux density” q are their conjugate flux densities. In the pioneering work [29] (see also [17]), it was stated that
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linear equations relating {j, q} to {-V¢, —VT} are useless because their transport coefficients do not satisfy
the Onsager reciprocal relation. When an electric current flows, what is meant by the heat flux density is not
quite obvious, and, indeed, the definitions adopted by different authors are not the same [30]. In open sys-
tems the heat flux density can only be defined through conventions [19, 20, 31-33], so that it turns necessary
to specify the definition of q. Only one of these heat flux densities is compatible with the choice of variables
{-V¢,-VT, j} and, when it is used, the linear relations between {j, q} and {-V¢, -VT} do satisfy the Onsager
reciprocal relation. In the reference work [28], the transport equations are written as j = L;; V¢ + L, VT and
q=L, V¢ +L,VT with L,, = L,,, without realizing that L,, and L,, have different dimensions, and also as
j=1,(V@)/(Te) +1,,V(1/T) and q = 1,,(Vi@)/(Te) + 1,,V(1/T), with [;, = I,;. These equations are not compat-
ible with j=L,;V¢ + L,,VT and q = L,,V¢ + L,,VT, for the validity of one set implies that the other set of
equations cannot hold unless a different heat flux density is used.

Expressionssuchasq = -«VT + IIoE (see[9]), g = —«VT + ILj (see [26]) and aVT + j/o = E = —V¢ (see [2])
are common in modern formalisms of thermoelectric phenomena. However, it is seldom explained that:
(i) different conventions are used to define the “heat current density” q, (ii) the thermal conductivities in the
two above expressions for q are not the same, and (iii) different conventions are also used to define the thermo-
electric coefficients. In the thermoelectricity literature the “electric field” E is often used, without declaring,
to denote a quantity different from the negative of the electrostatic potential gradient. Though some authors
explain the meaning of the symbols ¢ and E (see [27, 34]), others do not (see [2, 18, 26, 35]), and unaware read-
ers may (incorrectly) associate them with their most frequently used meanings in the scientific literature, i.e.
the electrostatic potential and the (Maxwell) electric field. Finally, when energy flux densities other than heat
are used, the distinction between total and internal energy flux density is rarely made explicit.

The next section reviews the different formalisms employed in thermoelectric engineering, condensed-
matter physics and non-equilibrium thermodynamics, and presents a rational explanation for their choices
of flux densities and generalized forces. Novel recent approaches to the subject [36—40] are also discussed.
The prevalence of the electrochemical formalism is explained. The advantages and drawbacks of the different
formalisms are commented. In addition, the validity of the expressions for the Seebeck coefficient in terms of
equilibrium properties is discussed.

2 The theory of thermoelectricity

2.1 Fundamentals

The theory of thermoelectricity is based on the general thermodynamic theory of Onsager and Casimir [41].
This theory relates the flux densities of extensive state quantities, such as electric charge, entropy, internal
energy, total energy (internal and electrostatic), enthalpy, etc. to generalized forces, which are gradients of
intensive state quantities. Heat is not an extensive state quantity and it has no conjugate intensive state vari-
able. Yet, different heat flux densities can be defined through conventions. Any theoretical formalism pro-
posed to describe thermoelectric phenomena must comply the invariance of the entropy production. That is,
the entropy production is independent of the choice of fluxes and forces.

Another fundamental aspect of thermodynamic theories, including that of thermoelectricity, is that the
best choice for fluxes and forces is dictated by experimental convenience. Thermodynamics is a phenomeno-
logical science that is meant to serve us in the measuring situation. Although many thermoelectric coefficients
can be defined, those that can be measured become most useful.

For the sake of clarity, conduction by electrons in a homogeneous and isotropic metal with no concen-
tration gradient, in the absence of magnetic field, is considered. Any valid combination of flux densities and
driving forces must be derived from the entropy production rate 7, or from the dissipation function T, (see
[42]). As shown in the Appendix, from the entropy, energy and charge balances, the dissipation function is
[20, 26, 34]

Tr, = %(VT)z + (lf 7, 6
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where o is the (isothermal) electrical conductivity and « is the (static or open-circuit) thermal conductivity.
Noticeably, the dissipation function involves no thermoelectric coefficients, and hence the thermoelectric
effects are thermodynamically reversible [2, 26], as assumed by W. Thomson (Lord Kelvin) in 1854.

Under steady-state conditions, the entropy balance requires that the entropy production rate is equal
to the divergence of the entropy flux density, 7, = V - J. The local equilibrium assumption of irreversible
thermodynamics and the Gibbs equation imply that the relation between the total energy flux density J; and
entropy flux density is (see Appendix)

Je =TI +ily=Jq- gj, ®)

where J, = —j/e is the flux density of electrons, Jq=TJ;is the heat flux density, e > 0 is the elementary
charge, and j is the electrochemical potential of the electrons; in the literature, the NIST convention e > 0
is often not followed and the name chemical potential can also be used for j (see [43]). The conservation of
energy requires that the divergence of the total energy flux density vanishes, V - J; = 0, i.e., there is no “dis-
sipation of energy”. Similarly, the charge conservation requires that V - j = 0. Thus, equation (2) implies that
[43]

V-Jq=j-Vile. 3)

That is, under steady-state conditions, the power input to the system must be dissipated as heat. The product
j - Vii/eis equal to the electrical Joule power j*/o plus a term «j - VT, where « is the Seebeck coefficient (see
(57) in the Appendix), and it can be considered as the (volume density of) heat production rate. The heat flux
density J, cannot be observed directly, only its divergence, i.e. the local “dissipation of heat” V - J, (see [23]).

2.2 General form of the transport equations

The steady-state entropy production rateisz, =V - J, = V- (J o/T), and (3) implies that
Trg=~Jq-VInT + j- Viile. (4)

Hence, {Jq, j} is a valid pair of flux densities with conjugate driving forces {Xr, X.} = {~VInT, Vj/e}. The
fundamental principle that rules whichever choice of fluxes and forces is that the entropy production must
be invariant. The thermoelectricity transport equations invariably include the electric current density j and
X = —VInT as the thermal driving force because these are most easily controlled in experiments [20]. Differ-
ent formalisms for the transport equations of thermoelectricity correspond to different choices of the “elec-
trical” driving force X, and of the “thermal” flux density J; (i.e., the energy flux density). However, all the
formalisms cannot be treated on an equal footing. The formalism that uses X, = Vj/e and J; = Jq not only
provides a clear expression of the entropy production, as evidenced by (4), but it is also the only one whose
thermoelectric coefficients can be measured.
The dissipation function can be presented as a sum of products of the flux densities and their conjugate
driving forces
Tr,=Jp- Xp+j- X, (5)

The equivalent expression for the entropy production rate is
mg=Jp-Yr+j-Y, (6)

whereY | = X/T = V(1/T)and Y, = X,/T.In the continuous formalisms considered here (i.e. those involving
gradients of potentials), equations (5) and (6) lead to the same transport equations, in spite of their different
sets of forces. In discontinuous formalisms (i.e. those involving differences of potentials between two points)
only (6) should be used [21]; some authors think that the use of (4) and (5) might also lead to wrong conclu-
sions in continuous descriptions of transport processes in non-isothermal systems.
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Formalism i Jri Xei Lyr; Ly o; e(a; — )
electrochemical  J, -Vé = Viji/e T#i o a=-Si/e 0
Thomson T TV(@/T)/e Txg Igo o — jifeT /T
Ohmic JQ,cond ~Vohm Tk 0 0 S:
electrostatic To ) Txy  Ty4o ~Q} JeT S,
quantum Tu -V +TV(u/T)/e Tx, II,o —(H.+Q.)/eT  —u/T
observable Jo-Trj -Vv Tk, (I-Ix)o a-ag Sir

Table 1. “Thermal” flux densities, “electrical” driving forces X, ; and transport coefficients in the different formalisms. The
formalisms could have been named after the quantity (i.e., entropy, total energy, heat, enthalpy or internal energy) used to
define the “thermal” flux density, but we have preferred to use an adjective that identifies the electric potential, except for the
quantum theory and the total energy (Thomson) formalisms.

Crucially, the quantities X, and J; are not independent. The choice of either X, or J; determines the
other because the invariance of the entropy production requires that the right-hand side of (5) is equal to the
right-hand side of (4) for any valid choice of X, and J, and hence

1

(r=TQ) Vi = 2 (Vife — X,). @)

The transport equations can be written in any of the following forms:
J T\ _ TL T TL Te YT (8)
j TL eT TL ee Ye ’
L L X
J T _ TT Te T , (9)
J L eT L ee X e

where L, = o is the (isothermal) electrical conductivity and Ly, = L.

Table 1 summarizes the different formalisms explained in the following sections. The determinant of the
matrix of transport coefficients in (9) is invariant under a transformation of flux densities and forces, and
it is equal to D = Txko. If the cross coefficient in formalism i is written as the product of the electrical con-
ductivity and the effective Peltier coefficient, L, ; = II;0, the Onsager reciprocal relation Ly, = L. implies
the Thomson’s second relation I1; = Ta; between the effective Peltier (I1,) and Seebeck («;) coefficients. More-
over, Lpp;/T = x; =k + T(oc,-)za from the invariance of the determinant. Equation (9) gives then the “electrical”
driving force in formalism i, usually the negative gradient of some “electric” potential, as

Xei = VT + jlo (10)
and the corresponding “thermal” flux density as
Jr; = —kVT +11;j. 1)

i

2.3 Seebeck and Peltier coefficients. Electrochemical formalism

Although (10) and (11) show that every formulation leads to different effective Seebeck («;) and Peltier coeffi-
cients (IT,), these names (without qualifiers and subscripts) must be restricted to the electrochemical formal-
ism. This formalism chooses X, = Vji/e = EandJ; = Jo» and its transport equations are [2, 18, 23, 28, 44]

E=jlo+aVT, (12)
Jq = —«VT +I1j. (13)
Equation (13) is often written without explaining the meaning of the symbol J,. Equation (7) shows that if

X, = E then T7J, is the only value for J q in (13) that warrants the required invariance of the entropy produc-
tion. In the presence of temperature gradients, E = Vji/e is not equal to the electric field E = -V¢. Yet, Landau
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and Lifshitz proposed to name Vi/e “electric field” with the notation E = —-V¢ (see [34]). In modern presen-
tations [27, 45], it is common to use, quite often without declaring it [2, 18, 26, 43], the symbol E and the term
electric field to refer to the gradient Vji/e. Other authors state that, since the gradient of the chemical po-
tential u = j1 + e¢ cannot be observed in real experiments, it can be considered that E = —-V¢ = (Vji — Vyu)/eis
equivalent to Vi/e (see [46]). To avoid this source of confusion, we propose the notation E = Vji/e = —V([) and
restrict the use of the traditional symbol E = —V¢ for the Maxwell electric field; the notation ¢, = —i/e is an
interesting alternative. The existence of different sign criteria is also noticeable. The Seebeck coefficient « is
denoted as -7 in [47] and —¢ in [19]; consistently, their Peltier coefficient is also the negative of our quantity II.

Since coupling phenomena arise because electrons transport simultaneously charge and energy, rela-
tions can be found among the thermoelectric coefficients and electron transport quantities. Although there
is no generally accepted terminology, the quantity J, = TJ; in (13) can be named the total heat flux density
because it is a sum of two contributions:

Jq = —KVT + TS Ty, (14)

where S = —eIl/T = —ea is the transported entropy of the electrons [27, 30, 45]; this transported entropy intro-
duced by J. N. Agar is different from that defined by E. D. Eastman [19]. In [45], the two terms in the right-hand
side of (14) are interpreted, respectively, as conductive and convective contributions to the total heat flux den-
sity; presumably, because TS} J, is related to the flux of electrons. However, convection refers to macroscopic
motion of the volume elements or mass of the system, and not to the relative motion of one of its components
[19, 42], and the adjective convective is not recommended for TS J ..

From (9), an alternative heat flux equation is

Jq = —&VT + IIoE, (15)

where & = k + Ta’o is the thermal conductivity in the absence of electrochemical potential gradient. This has
also been named short-circuit thermal conductivity [27] and (not very fortunately) interpreted as a sum of the
conductive, x, and convective, Ta*o, contributions [45]. It is related to the thermoelectric figure of merit Z as

2

o1+ %% 1421 (16)
K

K

The main advantage of the electrochemical formalism is that its thermoelectric coefficients are measur-

able, at least in relative terms. An electric potential difference can only be measured between two conductors

of the same material and at the same temperature (regardless current is flowing or not). The measured electric
potential difference is

¢ - ¢ = _é(ﬂz = ). (17)

Thus, for instance, the integration of (12) along the circuit between the two terminals connected to a voltmeter
gives

Q| =

2 2 2
by — by = — jdﬂz—J-och—J’(l’dx. (18)
1 1 1
The last term vanishes under open-circuit conditions. It is important to note, however, that V¢ # —aVT inside
an electronic conductor under open-circuit conditions. Remarkably, equation (18) shows that the measured
electric potential difference ¢, — ¢, is related to the Seebeck coefficient « in the electrochemical formalism.
Because voltages are measured more easily than heat generation, the Peltier coefficient is often evaluated
from Thomson’s relation [9, 39, 40], but its relative value between two conductors can be measured. The first
term in the right-hand side of (18) vanishes, regardless of the temperature distribution, if the circuit between
points 1 and 2 is made of only one conductor; a statement closely related to the law of homogeneous materials
[24]. When the circuit is composed of two conductors, the difference in their (average) Seebeck coefficients
can be determined from the measured electric potential difference.
A drawback of the electrochemical formalism is that X, = Vji/eincludes a contribution proportional to VT'
due to the temperature dependence of ji. Because the effect of the temperature gradient cannot be associated
only with the first term of the dissipation function in (4), some authors prefer other choices of X, and J.
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2.4 Thomson coefficient

W. Thomson predicted and observed a third thermoelectric effect and introduced the corresponding coeffi-
cient. The effect is obviously independent of our choice of fluxes and forces, but it can be illustrated with the
greatest simplicity in terms of the flux of energy (internal plus electrostatic). The total energy flux density J
is widely employed as the “thermal” flux density [2, 23, 30, 38—40, 44], and (7) allows us to identify the corre-
sponding “electrical” driving force as X, = TV(ji/T)/e. Contrarily to X, in other formalisms, named after their
associated electric potential, the driving force TV(ji/T)/e cannot be interpreted as the negative gradient of an
electric potential. Hence, we propose to denote the formalism that uses J; and TV(4/T)/e after Thomson. The
driving force in this formalism can be better understood in its entropic form
1 4

Yo=-Vo (19)
because the flowing tendency of the electrons in non-isothermal systems is determined by the gradient of their
absolute electrochemical activity A = exp(ji/ksT) (see [48, p.302]), where k; is Boltzmann’s constant, rather
than by the gradient of their electrochemical potential or by the electric field. In statistical thermodynamics,
quantum fluids like electrons in metals and semiconductors must be described using the grand canonical
ensemble and the absolute activity is the variable characteristic of this ensemble.

The combination of (2) and (13) leads to the transport equation

Jg = VT + <H - 5)1 0)

which implies that IT; = IT — ji/e is the effective Peltier coefficient in this formalism. The transport equations
in terms of this choice of flux densities are [28]

Je 2 Kg  Og0 v(1/T) )
=T ’ 21
( J ) (ocEa a/T) (V(ﬁ/T)/e (1)
where x; = k + T(a)’0 and oy = /T = —(ji + TS])/eT.

The energy conservation requires that V - J = 0. Taking the divergence of (20), and using (12), it is con-
cluded that [26, 30, 45, 49]

0=—V~IE=V~(KVT)—j-VH+j-E=V~(KVT)+ljz-rj-v:r, (22)
o

where 7 = Tda/dT = dI1/dT — « is the Thomson coefficient and 7j - VT is the Thomson heat; the Thomson
heat should be written as T'j - Va when the Seebeck coefficient varies due to changes in the material, such as
doping, besides changes in temperature [50].

The Seebeck and Peltier coefficients can be measured for pairs of conductors [19, 23], that is, only their
relative values can be measured. On the contrary, the Thomson coefficient r can be measured in a single
conductor, using an integrated form of (22) [38, 40, 49]. Absolute values of the Seebeck coefficient have,
nevertheless, been calculated from the temperature dependence of the Thomson coefficient or assigning a
zero value to the Seebeck coefficient of a superconductor.

The main advantage of this formalism is that total energy prevails over any other energy quantity because
it is the one that is conserved, and therefore J is of paramount importance. A minor drawback is that the ef-
fective Peltier and Seebeck coefficients, II; = IT - ji/e and ay = « — ji/eT, look rather complicated. However,
at a junction between two conductors A and B, the difference I - IT} is equal to IT1* - IT® because i is con-
tinuous; and the same applies to the difference in Seebeck coefficients because T is also continuous at the
junction. Therefore, the measurable relative values o — aP and IT* - 1P are the same as the relative values
of the effective coefficients.

2.5 Thermoelectricity in terms of the Ohmic electric potential

The equations j = —oV¢ and J, = —«VT are only valid in the absence of coupling, that is, under isother-
mal and static (i.e., j = 0) conditions, respectively. Coupling phenomena appear also in other fields, such as
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electrodiffusion of multicomponent electrolyte systems. A seminal thesis in this field demonstrated the ad-
vantages of employing the Ohmic potential gradient as one of the driving forces [51, 52]. This is defined as
Véonm = —j/o regardless of the presence of any other flux or force. Thus, for instance, the transport equations
for mass and charge in binary electrolyte solutions become decoupled when formulated in terms of V¢,
(see [42, 53]). Similarly, the ionic transport equations within the Nernst-Planck approximation are coupled
when formulated in terms of concentration and electric potential gradients, but decoupled in terms of the
gradients of the electrochemical potentials of the ions [42].

When the negative Ohmic potential gradient is used as a driving force, heat and charge transport are
decoupled in the transport equations of thermoelectricity. The “thermal” flux density in this formulation is
the conduction heat flux density J ,,q = —«VT (see [2, 45]); this equation is valid (with the same x) when
j # 0. The absence of coupling terms, L. = 0, in the transport equations relating the flux densities Jq cona
and j to the driving forces -VInT and -V¢,,, does not invalidate them; on the contrary, their simplicity
should be appreciated. Moreover, in the dissipation function

Tﬂs = _IQ,cond -VInT - ] : V(/)ohm (23)

the first term is due only to thermal conduction and the second one only to electrical conduction. Contrarily
to occasional statements [44], each of the two terms in (5) contains contributions from both thermal and
electrical conduction in all other formalisms.

The major disadvantage of the Ohmic formalism is that its transport equations describe only the irre-
versible processes and must be combined with one equation for the reversible thermoelectric phenomena.
Such equation is (12), —Vji/e = Vdom — aVT, as required by the equivalence of (4) and (23). An advantage of
this formalism is that its thermal phenomenological coefficient L1 is proportional to the Fourier thermal con-
ductivity «, the one involved in the entropy production (see equation (1)), in contrast to the other formalisms
which involve the effective thermal conductivity ; = « + T(a;)*0. However, its main advantage is that it clearly
states the conditions under which a flux density, thermal or electrical, can be expressed in terms of a single
driving force instead of a linear combination of two driving forces.

2.6 Thermoelectricity in terms of the electrostatic potential

If the (Maxwell) electric field is used as driving force, X, = E = —V¢, equation (10) becomes
Jj=-0(ayVT + V¢), (24)

where o is the effective Seebeck coefficient in the electrostatic formalism. The sign of this coefficient is neg-
ative when electrons move from hot to cold positions in the absence of current (thus making negative the
electrostatic potential at cold positions, with respect to the hot ones).

The basic idea behind the different formalisms is that a transformation can be made from one set of
driving forces such as -V In T and Vji/e to a different set of driving forces such as -V InT and —V¢ provided
that these two sets contain the same information. That is, it is implicit in (24) that Vj/e can be determined
from -VInT and -V¢. Since Vji = Vu — eV¢, the above statement implies that Vu is completely determined
by VT, and hence the relation Vu = (du/0T), VT can be used, where x denotes a constraint that is specified
below. The substitution of X, = —V¢ in (7) leads to the conclusion that its compatible “thermal” flux density
is the reduced heat flux density

Jo =Jq + T(0u/oT),J, (25

which is widely used in irreversible thermodynamics [19-21, 31, 32].
The transport equations in terms of the electrostatic potential are [19] equation (24) and

Jo = —x4VT ~T4oV$ = —kVT + Il j, (26)

where I, = Tay is the effective Peltier coefficient and x4 = x + T(a¢)20 is the isoelectric thermal conductivity
(i.e., in the absence of electric field). The reduced heat flux density can also be presented as

Jo = VT + QT 7)
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where Q] = —elly is the heat of transport of the electrons [19]. The comparison of (13), (14), (26) and (27)
shows that I, =1I- (T/e)(0u/0T), and Q; = T[S; + (0u/0T).]. Thus, the open-circuit electrostatic potential
gradient is V¢ = —a, VT = (Q;/eT)VT.

When the electron concentration »is not uniform in the conductor, the usual thermoelectric equations ac-
tually violate Poisson’s equation of electrostatics [50]. The combination of Poisson’s equation with the trans-
port equations for thermoelectricity taking into account the gradient of n solves this problem. The Poisson’s
equation cannot be easily incorporated to the other formalisms, and this essential advantage renders useful
the electrostatic formalism. The effective Seebeck coefficient a is relevant, among other things, to determine
the length scale of the electrostatic potential variations in an inhomogeneous conductor [50].

The disadvantage of this formalism is that the effective thermoelectric coefficients cannot be measured.
The electrostatic potential is not a continuous variable at the interfaces between conductors. The contact
potential (i.e. the electrostatic potential difference at the interface) depends on temperature [19] and, hence,
their contributions, e.g., to the electromotive force of a thermocouple, must be accounted for carefully. Under
open-circuit conditions, equation (24) reduces to d¢ = —(x¢dT, which should be compared to d(/S = —adT for
é = —ji/e (see [18]). The electrochemical potential of the electrons is continuous at the interfaces and the
evaluation of the electromotive force of a thermocouple is rather simple within the electrochemical formalism.
On the contrary, in the electrostatic formalism d¢ = —a,dT has to be integrated along the conductors and then
the contact potentials must be added [19] to determine the measurable electric potential difference; which is
obviously the same in all formalisms.

Although the motivation of this work is to clarify the relations among the different formalisms and not to
solve long standing controversies, some reference to them is necessary. An important aspect of this discus-
sion is the choice of independent variables for the chemical potential of the electrons. This chemical potential
is the partial (molar or per particle) Gibbs potential of the electrons and, therefore, its natural variables are
temperature, pressure and the composition variables [19]. It does not mean, however, that it cannot be ex-
pressed also in terms of a different set of independent state variables. In the case of homogeneous metals,
the composition variables can be neglected, and the chemical potential of the electrons can be considered to
be a function of temperature and pressure or, equivalently, of temperature and the electron concentration.

R. Haase [19] considered that the heat of transport of the electrons is Q. = T[S; - S.] where S, = —(0u/9T) p
is the partial entropy of the electrons and p is the pressure. That is, compared to our relation

Q. =TIS; + (0u/0T),], (28)

Haase considered that constant pressure is the appropriate constraint. Consistently, Haase wrote (25) as (in
our notation)
Jo=TU, =S, 29)

Similarly, Domenicali [29] and Rockwood [54] wrote the electrostatic potential gradient under open-circuit
conditions as

V¢ = -4, VT = l(S* + a—‘M)VT. (30)

¢ e\ ¢ oT

They indicated no constraint on the partial derivative but Domenicali cited de Groot [20], and hence Domeni-
cali and Rockwood meant (ou/0T) pas usual in irreversible thermodynamics. In our notation, de Groot wrote
(30) as V¢ = (Q. /eT)VT; note that de Groot’s heat of transfer of the electrons [20] is equal to Q] plus the par-
tial enthalpy H, of the electrons because of his choice of J, as heat flux density; in fact, the name reduced
heat flux density comes from the relation J 22 =J, - H.J, (see [19, 20]).

R.D. Barnard [17] considered that, for a given metal, y is only a function of T and wrote Vu = (0u/0T)VT
without specifying any constraint on the partial derivative. Refereeing to Barnard, G. D. Mahan [50] consid-
ered the chemical potential of the electrons to be a function of temperature and the electron concentration
n, and used Vyu = (du/0T), VT for systems in which » is homogeneous. Thus, Mahan defined the effective See-
beck coefficient in the electrostatic formalism, S in his notation, as oy = a— (1/e)(0u/dT),. 1t is interesting to
observe that Mahan did not introduce (25)—(27) but discussed the energy flux densities employed by different
authors, including Haase, and denoted the reduced heat flux density as an enthalpy flux density J;; = J ’Q. Re-
markably, Mahan made no connection to his transport equations. It is also noticeable that, when an estimate
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of o, was needed to describe the spatial variations of the electrostatic potential inside an inhomogeneous
semiconductor, Mahan [50] used the approximation oy ~ o in spite of his detailed calculations of (ou/dT),
for both metals and semiconductors.

A. L. Rockwood [54] considered that the partial molar entropy of the electron and the Seebeck coefficient
are essentially equivalent. Combining the widely-accepted relation between the entropy of transport of the
electron and the Seebeck coefficient, S, = —ea, with a proposed relation between the partial entropy of the
electrons and the Seebeck coefficient, S, = -0u/dT = —e«a, Rockwood concluded from (30) that V¢ = 0, i.e.,
that the electric field vanishes in a homogeneous conductor in the presence of a temperature gradient. Sur-
prisingly, Rockwood did not discuss that the proposal S, = —e« implies that ay, IT, and Q; all vanish, and
hence that there would no coupled thermoelectric phenomena in the electrostatic formalism.

M. R. Peterson and S. Shastry [55] presented the Kelvin formula for the Seebeck coefficient:

1/ ou
- S() 1
“ e(@T)N,V (3)

where the constraints of constant number of electrons N and constant volume V are equivalent to fixed elec-
tron concentration n. This formula has important implications for the heat of transport of the electrons. If the
effective Seebeck coefficient is ag = o — (1/e)(0p/0T), as suggested by Barnard and Mahan, then the Peterson—
Shastry formula implies that oy, Tl and Q; vanish. Haase considered that 0 =0 — (1 /e)(ay/aT)P where p
denotes the thermodynamic or external pressure [19]. In a metal, the conduction electrons have a pressure
p. > 0 which is four or five orders of magnitude higher than p and is compensated by a negative contribution
from the lattice, p; = p - p. < 0. The evaluation of the derivatives at constant external pressure in (30) are
usually considered to be equivalent to derivatives at constant » rather than at constant p, (see [56, (5.30)]).
This makes consistent the expressions used by Barnard, Mahan and Haase, and leads again to the conclusion
that (31) implies vanishing oy, I, and Q..

Before we discuss further implications of (31), it is in order to mention the argument raised by S. Kjelstrup
[57]. The Seebeck coefficient and the transported entropy of the electrons S, = —e« are transport properties
and not equilibrium properties. In particular, Kjelstrup envisioned the Peltier coefficient IT = —TS] /e as a
transference coefficient for heat, which is not an equilibrium property. Therefore, relations between « and
the partial entropy of the electrons, as proposed by Rockwood, or between « and (du/0T),,, which is another
equilibrium property of the electrons, are mixing concepts of different nature, and do not contribute to the
understanding of the thermoelectricity concepts [57].

Noteworthy, the contradictory views of all these authors do not affect the validity of (24)—(27). Although
we do not aim at solving the controversy, which can be traced back to Thomson’s interpretation of the Thom-
son coefficient as the specific heat of the electron [58, 59], there are a few comments that could be made.
First, traditional thermodynamicists work out transport equations in order to describe the observed phe-
nomena but they do not make models or theories to estimate the values of the transport coefficients. On the
contrary, attempts to relate the thermoelectric coefficients to electron properties have been customary in the
quantum theory of thermoelectricity. Other theories, like Kubo’s linear response theory [55], have also been
used for the same purpose. Second, although Kjelstrup was certainly right when stressing that the Seebeck
and Peltier coefficients are transport properties, the attempts to find their relation to equilibrium properties
can be understood from the fact that the entropy production only involves the thermal and electrical con-
ductivities. And third, any proposed relation should be tested against experiments to confirm its validity. To
the best of our knowledge, neither Rockwood’s nor Petersen and Shastry’s relations agree with experimental
observations [60, 61].

We turn now back to the estimations of the Seebeck coefficients from the temperature derivatives of u. It is
well known in statistical thermodynamics that the characteristic state function of a Fermi gas can be derived
using the grand canonical ensemble (i.e. using T, V and A = exp(u/kyT) as the independent variables) as

2k, T
pe(T, M) = A—iFS,Z(A>, (32)

where p (T, ) is the pressure of the Fermi gas, A(T) o T~'2 is the thermal de Broglie wavelength of the
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electrons,
(o)

1 P
FA)=s— | —
e OJ Tler 1™

(33)

is the Fermi integral of index j, and I'(j) is the gamma function. From (32) and the Gibbs-Duhem equa-
tion, the electron concentrationn = (9p./ou)r = (A/kgT)(0p./0A)r can be evaluated asn = (2/A3 )F;/,(A), using
AdFj /dA = Fiy, and therefore

0 F; (A
(L) -t L@y e 321 (34)
or), T A \ar), T 2 F,0)
In the case of metals and degenerate semiconductors, the approximation
kT)/ 7 (kyT\?
F. #/kBT:(.”/B [1 --_1_<B_>]
() TG+ +jG -1~ p (35)

leads to Fy,/F, , ~ (2u/3ksT) + (kg T/9u) and p = eg[1 — (°/12)(T/Tg)*], where & = kp Ty is the Fermi en-
ergy, and

1 ay> n’ky T
“(2E2)) ~ - — <0 6
e (E)T n 6e Ty < (36)
In semiconductors with a small electron concentration, Fj(/\) ~ ) =~nA’/2and
1 8[,1 kB [ 3 3]
e<aT)n“_ 2 In@/mn’) + 3 | <o. 37)

Since kg/e = 86.7uV/K and T is always a few orders of magnitude smaller than the Fermi temperature
Ty = ep/ky of a metal, it is accepted that (36) and (37) explain the typical orders of magnitude of the See-
beck coefficient of metals and semiconductors [50].

In conclusion, the electric field E = -V¢ can be used as driving force and the corresponding transport
equations are (24)—(27). The effective Seebeck coefficient oy =+ S./eoray = —(Q; /eT) = =(S: - S.)/eshould
not be considered equal to zero as suggested by (31) because this equation has not been confirmed by exper-
iments. In case an estimate for the partial entropy S, is needed, S, = —(ou/0T) p = —(0u/aT),, can be used.

2.7 Quantum theory of thermoelectricity

In the quantum theory of thermoelectricity [22, 23, 62], the probability of finding one electron at time ¢ in a
volume element drdk around the position (r, k) in phase space is f(t, r, k)drdk, where f(¢, r, k) is the distribu-
tion function and k is the electron wave vector. Under equilibrium conditions (VI = 0, j = 0), the distribution
function is the Fermi-Dirac function, f,(r,k) = 1/(1 + exp[(e — u)/kgT]), where e(k) is the electron energy and
u(r) is the chemical potential of the electrons. The non-equilibrium distribution function f must be obtained
as the solution of the Boltzmann transport equation, which under steady-state conditions and within the
relaxation time approximation reduces to [23]
of

F F
—@=v-V,f+E-kazv-V,f0+E-ka0. (38)

Here 8f = f - f,, (k) is the relaxation time, # is the reduced Planck constant, F = eV¢ is the electric force,
and v = V,¢/h is the (group) velocity of the electrons. The gradient of the Fermi-Dirac distribution f,(r, k) in
k-space is Vi f, = (0f,/0¢)r,,w, and its spatial gradient is

(%), 5(5)

Thus, the perturbation of the distribution function can be evaluated as

of ~ r(k)(%)mv- [TV(%) eV + eV lnT]. (40)
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This equation implies that X, = —-V¢ + (T'/e)V(u/T) is the electrical driving force in the quantum formalism.
Then, equation (7) imposes that the corresponding “thermal” flux density is

Jo=Jq+uly =T~ dj. (41)

The total energy is the sum of internal energy and electrostatic potential energy, and J, can be identified as
the flux density of internal energy. Under steady-state conditions, its divergenceis V - J, = j - E, because the
power j - E of the force due to the external electric field acting on the electrons is dissipated as internal energy.

In the quantum theory, the internal energy flux density and the electron flux density are evaluated as
Ju = (1/47%) [ evdfdk and J, = (1/47°) [ v8fdk, where 1/47° is the density of states in k-space; the electron
contribution to the heat flux density is then J, = J, — uJ, = (1 /4m?) j (e — wvdfdk. Substitution of (38) into
these expressions for the flux densities leads to the transport equations [22, 23, 28]

Ju.\ _(Tx, 10 -VInT
(j)‘(nua o )((T/e)V(y/T)—w)’ (42

where «, = « + T(a,)*0 and the effective Peltier coefficient is

+TS? H +Q!
Tocu:HuEH—Ez—M £ == Qe, (43)
e e e

because the chemical potential is u = ji + e¢ = H, — TS,, where H, and S, are the partial enthalpy and partial
entropy of the electrons, respectively.

The major advantage of this formalism resides in its contribution to the physical understanding of
thermoelectric phenomena, providing a clear insight about the controversial expressions reducing the
thermoelectric coefficients to equilibrium properties. The microscopic expressions of these coefficients in-
volve a relaxation time t associated with the scattering phenomena, which evidences that they are transport
coefficients. Because 7 is a function of the electron wavevector k or energy ¢(k), the three transport coeffi-
cients k, o and «,, can be related to three transport integrals that involve different powers of ¢ (see [23]). Thus,
although all thermoelectric phenomena are associated to the perturbation of only one function f, the flux
densities cannot be expressed in terms of a single driving force because different gradients have different
coefficients. Moreover, the “electrical” driving force X, = —V¢ + (T/e)V(u/T) physically shows that electrons
are material particles with electric charge whose spatial redistribution responds not only to electric fields but
also to the gradient of its chemical potential. The associated thermal flux density J, is actually considered as
a possible choice for the heat flux density [20, 31, 32], although this is so not customary in thermoelectricity.

2.8 Thermoelectricity in terms of the observable electric potential

Recently, a new formulation of the thermoelectricity transport equations based on experimentally observable
quantities has been proposed [36-40]. The observable electric potential when the potential difference in (18)
is measured with probes of material R is defined as [36-38]

Vy = -Vii/e + ap VT, (44)

where «y is the Seebeck coefficient of the probes R. This equation can be considered as a definition of the
local quantity Vy in terms of the local gradients Vi and VT in the conductor and the value that the Seebeck
coefficient ay, of the probes R would have at the local temperature T. Equivalently, as explained in [36-38], it
can be considered as a differential relation between the change dy in the electric potential measured between
two probes R connected to the conductor when one of them undergoes a differential displacement d# between
points whose difference in temperature and electrochemical potential of the electrons are dT and dj.

When the probes are of the same material as the conductor under study, the observable electric poten-
tial y is the same as the Ohmic potential, and this formalism reduces to the Ohmic formalism; but only the
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Thomson effect can be observed then in isotropic conductors. Eliminating Vi from (4) and (36), the dissipa-
tion function is transformed to

Trg=-(Jq-1lgj)-VInT - j-Vy (45)
and therefore the conjugate flux densities of {-VIn T, -Vy} are {J, - Il j, j}. The transport equations (9) be-
come

Jo-TIrj\ _ Tx, (II-TIg)o \ (-VInT (46)
j M-To o vy )’
where x,, =« + T(a - ag)’o. An alternative presentation is [36, 37]
T —ogj _ xy/T (x —ag)o\ (VT “7)
Jj (- ag)o o -y )’

In (46), 11 is the Peltier coefficient of the electronic conductor under study and IT; that of the probes. The
choice of the flux densities {J, - agj, j} was not explained or justified by J. Garrido in [36, 37], as he does
not mention the dissipation function. Interestingly, in the more recent publications [38-40], Garrido and
A. Casanovas conclude that a combination of the formalisms presented above, in particular (12) and (20), are
the most useful for the observation of thermoelectric phenomena.

The main advantage of this formalism is that it uses an observable electric potential which is defined
experimentally, within the spirit of thermodynamics. A significant drawback is that the thermal equation in
this formalism involves a flux density J, — I j of little experimental significance, which may explain the
resort to the total energy flux equation (20).

3 Conclusions

A review of the different formalisms employed in the literature, with a clear description of their fundamen-
tals, and a systematic classification has been presented. The expressions of the divergences of heat, internal
energy, total energy and entropy flux densities have also been derived. Since the rules of irreversible thermo-
dynamics must be obeyed, the flux densities and forces have to be identified from the entropy production rate.
Its expression has been derived from the charge, energy and entropy balance equations. We have shown that
the different formalisms of the equations of thermoelectricity correspond to different choices of the “elec-
trical” driving force (typically, an electric potential gradient) and the “thermal” (i.e., energy) flux density.
The formalisms corresponding to the following electrical driving forces have been explained and their cor-
responding “thermal” flux densities have been clearly identified: (i) Vji/e, (ii) V¢ (Maxwell electric field),
(iil) —V¢,m (negative Ohmic potential gradient), and (iv) —Vy (negative electric potential gradient observ-
able with probes of material R); see Table 2 as well as [50, Table I] which is congruent, except for notation.
Also, the formalisms using the internal energy and the total energy flux densities have been explained and
their respective “electrical” driving forces, (v) -V¢ + TV(u/T)/e and (vi) TV(i/T)/e, have been identified and
explained. Although it may also be found in the literature [9], the expression of the electric field as the positive
gradient of a voltage V, X, = VV, has not been commented because it is a just a different sign convention.

This review has focused on demonstrating the compatibility of apparently different transport equations
and the expressions for the dissipation of energy. The present review is particularly useful in identifying the
compatible pairs of fluxes and forces. Moreover, it has been shown that a distinct set of effective Seebeck
and Peltier coefficients satisfying Thomson’s second relation I1; = T«; exists in every formalism, as well as
a corresponding thermal conductivity «; = x + T(«;)?c. Since the measured Seebeck coefficient corresponds
to the electrochemical formalism that uses X, = Vji/e, the existence of different sets of Seebeck and Peltier
coefficients has no implications on the reported values. Finally, since the transport equations and coefficients
in the other formalisms must be related to the measured Seebeck coefficient, a clear advantage of the electro-
chemical formalism is evidenced.

The effective thermoelectric coefficients in the other formalisms cannot be measured, but they should
not be considered useless. In particular, the electrostatic formalism has been found useful when the Poisson
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Formalism i Jri=Jq+T(e; — @) X; = o;VT + jlo = Vji/e + («; — x)VT
electrochemical T, = Jq ~Vé = aVT + jlo = Vjile

Thomson Je=Jq - (@/e)j TV(@/T)/e = agVT + jlo = Vile — (4/Te)VT
Ohmic Jqcond = Jq — Taj ~Véonm = jlo = Vile+ (S;/e)VT
electrostatic Jo =Jq + (TS./e)j -V¢ = ayVT + j/o = Vji/e + (S./e)VT
quantum Ju=1Tq - (u/e)j V¢ +TV(u/T)/e = a,VT + jlo = Vii/e — (u/Te)VT
observable Jq — Togj -Vy = (a - ag)VT + j/o = Vii/e + (S;z/e)VT

Table 2. Comparison of the energy flux densities and the “electrical” driving forces in the different formalisms evidencing their
connection through the difference of the effective and the actual Seebeck coefficients. Note also that J; = —«VT + II; j with
IT; = Tw;.

equation of electrostatics is required to describe the spatial variations of the electrostatic potential inside a
non-isothermal inhomogeneous conductor [50]. Unfortunately, there are some old and recent controversies
in the literature regarding the estimations of the Seebeck coefficient and of the effective Seebeck coefficient in
the electrostatic formalism. Although the motivation of this work is not to solve them, the different opinions
have been critically discussed and some aspects have been, hopefully, clarified.

A Appendix

The local equilibrium hypothesis of irreversible thermodynamics accepts the validity of the Euler equation
U =TS - pV + uN and the Gibbs equation dU = T'dS — pdV + udN for a volume element of the conductor.
Introducing the volume densities of internal energy and entropy, u and s, and the electron concentration #,
and substituting equations like dU = udV + Vdu in the Gibbs equation, its equivalent form in terms of volume
densities is obtained [19]:

du = Tds + pdn. (48)

This equation is preferred to its equivalent form du — e¢dn = Tds + jidn because du — e¢pdn could only be writ-
ten as d(u — e¢n) when the electric potential ¢ is external and not affected by the electron distribution; this is
the main reason why it is convenient not to include the electrostatic contributions inside the internal energy u
(see [19, 42]) but to consider them separately, e.g., as it is done in (55) below.
Because of (48), the relation between the flux densities of internal energy, heat and number of electrons
is [19, 30]
Jo=Jq+ W (49)

and the time variations of the volume densities must satisfy the equation

ou ,_.0s on

Equation (49) is equivalent to (2), J = Jo + @J, with Jy = J, + ¢jand j = —] ..
The charge, internal energy, heat, entropy and total energy balance equations [19, 42] are, respectively,

on

—+V- =0, 1
prl Ju (51)
ou

2 vy, =n,=jE 2
FTi Jo=my =] (52)
Os . 3 _
Ta+V~]Q=7rQ=]-E=—]n-V‘u, (53)
Os 1 1 -

StV di=m=Jo Ve - ol Vi (54)
ou on

ot WtV =0 e
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where 7, 7o, 7, are the volume densities of production rate of internal energy, heat and entropy; charge and
total energy are conserved and their production rates vanish. Introducing (51), (52) and (54) into (50), the
entropy production rate of (1) is obtained. The time derivatives in (51)-(55) vanish in stationary states, and
the production rates of internal energy, heat and entropy are, respectively,

1
nu=V-Iu=j-E=;j2+oc¢j-VT, (56)
- 1
ﬂQ:V-Isz-Ez;j2+o¢j-VT=—V-(KVT)+(0¢+T)j~VT, (57)
1 1 K 1 .
nS:V.]S:]Q.V?+fV-]Q=F(VT)2+%]2. (58)

Since the total energy is conserved (see equation (22)), its divergence vanishes:
0=V.Jy=V.((VT)+j-VII—j-E=—V.((VT)= > +1j.VT. (59)
o

Noting that the contribution of the Thomson effect is sometimes misleading, some authors prefer to present
the production rate of heat as [43, 45]

v.]Q=j.E—v.(KVT)—1j2+rj-VT. (60)
o

Nomenclature

e > 0, elementary charge (C)

E = —V¢, (Maxwell) electric field (Vm™)
E = -V¢, (Landau) “electric field” (Vm™)
H, partial enthalpy of the electrons (J)

j electric current density (Am2)

J: total energy flux density (Wm2)

J flux density of electrons (m~?s™")

Jo = TJ,, heat flux density (Wm™?)

J ’Q = J, - H.J,, reduced heat flux density (Wm?)
Jqeona cOnduction heat flux density (Wm™?)

I, entropy flux density (WK 'm™2)

Jr generic “thermal” flux density (Wm?2)

T =T]J, + uJ,, internal energy flux density (Wm™)
ky Boltzmann’s constant JK™!)

n electron concentration (m™>)

p pressure (Pa)

Q) =T(S: - S.), electron heat of transport (J)

q “generic” heat flux density (Wm?2)

S, partial entropy of the electrons (JK™*)

S; = —ea, transported entropy of the electrons (JK™*)
T temperature (K)

% volume (m?)

X, “electric” driving force (Vm™)

Y, “electric” driving force in entropic formalism (VK 'm™)
o Seebeck coefficient (VK™!)

o effective Seebeck coefficient in formalism i (VK™!)

electrostatic potential (V)
Ohmic electric potential (V)

S S

o
=
3
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= —ji/e, electrochemical potential per electron charge (V)
observable electric potential with probes R (V)
(open-circuit) thermal conductivity (WK™ 'm™)
(isoelectric) thermal conductivity (WK 'm™)

=k + Ta’o, (is0-j) thermal conductivity (WK 'm™)

= exp(u/kgT), absolute activity of the electrons (1)
exp(fi/kgT), absolute electrochemical activity of the electrons (1)
u — e, electrochemical potential of the electrons (J)

= H, - TS,, chemical potential of the electrons (])

Peltier coefficient (V)

effective Peltier coefficient in formalism i (V)

density of entropy production rate (WK™'m™)
(isothermal) electrical conductivity (Q™'m™)

Thomson coefficient (VK™!)

>az>-a>§1$>§ aA -
Il

ﬁ’,.:] R =
Il

4 Q3
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