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Highlights

The conduction heat flux density given by Fourier's law is observable in
thermoelectricity.

The work flux in thermoelectric processes is introduced.

The work flux is useful to describe the energy transfers, including the Peltier and

Thomson effects.

Abstract

Thermodynamics considers heat and work as the observables of energy. Then, in a non-
equilibrium process, the fluxes of heat, work and energy are related. The expressions for
the heat and energy flux densities are well known; although several conventions can be
adopted. The work flux density defined from the heat and energy flux densities can be

very useful in describing the energy balance when chosen to emphasize observable



quantities. This paper discusses the advantages of the use of the conduction heat flux
density given by Fourier’s law and a work flux density defined form it. As a case study,
heat and work fluxes are evaluated in the elements of a thermoelectric cooler using both
the observable formalism and the electrochemical formalism. Two components,
Thomson and Joule, are distinguished in the work rate of the semiconductors. In the p-
type leg, absorption due to the Thomson effect of up to 33% of the power dissipated by
Joule’s effect is observed. It is also concluded that the observable voltage drop is
proportional to the electrical power consumed in the TEC and in its connectors, but not

in the semiconductor legs and in the semiconductor/connector junctions.

1. Introduction

Thermoelectric coolers (TEC) receive electric power and extract heat from a cold
source. Thermoelectric generators generate electric power from the heat transfer
between the hot source and the cold source. To optimize these modes of operation of
thermoelectric modules it is necessary to apply an energy balance. This balance is
usually carried out by operating with widely accepted expressions on energy and heat
flux densities [1-15]. In this paper the analysis of the energy balance will be developed
considering a third flux that measures the electrical power received in the thermoelectric
material: the work flux. This new way of approaching the energy balance will question
the usual expression of the heat flux.

The first law of thermodynamics evidences that heat Q and work W are the
observable quantities of energy, AU = Q — W. In a thermoelectric element (TE) the
rates of these quantities U, Q and W are related to the energy flux density j,, the heat

flux density jg, and the work flux density j,,. The work flux density is defined as

Jjw = Jq — Ju- The fluxes of heat and energy are often discussed but, to the best of our



knowledge, no reference has been made to the work flux in the literature in spite of the
fact that it may provide very practical, complementary information in the energy
balance.

In thermoelectric processes, as in any other, energy is conserved. This principle,
together with a sound phenomenological basis that involves the description of four
effects (named after Fourier, Peltier, Joule and Thomson) provides a solid theoretical
foundation for the expression of the total energy flux density [1,2]. On the contrary, the
expressions for the heat flux density are based on conventions. For example, in the
electrochemical formalism [3], the expression q = I1i — kVT, where IT is the Peltier
coefficient and « the thermal conductivity, is based on its relation with the entropy flux
density, q = Tjs [1,2]. The conduction heat flux density given by Fourier’s law

jq = —kVT is a more convenient choice to describe observable energy transfers.

These concepts become clear when considering the energy balance in a TEC under
typical operating conditions [16]. The calculation of the energy, heat and work fluxes in
the different cross-sections of the TEC allows the determination of the heat and work
rates in every TE. The comparison of the energy balances using both the
electrochemical formalism and the observable formalism evidences the observable

character of the heat rates calculated from j,.

The electrical power that a TE receives by Joule effect is always positive, but the
electrical power that a TE receives due to the Thomson effect can be negative. In order
to illustrate the partial compensation of these two effects, the electrical power consumed
by the semiconductor legs in the TEC is evaluated. Noteworthy, although the electrical
power is proportional to the observable voltage drop when considering the whole TEC,

this is not the case when considering the semiconductor legs.



2. Theory
2.1 Observable heat and work rates

In thermoelectricity, the total energy flux density is [1-3,11]

ju= VT + (1 =4)i )
where « the thermal conductivity, IT is the Peltier coefficient, u is the electrochemical
potential of the electron, e (>0) is the elementary charge, and i is the electric current
density. In the cited references other symbols are used instead of j, but there is no
discussion about the validity of Eq.(1). It is well known in thermodynamics of
irreversible processes that different choices of fluxes and driving forces can be used in
the formulation of the transport equations, provided that the entropy production rate
remains invariant [3]. One of the fluxes regularly used is the electric current density i.
The other flux is thermal, but there is a some diversity both in the choices and in their
denominations. For example, the heat flux density q defined in Ref. [16] is the same as
Ju In EQ. (1). Most frequently, the heat flux density is defined as q = ITi — VT [11].
Yet, other definitions are also consistent with the physical principles of irreversible
thermodynamics [3], such as the conduction heat flux density j, = —kVT. The
definition chosen is ultimately justified by the theoretical formalism used or by a
character of the flux that is emphasized.

Work and heat, or their transfer rates, electrical power and cooling/heating capacity
are the observables of energy. Since the distinction between these two forms of energy
transfer is essential in thermal sciences, the decomposition

Ju=Jq—Jw )
of the energy flux density j, into a heat flux density and a work flux density should be

considered when analyzing the energy conversion in thermoelectric devices. The

steady-state, energy balance U = Q — W = 0 for a system occupying a domain Q



bounded by the surface dQ requires that the net energy flux across its boundary must

vanish,

U=—dfqju-dd=—f[f; V-judV =0 €)
Q=W = =)o jo dA+ g fu-dA = = [[f, VojqdV + [ff, V-jyaV =0, (4
where dA4 is an oriented surface element. The heat rate and the work rate in a volume
element dV are given by the divergences of the flux densities, dQ = —V *jqdV and
dW = —V-j,dV. These fluxes are transferred through the boundaries of the volume
element.

The heat and work rates, Q and I, observed in a system are also the heat and work

rates exchanged between the system and its surroundings,

Q = qurr—»syst )
W= Wsurr—»syst : (6)
Then, the electric power transferred from the surroundings to the system is the negative

of the work rate Wyrr—syst

P, surr—-syst — _Wsurr—>syst (7)
When Q = W < 0, the thermoelectric system receives energy from the surroundings as
electrical power and transfers it to the surroundings as heat rate. When Q = W > 0, the
system transfers energy to the surroundings as electrical power and receives it as heat

rate.

2.2 Heat and work transport equations
Several formulations of the equations of thermoelectricity are in use, each with its

advantages and disadvantages [3]. In this work, the transport equations are Eq. (1) and

~Vu = SVT + pi 8)



where S is the Seebeck coefficient and p is the electrical resistivity. These equations
have a phenomenological basis and adequately describe six effects: Fourier, Peltier,
Thomson, Joule, Ohm, and Seebeck [17-20]. The non-equilibrium state is locally
determined by VT and i.

There are also several possibilities to define the flux densities of heat and work in
Eq. (2). We consider two of them. The first one, in this paragraph, is preferred because
it is the one compatible with the observable character of heat and work. The divergences

of the flux densities of heat and work
Jjq=—KVT 9)
juw=(E-m)i (10)
must express, respectively, the heat rate and the work rate (or electrical power) in the

material. Under steady-state conditions, the charge conservation and energy
conservation require
V.i=0 (11)
Veju=0. (12)
Then, from Egs. (1), (8), (11) and (12), the divergences of the heat and work flux
densities are
V:jq=V-(—KkVT) (13)
V- jw=—1i* VT + pi? (14)
where T = dIT/dT — S is the Thomson coefficient. Two remarkable features are: i) the
transport coefficients k, t,and p can be measured, and ii) the electrical current density
appears in the expression of V - j,,, but not in V- ji, i.e., the electric current is related to
the electrical power but not the heat rate.
To further clarify the arguments that support our preference for Egs. (9) and (10),

another possible definition of the work flux density, that corresponds to the



electrochemical formalism in thermoelectricity [3], is considered next. Indisputably, the
total energy flux density j, must be given by Eq. (1) and the difference between the
heat flux density and the work flux density must be equal to j,, Eg. (2). In this
alternative electrochemical convention, the work flux density is defined as ui/e, where
u is the electrochemical potential of the electron, and the heat flux density is defined as
q = —«VT + IIi. (15)
The expressions for the divergences of these flux densities
V-q=V-:(—kVT)+ VIl -i (16)
V- (uife) =i-V(u/e) =Si-VT + pi? (17)
evidence two drawbacks: i) they involve non-measurable coefficients, such as IT and S
of a single material, and ii) the electrical current density also appears in the expression
of V- q, while it should only appear in the divergence of the work flux density because
it determines the electrical power. That is, although thermoelectricity involves coupled
transport processes, as evidenced by Eqg. (8), the description of energy transfers in terms
of electrical power and heat rate is clearer when i only appears in the expression of the
electrical power, as it occurs in Eq. (14). In relation to point i), note that only relative
values 1 — Il and S — S, can be experimentally determined [19,21,22]. The
apparent absolute values of IT = T'S and S reported in the literature consider Syef = 0.
The conclusion from the comparison of Egs. (13) and (14), on the one hand, and
Egs. (16) and (17), on the other hand, is that the observable flux densities j, and j,y in

Egs. (9) and (10) may provide a clearer description of the energy balance in the TEs.

2.3 One-dimensional description of energy transport in TES
The work rate and the heat rate in an element (TE) of a thermoelectric device are

observable quantities that can be determined from the work flux and heat flux on the



boundaries of the TE, Eq. (4). In this section, work and heat fluxes at the different cross
sections of a TEC (Fig. 1) are calculated. The basic unit of a TEC consists of the n-type
and p-type semiconductor legs of cross section 4 and the copper connectors, one at cold
temperature T, and the other two at hot temperature T;,. There is no heat transfer across
the lateral surfaces of the legs. Under steady-state conditions the energy flux J, = Aj, is

constant in the semiconductor legs and the energy conservation equation, Eq. (12), is

d dT; I _ dT; 2 . _
a(&a)‘;ﬁa"‘ﬂl';:() @i=n,p). (18)
By integration of Eq. (18), the temperature distribution and the heat flux
ar
]q = —KAE (19)

can be evaluated in the semiconductor legs. From J,, = J4—/,, the work flux in the

semiconductors is

Ju=(t=m)1. (20)
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Fig. 1. (a) The basic unit of a TEC. The negative electrical terminal is marked as I, and
the positive as Il. (b) The energy transport can be analyzed using a coordinate x along

the direction of the electric current 7.



The heat and work fluxes may be discontinuous at the connector-semiconductor
junctions. These discontinuities depend on the thermal boundary conditions [23,24].
Electron-hole recombination takes place in p-type leg-hot connector junction [25] and
electron-hole pair generation takes place in p-type leg-cold connector junction of a
TEC. For a thermodynamic description of the energy transfers in terms of work and
heat, the positions at each side of every interface must be identified. The position x;;
lies inside material i in contact with material j (i, j = n, p, h, ¢) Thus, e.g., x,, IS a
position in the n-type leg close to the junction with the hot connector (Fig. 1(b)). At

these junctions, the work flux and the heat flux are deduced from the relations
1 . .
Jw,ji = Jwij = ;(ﬂji — i)l — (M; — ;)1 (i=n,p;j=h,c) (21)
Jaji =Jqij = Jwij T Iwji (i=n,p;j=h,c) (22)
where (Mﬁ — U; j)/e is determined by the contact resistance. The work flux is assumed

to be constant in the connectors due to their large electrical and thermal conductivities.

Thus, Jwhp = Jwhi and [y cn = Jwep- As an arbitrary reference, we take Jy, hi =

]w,hn = 0.

3. Results and discussion

A TEC basic unit with n-type Bi,(Tey94S€006)3 and p-type (Big,sSbgss),Tes
legs [26-28] of cross section A = 0.50 X 0.50 mm? and length L = 1.0 mm is
considered. In the experimental determination of the Seebeck coefficient of n-type and
p-type semiconductors using thermocouples a/b, the approximation S; —S, = S; —
S, = §; (i =n, p) is invoked [21]. Consistently, we also assume S; — Sconnector = S; (I =
n, p). From the reported values of the Seebeck coefficient (Table 1), the Thomson and

Peltier coefficients are calculated using the Kelvin relations T = T(dS/dT) and I =



TS. The contact resistance R, of every metal-semiconductor junction is estimated as
Reon = (Ry + Rp)/40, where R, and R, are the electrical resistances of the legs [29-

32].

Table 1. Experimental values of the transport coefficients given as second order

polynomials a[1 — b(T — T,) + c(T — T,)?] with T, = 300 K [26-28].

a 103b/K~1 106¢/K2
kp, L472Wm~K™T  —1.29 13.5
Ky 1.643Wm™1K-! —0.98 15.6
pp  8826u0m 5.88 8.93
pn 8239uQm 4.70 2.67
S, 02207 mVK™ 1.55 ~3.15
S, —02230mVK~! 562 —4.65

The steady-state heat, work and energy fluxes in the TEC basic unit (Fig. 1) have
been calculated under operating conditions for / = 1.0 A, T. = 260 K, and T}, = 320 K.
The temperature distribution (Fig. 2) is obtained by numerical integration of Eq. (18).
Following the criteria presented above, energy, heat and work fluxes have been
determined (Figs. 3 and 4). Thus, we are able to evaluate the electric power received in
a thermoelement from the work fluxes at its boundaries

pp=-W;= ]w,i,out _]w,i,in

where Jy iin and Jy ;i oue are the incoming and outgoing work flux in the TE i. For

(23)

example, for the n-type leg, the incoming work flux is J,, ,, and the outgoing flux is

]w,nc so that Pn = _Vi/n :]w,nc _]w,nh > 0.

10
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Fig. 2. Temperature distribution in the TEC forI = 1.0 A, T, = 260 Kand T}, = 320 K.

100 A Fonoh
anl _— | : ]
A 7 1 QI—»ext' b
g_ 60 1| ! Qext—‘c :
1 1 I
< 40¢ Q. Y I. __________ o)
20f | | ]
X Xne Xoc X
i IC pc ph

Fig. 3. Work flux J,, along the cross sections of the TEC. The dashed horizontal lines
indicate the constant values of J, in the legs. The dashed arrows show heat transfer rate

with the external sources. Numerical values correspond to mW units.
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Fig. 4. Values of the observable work flux J;, (a) and the observable heat flux J, (b) at

the boundaries of the TEC elements. The energy flux J, is constant in each leg.
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(c) Observable work and heat rates in the TEC and its elements. The subscript i|j

denotes a junction. Numerical values correspond to mW units.

The energy flux is constant in the semiconductors (as there are no heat transfer
across their lateral surfaces) and is continuous at the junctions, /,,;; = J, j;- The heat and
work fluxes are discontinuous at the junctions. The heat and work rates in the
semiconductors, the connectors and the junctions (Fig. 4(c)) are calculated from Eg.
(23). In the hot and cold connectors, the heat and work rate is zero: no power is supplied
to these TEs. The semiconductors receive the powers B, =29.8mW and B, =
28.4 mW. They release the same amounts as heat fluxes to the junctions at their ends.
The hot junctions receive the powers P, = 73.7 mW and Py, = 74.4 mW. They
release the same amounts as heat rates to the elements forming each junction (i.e., the
hot connector Il and the n-type semiconductor or the hot connector | and the p-type
semiconductor). The cold junctions release the powers —P, . = 54.6 mW and —P, =
51.8 mW. They receive the same amounts as heat rates from the elements forming each
junction. As a whole, the TEC receives the power Prgc = 99.9 mW and releases the
same amount as heat flux to the surroundings.

We discuss next the distributions of the heat flux Ag = Il — kA(dT /dx) and the
work flux (u/e)I in the electrochemical formalism along the elements of the TEC
(Fig. 1). The relation between the heat and work fluxes in the electrochemical
formalism and the heat and work fluxes in the observable formalism is

Aq =]+ 01 (24)
Sl =+ (25)
In the electrochemical formalism the fluxes are not measurable but they can be

evaluated by the use of conventions. For example, if we assume II. = I, = 0 and

12



I1;; = T;5;(T;), for i = n,p and j = h, c we get the values shown in Figs. 5(a) and 5(b).
The differences between the observable heat and work fluxes (Figs. 4(a) and 4(b)) and
the heat and work fluxes in the electrochemical formalism are highly significant.
The heat and work rates in the TEs of the TEC can also be calculated in the
electrochemical formalism. We define these rates by
[0], = A(Giin — Giour) (i =n,p,h,c junctions) (26)
[W]i = i(ui_in - ,ui,out)l (i = n,p,h, c,junctions) (27)
The values obtained differ significantly from the work and heat rates (compare Figs.

4(c) and 5(c)). Only when the whole TEC is considered both amounts have the same

value [Q]TEC = [W]TEC = QTEC = WTEC = _Pext—>h = _PTEC = —-99.9 mW.

|W\-Ec = IO]TEC =-99.9 mW
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Fig. 5. Values of the fluxes (u/e)I (a) and Aq in the electrochemical formalism (b) at
the boundaries of the TEC elements. (c) Heat rate [Q], and work rate [W] in the

electrochemical formalism, evaluated in the TEC and its elements. Numerical values

correspond to mW units.

The use of materials with optimal values of the Thomson coefficient may improve
the performance of thermoelectric coolers. Equation (18) shows that —d/,, ;/dx = 0 has

three contributions in the semiconductor legs: Fourier, Thomson and Joule (Fig. 6). The

13



first is related to the gradient d/,/dx of the heat flux. The latter two to the gradient
dJ,,/dx of the work flux. The Thomson component —I7;(dT;/dx) may absorb a
fraction of the power p;1?/A that the current leaves in the semiconductor by Joule
effect. In the vicinity of the cold junction, this fraction is 18 % in the n-type leg and

33 % in the p-type leg.

40} onPIA  AE pFIA ]
| - = 4
£ o0f 1k ]
= 1r .
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= 0 [ (dTo/dx) ;ﬂ@/
5 1] |
> | S _'
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—40' I L 1 s —- -— 1 I 1 1 “
Xnh Xnc Xpc Xph

Fig. 6. Joule, Thomson and Fourier components of the energy flux gradient in the
semiconductor legs. At every position x, their sum vanishes due to energy conservation.
Due to the Thomson component —It;(dT;/dx), the current absorbs a fraction of the

power dissipated due to the Joule effect.

Besides the observable work and heat, the voltage is another observable in
thermoelectric devices [19]. This quantity may also measure the electrical power that is
consumed/generated in the TEC and in the connectors. Voltage measurement requires
the use of metal Z probes [22]. The voltage distribution along the TEC (Fig. 7) can be

calculated by integrating

dvy = S,dT —d (g) = (5, - 5) Ldx —Zdx, (28)

14



on assuming S; ~ 0. As the power supplied to a thermoelectric element i is determined

by the incoming and outgoing work fluxes
: 1
pp=-W; = ]w,i,out _]w,i,in = [Z (.ui,out - .ui,in) - (ni,out - Hi,in)] I (29)
only when IT; oy = ;i and T; o¢ = T3, We obtain
Py = (Vziin — Vzioud! (30)
Equation (30) is only valid for the whole TEC and for the connectors, but not for the

semiconductors and the junctions

—20}
_ao}
_60}
_go}

—-100L. —
Xnh Xne xpc Xph

(Vz=Vz)/mV

Fig. 7. The distribution of the voltage V;(x) — V; in the TEC. The voltage drop at each

junctionis IR.,, = 1.67 mV.

4. Conclusions

Notwithstanding that the expression q = —«VT + I1i for the heat flux density in
the electrochemical formalism may be convenient from other considerations, the
observable heat flux density in thermoelectricity is j, = —«xVT. The corresponding
expression of the observable work flux density is j,, = (u/e — II)i. That is, in order to
analyze the energy flows in a TEC in terms of observable quantities, j, and j,, are
preferred to other conventional definitions. The results from the detailed analysis of the

energy transfers in a basic unit of a TEC led to the conclusion that the introduction of

15



the work flux enhances the understanding of the energy balances in the thermoelements.
Since, to the best of our knowledge, no previous reference has been made to the work
flux in the literature, the interpretation of thermoelectric phenomena might benefit from
the introduction of the work flux.

Up to 33% of the power dissipated by the Joule effect in the semiconductors is
absorbed by the Thomson effect. The voltage distribution in a TEC measures the
electrical power consumed in a TEC and in its connectors, but not in the semiconductors

and in the semiconductor-connector junctions.
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Nomenclature

A area (m?)

e elementary charge (C)

i electic current density (A m~2)

I electric current (A)

Jjq oObservable heat flux density (W m™2)
js entropy flux density (W m—2K™1)

ju energy flux density (W m~2)

20



jw observable work flux density (W m~2)

Jq Observable heat flux (W)

Ju energy flux (W)

Jw observable work flux (W)

P electric power (W)

O heat (J)

Q observable heat rate in a TE (W)

[Q] heat rate in a TE in the electrochemical formalism (W)
q heat flux density in the electrochemical formalism (W m™~2)
S Seebeck coefficient (VK1)

t time ()

T thermodynamic temperature (K)

TE thermoelectric element

TEC Thermoelectric cooler

U internal energy (J)

U internal energy rate (W)

V' volume (m?3)

V; voltage measured by probes Z (V)

W work (J)

W observable work rate in a TE (W)

[W]work rate in a TE in the electrochemical formalism (W)
x  position coordinate along the current (m)

Z metal of the probes for measuring the voltage
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Subscripts

c coldside

con contact

ext external source of heat
h  hotside

in incoming

n  n-type semiconductor
out outgoing

p p-type semiconductor
ref reference

surr surroundings

syst system

| negative terminal

Il positive terminal

Greek letters

x thermal conductivity (W m~1K™1)

1 electrochemical potential of the electron (J)
17 Peltier coefficient (V)

o electrical resistivity (Q m)

r Thomson coefficient (VK1)
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