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The analytical expressions derived using simple models provide clear insights
on the processes in thermoelectric coolers. The model of constant transport
coefficients (CTC) considers that the thermal conductivity, the electrical
resistivity and the Thomson coefficient are constants. The version of the CTC
model that has become standard in the description of the global energy bal-
ance may yield grossly inaccurate predictions for thermoelectric cooling
applications. We show that these failures can be avoided by accurately
describing the Thomson effect in the energy balance. Calculations for bismuth
telluride semiconductors show that deviations as large as a factor of three in
the Thomson power contribution to the global balance may be found under
conditions of practical interest. Compared to the standard version (valid only
for moderate temperature gradients), the improved version (valid for highly
nonlinear temperature distributions) of the CTC model predicts that a larger
fraction of the power released by the electric current leaves the thermoelectric
element through the hot boundary. Significant differences in the estimations
of the cooling capacity and the coefficient of performance of the thermoelectric
cooler are also observed.
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INTRODUCTION

For some time, the Thomson effect was neglected
in the study of thermoelectric elements because of
either the difficulties in measuring the Thomson
coefficient or its presumed minor importance. In the
last decade, it has been recognized that this effect
must be taken into account in the energy balance of
a thermoelectric module (TEM). Chen et al.1 sug-
gested that the cooling power of a thermoelectric
cooler (TEC) could be improved by a factor of 5–7%
due to the Thomson effect. Lee2 concluded that the
assumption of negligible Thomson coefficient could
be appropriate for small currents or small temper-
ature differences. Martı́nez et al.3 applied finite

difference methods and electrical analogies to solve
the computational model with temperature-depen-
dent Peltier, Seebeck, Thomson and Joule effects.
Wang et al.4 compared the temperature distribu-
tions calculated with and without the Thomson
effect. Kanimba et al.5 developed a one-dimensional
(1D) model to take into account temperature-depen-
dent properties of the thermoelectric materials and
deduced that the Thomson effect significantly
reduces the performance of thermoelectric genera-
tors (TEG). Meng et al.6 developed a three-dimen-
sional model for the TEM taking into account all the
thermoelectric effects. Kaushik et al.7 deduced that
the cooling power of a TEC increases up to 10% by
the Thomson effect. Manikandan et al.8 showed that
the Thomson effect decreases the maximum power
output and efficiency of a TEG. Ruiz-Ortega et al.9

showed that the Thomson effect increases the
cooling power up to 6.5%. Fraisse et al.10 observed(Received March 20, 2019; accepted June 4, 2019;
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that the coefficient of performance (COP) of a TEC
increases by 17% due to the Thomson effect. Fraisse
et al.11 showed that incorporation of the Thomson
effect in the transport model improves the estima-
tion of the COP. Min et al.12 concluded that the
observed decrease in the experimental results of ZT,
where Z is the figure of merit and T is the
thermodynamic temperature, when the tempera-
ture difference increases, can be explained by taking
into account the Thomson effect. Arora et al.13

observed that the Thomson effect significantly
reduces various performance parameters of thermo-
electric heat pumps. Feng et al.14 showed that the
Thomson effect decreases the cooling capacity by
27% in a TEG-TEC device.

The use of approximate theoretical models is
driven by the need of simple equations to analyze
the transport processes in TEG and TEC
devices.10,15–17 Ioffe introduced in the 1950s the
so-called Ioffe’s constant properties approximation,
which has become classical since then.17,18 It con-
siders that the Seebeck coefficient, the thermal
conductivity and the electrical resistivity take con-
stant average values. The justification of the model
and the choice of the best average values can be
based on the comparison with exact results from
numerical simulations.17,19 The name standard
simplified model is used10,15 when the constant
values correspond to the mean temperature of the
hot and cold sides and the Thomson effect is
neglected. The improved simplified model,10,15 on
the contrary, uses a constant Thomson coefficient to
take into account the Thomson effect. The latter
model introduces the additional assumption that
the Thomson power is equitably distributed on both
sides of each thermoelectric element (TE),10–12

which is only valid for small currents and moderate
temperature gradients. Another model variation
eliminates this additional assumption and hence
becomes valid for large currents and highly nonlin-
ear temperature distributions.20,21 Unfortunately,
well-established names for the different model
variations are lacking. We refer to the most wide-
spread model,7–16,18 the one including the additional
assumption that the power released by the current
leaves the TE symmetrically, as the standard
version of the constant transport coefficients (CTC)
model. The improved version of the CTC model
eliminates this additional assumption.20,21 The
name constant properties model17 is commonly used
for one that neglects the Thomson effect; and,
hence, it is avoided here.

The objective of this work is to enhance the
understanding of the energy balances in the CTC
model. The simplified expressions often used for the
heat flows at the TE boundaries (corresponding to
the standard CTC model) are critically analyzed on
the light of the temperature distribution obtained
by integration of the local energy balance. By
deriving more accurate expressions of the different
contributions in the global energy balance, we aim

at highlighting the importance of the Thomson
effect.1–16

THEORY

The local formulation of the energy conservation
under steady-state conditions is (see
‘‘Appendix’’)22–27

r � �jrTð Þ � qj2 þ sj � rT ¼ 0; ð1Þ

where j is the thermal conductivity, q is the
electrical resistivity, j is the electric current density,
s = dP/dT � S is the Thomson coefficient, S is the
Seebeck coefficient, and P is the Peltier coefficient.
Due to the Joule and Thomson effects, the current
‘‘releases’’ energy in the TE. The Thomson contri-
bution s jÆrT can be positive or negative. Wherever
it is positive (negative), the current ‘‘absorbs’’
(‘‘releases’’) energy due to the Thomson effect.

Many models for thermoelectric elements con-
sider 1D transport using the distance x to the cold
junction as the position variable.2,4–6 Figure 1
schematically shows a thermoelectric cooling device
and a thermoelectric generator. The temperature
varies from Tð0Þ ¼ Tc at the cold junction x ¼ 0 to
Tð‘Þ ¼ Th at the hot junction x ¼ ‘. Over a cross-
section the temperature is uniform and no lateral
‘‘heat losses’’ are taken into consideration. The x-
component of the current density is jx ¼ I=A, where
A is the cross-section area. The current is caused by
an external power source in the former and by the
temperature gradient between a heat source (or
burner) and a heat sink in the thermoelectric
generator (Fig. 1).7–16,18,20,21 Heat is absorbed from
the surroundings at the cold side of a TEC at a rate
_Qc and at the hot side of a TEG at a rate _Qh. These

rates are related to the Peltier effect at the p-n
contact areas, as described below.

The 1D form of the local energy balance is then

�A
d

dx
j

dT

dx

� �
� qI2

A
þ sI

dT

dx
¼ 0: ð2Þ

The CTC model considers that j, q and s are
constants with values corresponding to the mean
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Fig. 1. Thermoelectric cooling device (a) TEC and thermoelectric
generator (b) TEG.
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temperature Tm ¼ ðTc þ ThÞ=2; hence, the Seebeck
coefficient is not constant. This model can be and
has been used in TEG and TEC modes. The
integration of Eq. 2 over the TE can be presented

as _Q ¼ _W, where _W ¼ I2R � sIDT is the power
released by the current in the TE, R = ql/A is the

electrical resistance, and _Q = � jA[(dT/dx)h � (dT/
dx)c] is the rate of heat transport by thermal
conduction out of the TE through its boundaries,
x ¼ 0 and x ¼ ‘. Thus, for fixed Tm, the electric
current I and DT = Th � Tc determine the Joule and
Thomson powers, I2R and � sIDT.

In the standard CTC model, the power _W is
further assumed to leave the TE symmetrically,
that is, half of it through the cold boundary and the
other half through the hot boundary,7–16,18

� jA
dT

dx

� �
c

� �KDT � 1

2
I2Rþ sIðTm � TcÞ

¼ �KDT �
_W

2
; ð3Þ

� jA
dT

dx

� �
h

� �KDT þ 1

2
I2R� sIðTh � TmÞ

¼ �KDT þ
_W

2
; ð4Þ

where K = jA/‘ is the thermal conductance. This
assumption, however, can only be justified when the
current is small and the temperature distribution is
almost linear. Note that Tm � Tc = Th � Tm = DT/
2.

The improved version of the CTC model elimi-
nates the latter assumption and accurately evalu-
ates the Thomson powers from the nonlinear
temperature distribution16,18,20,21

TðxÞ ¼ Tc þ DT
x

‘
þ

_W

sI
x

‘
� expðsIx=K‘Þ � 1

exp(sI=KÞ � 1

� �
ð5Þ

obtained by integration of Eq. 2 with constant j, q
and s. The accurate expressions for the conduction
heat flows at the boundaries x ¼ 0 and x ¼ ‘ are

� jA
dT

dx

� �
c

¼ �KDT � 1

2
I2Rþ sIð �T � TcÞ

¼ �KDT �
_W

2
1 � L

sI
2K

� �� �
; ð6Þ

� jA
dT

dx

� �
h

¼ �KDT þ 1

2
I2R� sIðTh � �TÞ

¼ �KDT þ
_W

2
1 þ L

sI
2K

� �� �
; ð7Þ

where L xð Þ ¼ coth xð Þ � 1=x is the Langevin func-
tion; within 1% accuracy, L xð Þ � x=3 for x < 1=3.
Thus, a fraction 1/2 + L(sI/2K)/2 of the power

_W ¼ I2R � sIDT released by the current leaves
the TE through the hot boundary, while a smaller
fraction 1/2 � L(sI/2K)/2 leaves the TE through
the cold boundary.

The contributions of the Thomson powers are sI
ð �T � TcÞ and � sIðTh � �TÞ. Their approximation in
the standard CTC model by the terms sIðTm � TcÞ
and � sIðTh � TmÞ in Eqs. 3 and 4 that can lead to
gross errors because the temperature distribution in
a TEC is highly nonlinear even for moderate electric
currents and, therefore, the average temperature

�T ¼ 1

‘

Z‘

0

Tdx ¼ Tm þ
_W

2sI
L

sI
2K

� �
ð8Þ

can be significantly different from the mean tem-
perature of the hot and cold junctions,
Tm ¼ ðTc þ ThÞ=2. Strictly, �T ¼ Tm only holds when
the current vanishes. In agreement with the physics
of the phenomenon, through R and K, the average
temperature depends on the sample length ‘. In

particular, �T � Tm � ½qðI=AÞ2‘2 � sðI=AÞDT‘�=ð12jÞ.
The cooling capacity of a TEC is1,2,11,19,28–36

_Qc ¼ Pp �Pn

� �
c
I � ð1=2ÞI2Rcont

� Ajp
dTp

dx

� �
x¼0

�Ajn
dTn

dx

� �
x¼0

ð9Þ

and its coefficient of performance is COP ¼
_Qc=ð _Qh � _QcÞ with

_Qh ¼ Pp �Pn

� �
h
I þ ð1=2ÞI2Rcont

� Ajp
dTp

dx

� �
x¼‘

�Ajn
dTn

dx

� �
x¼‘

: ð10Þ

Here, (1/2)I2Rcont � (Pp � Pn)cI and (1/2)I2Rcont +
(Pp � Pn)hI are the powers released by the current

into the cold (x ¼ 0) and hot (x ¼ ‘) connectors,
respectively; Rcont is the resistance of the copper
connectors, mainly due to the contact resistance at
the copper/semiconductor junctions.

The absence of the Langevin functions in Eqs. 3
and 4 amounts to assuming that the power released
by the current in the volume of the TE is driven out
of the TE in equal shares through the cold and hot
boundaries. This assumption is only justified for
TEG applications, when the current is small and the
temperature distribution is almost linear. For TEC
applications, Eqs. 6 and 7 represent a significant
improvement with respect to the standard CTC
model7–16,18 because they accurately describe the
importance of the Thomson effect and, hence, they
also allow for a more accurate evaluation of the
cooling capacity and the COP.
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RESULTS AND DISCUSSION

We consider a thermocouple4,6,37 formed by n-type
Bi2 Te0:94Se0:06ð Þ3 and p-type Bi0:25Sb0:75ð Þ2Te3 with
cross-sectional area A ¼ 0:50 � 0:50 mm2 and
length ‘ ¼ 1:00 mm. The temperature dependence
of the Seebeck coefficients of these materials has
been measured by Yamashita,37 so that the Thom-
son coefficient can be calculated from the Kelvin
relation s = T(dS/dT). When the boundary temper-
atures are Th ¼ 320 K and Tc ¼ 260 K, the trans-
port coefficients at Tm ¼ ðTh þ TcÞ=2 ¼ 290 K
are4,6,37 jn = 1.662 W m�1 K�1, jp = 1.493
W m�1 K�1, qn = 7.854 lX m, qp = 8.315 lX m, sn =
� 42.36 lV K�1 and sp = 103.2 lV K�1. We also

use the Kelvin relation Pp � Pn = (Sp � Sn)T with
(Sp � Sn)c = 422.2 lV K�1 and (Sp � Sn)h = 452.4
lV K�1.4,6,37

In the TEC mode, positive values of the COP
determine the operational range of electric current,
0< I � 3:0 A. Figure 2a shows calculations using
two values of the contact resistance, Rcont ¼ 0 and
Rcont ¼ 6:5 mX, ca. 10% of the semiconductors elec-
trical resistance.3,7,38,39 In the TEG mode, the
positive values of the electric power

Pout ¼ ðPp �PnÞhI � ðPp �PnÞcI � I2ðRn þRp

þ RcontÞ þ ðsn � spÞIDT;
ð11Þ

where Rn and Rp are the semiconductor electric
resistances, determine the operational range of
electric current as 0< I � 0:4 A (Fig. 2b).

In the following we consider the TEC mode. The
component I of the electric current in the direction of
increasing x is positive in the p-type and negative in
then-type leg (Fig. 1a). The temperature distribution
and, hence, the average temperature �T vary signif-
icantly with the current (Fig. 3). In the standard CTC
model,7–16,18 the Thomson powers at the boundaries
are approximated by the terms sI(Tm � Tc) = sIDT/2
and � sI(Th � Tm) = �sIDT/2 in Eqs. 3 and 4, where
Tm ¼ ðTc þ ThÞ=2. In the improved CTC model, the
Thomson powers are accurately evaluated as sI( �T �
Tc) and � sI(Th � �T). The approximation sIDT/2

underestimates the Thomson power sI( �T � Tc) at
the cold junction, by the same amount that � sIDT/2
overestimates the Thomson power � sI(Th � �T) at
the hot junction. The error in the estimation of these
Thomson powers is

d ¼ dx¼0 ¼ sIð �T � TcÞ � sIðTm � TcÞ
sIðTm � TcÞ

¼ �dx¼‘

¼ I2R

sIDT
� 1

� �
L

sI
2K

� �
: ð12Þ

Since d = 2( �T � Tm)/DT, Fig. 3 also illustrates the
importance of these errors. For a current I ¼ 1:0 A
close to the maximum COP of the TEC, they are
dn = 19% and dp = 20%, and for I ¼ 1:5 A they are
dn = 45% and dp = 49%.

(b)(a)

Fig. 2. COP of a TEC (a) and power provided by a TEG (b) made of
n-type Bi2 Te0:94Se0:06ð Þ3 and p-type Bi0:25Sb0:75ð Þ2Te3, calculated
using the improved CTC model, Eqs. 6–11, for two values of the
contact resistance, 0 mX and 6.5 mX.

Fig. 3. For electric currents of practical interest in TEC, the average
�T of the temperature distribution along each leg (inset) is much
larger than Tm ¼ ðTc þ ThÞ=2. For the low currents I < 0:4 A used in
TEG, the difference �T � Tm is below 2% of DT ¼ Th � Tc.

(b)(a)

Fig. 4. Thomson contributions to the heat flows at the boundaries of
the p-type (a) and n-type (b) legs. In the standard CTC model, these
contributions are estimated as sIDT/2, which underestimates their
importance at both sides and fails to predict the correct sign at the
hot boundary. In the improved CTC model, they are sI( �T � Tc) and
sI(Th � �T ). While Th � Tm = DT/2 is always positive, Th � �T
reverses sign and becomes negative for moderate and large
currents.
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The comparison of the Thomson contributions to
the heat flux estimated from the standard and
improved CTC models evidences important discrep-
ancies for TEC applications (Fig. 4). For a current of
3:0 A, the standard CTC model predicts a value
three times smaller than the improved model. The
standard CTC model underestimates the impor-
tance of the Thomson components at both bound-
aries. More importantly, it fails in predicting the
correct sign because Th � Tm = DT/2 is always
positive but Th � �T reverses sign and becomes
negative for moderate and large currents. There-
fore, the heat flows at the TE boundaries are more
accurately described by Eqs. 6 and 7 than by Eqs. 3
and 4. These comments are of interest when the
TEM operates in TEC mode, where the current can
reach 3.0 A (Fig. 2a). However, for the smaller
currents used in TEG mode (Fig. 2b), the standard
CTC model is accurate enough.

The Thomson effect enhances the thermoelectric
cooling at the cold junction of a TEM because the
Thomson term sI( �T � Tc) in Eq. 6 is positive.
Remarkably, since �T can be much larger than Tm,
the enhancement can be much larger than predicted
by the standard CTC model, which uses sI(Tm � Tc)
in Eq. 3. The linear density of power I2q/A � sI(dT/
dx) locally released by the current has two compo-
nents with different spatial distributions. The Joule
component has a uniform distribution along the TE.
The Thomson component has a nonuniform distri-
bution because of the nonlinear temperature distri-
bution (Fig. 3). Remarkably, the Thomson
component reverses its sign for currents above 1.0
A. Note that a negative value of � sI(dT/dx) means
that the current ‘‘absorbs’’ energy due to the Thom-
son effect. Negative values of the ratio � sI(dT/dx)/
(I2q/A) indicate partial elimination of the dissipated
Joule power by the Thomson effect (Fig. 5). The
thermoelectric cooling is enhanced by the Thomson
effect: a current I ¼ 3:0 A absorbs close to the cold
side about 17% of the Joule power in the n-type leg
and about 40% in the p-type leg.

Note, finally, that the inaccuracy in the estima-
tion of the Thomson contributions implies that the
standard CTC model predicts a significantly lower
cooling capacity and a lower COP of the TEC than
the improved CTC model (Fig. 6).

CONCLUSIONS

The CTC model (i.e., the approximation of replac-
ing, in the local energy balance equation, the
thermal conductivity, the electrical resistivity and
the Thomson coefficient s by constant values) has
been reviewed. In its standard version, the power
_W ¼ I2R � sIDT released by the current in the

volume of the TE under steady-state conditions is
further assumed to leave half through the cold
boundary and the other half through the hot
boundary.7–16,18 Such an assumption can be only
used for the low currents involved in TEG. In TEC
applications, the fact that a larger fraction of this
power leaves the TE through the hot boundary has
significant implications. In particular, we have
shown that the contributions of the Thomson pow-
ers are not sIDT/2 and � sIDT/2 but sI( �T � Tc) and

� sI(Th � �T), where �T ¼ ð1=‘Þ
R ‘

0 Tdx is the average
temperature in the TE. In a TEC, the differences
between these expressions are very relevant
because the temperature distribution is nonlinear
and the average temperature can be significantly
different from the mean temperature of the hot and
cold sides. We have analytically evaluated these
Thomson powers in n-type Bi2 Te0:94Se0:06ð Þ3 and p-
type Bi0:25Sb0:75ð Þ2Te3 and shown that the simplified
expressions, ± sIDT/2, used in the literature under-
estimate this contribution in up to a factor 3 and can
even predict wrongly its sign at the hot side.

The improvement of the CTC model here
described is important because, by describing more
accurately the Thomson power contributions, it also
leads to more accurate estimations of the cooling
capacity and the COP of TEC.
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cooling capacity (a) and a lower COP (b) than the improved CTC
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calculations.
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APPENDIX

The transport equations of thermoelectricity can
be presented in the observable formulation as22–26

JE ¼ � jrT þ P� l=eð Þj ðA1Þ

rl=e ¼ SrT þ qj; ðA2Þ

where JE is the energy flux density, l is the
electrochemical potential of the electrons and e >0
is the elementary charge. Different choices of flux
densities and driving forces have been reviewed in
Ref. 27. Under steady-state conditions, the local
formulation of the energy conservation is r � JE ¼ 0
or r � ð�jrTÞ � qj2 þ sj � rT ¼ 0. The equivalent
integral formulation states that no net energy
leaves any volume V of the TE,

RR
�R JE � dA ¼ 0,

where R is the surface enclosing V. From Eq. A1,RR
�R JE � dA ¼ 0 can be decomposed in the energy
that leaves V transported by thermal conduction,RR
�R ð� jrTÞ � dA ¼

RRR
V r � ð� jrTÞdV , and that

transported by the current,
RR
�R ðP� l=eÞj� dA ¼RRR

V ðsj �rT � qj2ÞdV, where charge conservation
r � j ¼ 0 has been used.
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