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ABSTRACT: Streaming potential is one of the numerous
electrokinetic phenomena created when an electrolyte flows
along a charged surface. In membranes, applying the charged
cylindrical pore model, streaming potential can be used to estimate,
e.g., the pore size and the charge density of such pores. In this
study, we are extending streaming potential experiments to ion-
exchange membranes (IEMs) and trying to verify the existing
models with the measurements. According to the Donnan
equilibrium between an electrolyte solution and an IEM, the
solution concentration should not affect the streaming potential if
the membrane charge is even moderately low. Yet, the streaming
potential varied substantially with the solution concentration, as in the case of nearly neutral porous membranes. In addition, the
existing theory does not include the membrane thickness, but we found that thinner membranes showed larger streaming potentials.
These dilemmas are discussed in this paper.

■ INTRODUCTION
Ion-exchange membranes (IEMs) are used in various
applications in different fields such as water purification and
desalination, membrane separation processes, chlor-alkali
industry, electrodialysis, fuel cells, batteries, etc.1−4 The
functionality of IEMs is based on their permselectivity due
to fixed-charge groups that are covalently bound to the
membrane matrix. It has long been known that the transport of
electric charge across an IEM is coupled to the transport of the
volume. Electroosmosis was discovered by Reuss in 1809, and
streaming potential was first observed by Quincke in 1859.
Streaming potential measurements are insightful for membrane
characterization as they elucidate relationships between
membrane structure [morphology, porosity, and ion-exchange
capacity (IEC)] and function.5,6 Also remarkable have been
the studies on the adsorption of charged species in biological
and synthetic membranes using streaming potential.7−12

When we consider a system composed of two identical
electrolyte solutions (left L and right R) separated by a
membrane, the coupled volume and electric charge flows are
described by the phenomenological transport equations

= +J L P LV 11 12 (1)

= +I L P L21 22 (2)

where JV and I are the volume flow and the electric current,
respectively, ΔP = PL − PR is the pressure difference, Δϕ = ϕL

− ϕR is the electric potential difference, L11 is the hydraulic
permeability of the membrane, and L22 is its electrical
conductance. In an electroosmosis experiment, we have ΔP

= 0 and JV = L12Δϕ = (L12/L22)I.
5,7,13−15 In a streaming

potential experiment, we have I = 0 and Δϕ = −(L21/L22)ΔP.
The streaming potential is defined as
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Streaming potential measurements are important because
they provide the most accurate determinations of the
phenomenological cross coefficient L21.

16 Concentration
polarization develops when an electric current passes through
an IEM that separates two identical electrolyte solutions. Thus,
in electro-osmosis experiments across IEMs, the cross
coefficient L12 is affected by the concentration gradients in
the diffusion boundary layers. Concentration polarization also
develops when an applied pressure gradient generates the flow
of electrolyte solution through an IEM because its
permselectivity implies a reduced electrolyte permeability.
However, concentration polarization is weaker in streaming
potential experiments, and it can be avoided by analyzing the
initial values of the streaming potential just after the onset of
the applied pressure difference. Hence, the experimentally
determined cross coefficients L12 and L21 are similar to each
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other but not exactly equal.16 To avoid the concentration
polarization effects, some authors determine the electro-
osmosis cross coefficient L12 from the cross coefficient L21 in
streaming potential, assuming the reciprocity relation L12 =
L21.

17

The thermodynamic-phenomenological equations for the
coupled transport of volume and electric charge are local. The
flux densities of charge and volume are expressed as linear
combinations of the local gradients of the pressure and electric
potential. The cross coefficients in the local transport
equations satisfy the Onsager reciprocal relation. In charged
capillaries, this relation can be proved theoretically from the
Navier−Stokes and Poisson equation.18 In theory, eqs 1 and 2
are obtained by integration of the local transport equations
from the bulk L solution to the bulk R solution.19 The
phenomenological coefficients Lij depend on the actual
distribution of electric potential, water and ionic species
concentrations, and solution velocity across the system.
Theoretical expressions for the streaming potential were first

obtained from the Kedem−Katchalsky treatment.7,9,16,20 The
extension of the Teorell−Meyer−Sievers (TMS) model to
incorporate the effect of the pressure gradient using linear
irreversible thermodynamics led to the expression

| | =
+

RT
F

a
D c X8

1
1 2( / )

2

1
b 2 (4)

where cb is the 1:1 electrolyte concentration in the external
solutions,13 X is the concentration of fixed-charge groups in the
membrane (referred to as the volume of solution in the
membrane pores), R is the molar gas constant, F is Faraday
constant, T is the thermodynamic temperature, and η is the
dynamic viscosity of the solution. It is apparent from eq 4 that,
in the limit of low concentrations cb ≪ X, the streaming
potential of IEMs is expected to reach a limiting value |ν∞| ≡
a2RT/8FηD1 that depends on the effective radius a of the
membrane pores and the counterion diffusion coefficient D1,
and is independent of X.21

With the development of the capillary space-charge model
(SCM),8,20 the theoretical calculations provided more physical
insights on the relation between the streaming potential of
IEMs and the radial distributions of electric potential, ionic
concentrations, and solution velocity.9,19 However, both the
SCM and the TMS models incorporate as a basic assumption
the rigidity of the membrane structure. That is, while the
theoretical calculations invariably assume constant effective
pore radius a and constant fixed-charge concentration X, these
parameters are related to the membrane water content so that
an increase in water content (due to, e.g., membrane swelling
at low electrolyte concentration) results in a larger effective a
and lower X. Therefore, these theoretical predictions can only
be in qualitative agreement with the experimental results.13,17

Due to the delicacy of the measurement techniques, it is
difficult to find reliable data on the streaming potential of
IEMs.22 The tendency to the limiting value |ν∞| of the
streaming potential at very low concentrations, eq 4, has been
observed in some studies but not so clearly in others.17,22,23

Moreover, when using trivalent counterions, this limiting
behavior is not observed.17

Although other characteristics of the IEMs also affect their
streaming potential ν, most studies conclude that the streaming
potential is higher for membranes with higher water
content.17,22 Trivijitkasem and Østvold17 measured the

streaming potential of commercially available, strongly charged
cation- and anion-exchange membranes, and determined the
water transport number in the membranes.22 They observed
that for monovalent and multivalent electrolytes, streaming
potential increased with increasing water content of the
membranes. Their observations were in agreement with the
limiting value |ν∞| = a2RT/8FηD1. Also, the streaming
potential became constant for very low external electrolyte
concentrations. The observed limiting streaming potential was
not affected by a change of co-ion but was affected by the
change of the counterion, in agreement with the theoretical
prediction |ν∞| ∝ 1/D1, i.e., inversely proportional to the
counterion diffusion coefficient. Agreement with |ν∞| ∝ 1/D1
was also observed by Toyoshima and Nozaki and Reynard et
al.22,23

When increasing the electrolyte concentration, it is expected
that co-ion exclusion is poorer, the membrane permselectivity
decreases, and streaming potential decreases in magnitude. For
homogeneous membranes, the Donnan theory predicts that
the decrease in permselectivity and streaming potential with
increasing cb occurs when cb ≈ X, as described by eq 4.
However, experimental observations evidence that the decrease
occurs at significantly lower electrolyte concentrations.17,22−25

These observations are likely related to the fact that any
inhomogeneity in the distribution of fixed-charge groups leads
to poorer co-ion exclusion than predicted by Donnan theory
and to changes in membrane swelling with external electrolyte
concentration.26−28

Trivijitkasem and Østvold observed that the magnitude of
the streaming potential became smaller than |ν∞| when the
electrolyte concentration exceeded about 0.01 mol/L.17 Also it
was noticed that the measured streaming potential was
independent of the nature of the co-ions even at 1 mol/L
external concentration, even though a significant co-ion
concentration would then be expected in the membrane
pores. Their results with mono-, di-, and trivalent counterions
at the lowest concentrations indicated that streaming potential
is typically lower for monovalent, intermediate for divalent, and
larger for trivalent counterions, as it could be expected from eq
4 and their diffusion coefficients. The values observed with
trivalent counterions were somehow larger than those
predicted by eq 4. These authors attributed this observation
to a larger hydration number.
Somovilla et al. determined streaming potentials in 10 mM

NaCl and the water content (or liquid uptake) of five
commercial sulfonated cation-exchange membranes.5 When
membranes of equal character (homogeneous/heterogeneous)
were compared, they found that there seems to be a relation
between the streaming potential and the fixed-charge
concentration because they claimed that higher fixed-charge
concentrations lead to higher electrokinetic coefficients. They
also found that the streaming potential was larger in
heterogeneous membranes (such as MK-40 and CR65-CZL-
412) than that in homogeneous membranes (such as Nafion
115). This was in agreement with previous results showing that
membranes with higher water content or higher degree of
swelling have higher streaming potentials22 because heteroge-
neous membranes exhibit higher liquid content than
homogeneous membranes. However, the Nafion 115 mem-
brane did not follow this trend as it had the largest magnitude
of the streaming potential and the lowest water content. For
instance, the streaming potential of the Nafion 115 membrane
was reported as about three times higher than that of the MK-
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40 membrane. Yet, the water content and wet porosity of MK-
40 were estimated as about 2.7 and 1.3 times higher than those
of Nafion 115, respectively. In addition, the MK40 membrane
was about 3.7 times thicker than the Nafion 115 membrane.
They speculated that the large streaming potential of the
Nafion 115 membrane could be attributed to a structural
effect. In any case, the streaming potential seems to be affected
by a combined effect of membrane thickness, porosity, and
water content.
The streaming potential in porous membranes (Millipore,

Durapore, Cyclopore, Nuclepore, etc.) does not tend to the
limiting value |ν∞|.10,29,30 On the contrary, it usually increases
with decreasing external solution concentration, and high
values of the order of several μV/Pa can easily be measured
below 0.1 M.10,29 In some porous membranes, a maximum of
streaming potential vs external concentration was observed in
the range 2−5 mM. The value of the maximum was
proportional to the pore radius and appeared at concentrations
that decreased with increasing pore radius.30 These observa-
tions were explained on the basis of the SCM and the
dependence of the surface charge with concentration, as
described by the Freundlich adsorption isotherm.9,30

In this article, we report measurements of the streaming
potential of commercially available IEMs and some porous
membranes (Millipore, Daramic). Also, we modified Daramic
with sulfonated polyether−ether−ketone (S-PEEK) to prepare
an inexpensive alternative for commercial cation-exchange
membranes. We study the dependence of the streaming
potential on the solution concentration, both experimentally
and theoretically. We also study experimentally the effect of the
membrane thickness on the streaming potential and discuss the
reasons that the current theory does not describe this observed
effect.

■ EXPERIMENTAL SECTION
Materials. Polyether−ether−ketone powder, dimethyl sulfoxide,

and sulfuric acid (95−98% mass fraction) were obtained from Sigma-
Aldrich. KCl (99.0%, Merck BioXtra, Germany) was used as received.
Commercially available membranes and separators such as Nafion
N115 (Ion-Power GmbH), Millipore (type VVHP 0.1 μm),
microporous Daramic separator, anion-exchange membrane AR103P
(Veolia, formerly SUEZ, Water Technologies & Solutions), and
cation-exchange membranes CR61N and CR61P (Veolia Water
Technologies & Solutions) were used. In addition, S-PEEK (10%)-
Daramic was synthesized at laboratory premises. All membranes and
separators (Table 1) are subjected to a soak treatment in a 2 M KCl
solution for 2 days. Afterward, they are allowed to equilibrate in an
electrolyte concentration measurement setup for 2 days.
Preparation of S-PEEK Membranes. To produce the sulfonated

polyether−ether−ketone, we initiated the process by adding 10 g of
polyether−ether−ketone powder to 100 mL of 95−98% H2SO4,

which had been heated to 60 °C. This reaction took place in a three-
necked flask and was facilitated by mechanical agitation using a
magnetic stirrer. The agitation was sustained for 4 h, resulting in an
approximate sulfonation degree of 67%, as corroborated by prior
findings reported by Xi et al.31 Once sulfonation was deemed
complete, the solution, now containing S-PEEK, was carefully
transferred into a container filled with an excess of ice water. This
step induced the precipitation of S-PEEK, while simultaneously
diluting sulfuric acid, effectively terminating the sulfonation process.
The newly formed solid S-PEEK was subjected to successive

filtration steps until the effluent reached a pH of 7. Subsequently, the
S-PEEK underwent vacuum drying at 60 °C for 24 h. To create the
casting solution, we dissolved the S-PEEK in an appropriate quantity
of dimethylformamide until a solution with an S-PEEK mass fraction
of 10% was achieved. This solution was stirred for 24 h, followed by
filtration and a final step of sonication for 30 min to eliminate any
trapped gases within the casting solution. For the casting process, 0.5
mL of the solution was dispensed onto a Daramic substrate (a porous
polyethene separator with a thickness of 0.6 mm) and allowed to air-
dry in a fume hood. Subsequently, the casting was further vacuum-
dried at 60 °C for 24 h.
Streaming Potential Setup. The geometry of the measurement

cell is presented in our earlier papers.10−12 The cell allows for the in
and out flow of electrolytes, connection to a differential pressure
sensor, and insertion of Ag|AgCl reference electrodes (Figure 1).
Furthermore, the cell allows for reverse osmosis netting with 2 × 2
mm grids and a 2 mm thickness to prevent the membrane from
bending when the system is under pressure. The membrane is secured
between the two-halves of the cell, sealed using 2 mm thick silicone
gaskets on either side, and compressed using M4 bolts in each corner.
A schematic representation of the streaming potential setup is

shown in Figure 1. The operational amplifier circuit used an
OPA2191 precision operational amplifier (Texas Instruments) in an
instrumentation amplifier configuration. The circuit was operated
using two 9 V batteries together with a LM78M05 precision +5 V
regulator and a L790SCV −5 V regulator (STMicroelectronics)
together with the manufacturer-recommended capacitors for clean
power delivery to the precision operational amplifiers. The voltages
from the amplifier circuit were fed into an ADS 1115 16-bit analog-to-
digital converter (ADC, Adafruit) and an RP-2040 microcontroller
running Circuit Python and read with no further gain. The outputs
from the OPA2191s were level-shifted by 2.5 V using a precision
voltage reference (ADR03, Analog Devices) to prevent negative
voltages from being supplied to the ADS 1115. Suitable gain could be
set for each of the experiments by adjusting the gain resistor in the
OPA2191 instrumentation amplifier configuration. The differential
pressure of the system was read using a 6CF6D differential pressure
sensor (Honeywell) and was powered and read using a NAU7802 24-
bit ADC (Adafruit), and the pressure readings were recorded using an
RP-2040 microcontroller.
For calibration curve data of the pressure sensor, a typical

manometer setup was employed. Voltage calibration was performed
using a Keithley 2420 source meter unit, through applying a known
current over a precision 1 Ω resistor, and was done to account for
resistor mismatches. Control software (written in Python) both
operated an Ismatec peristaltic pump via a NI-6215 DAQ and the
analog control inputs available on the Ismatec pump and recorded the
pressure and voltage measurements obtained from the RP-2040
microcontroller (Cytron Maker Pi RP2040).

■ RESULTS AND DISCUSSION
The results of streaming potential Δϕ/ΔP measurements in
the KCl electrolyte are collected in Table 2. The first
observation is that in all cases, the streaming potential depends
on the KCl concentration, which is not expected for IEMs.
Neutral separators (Millipore and Daramic) show negative
values, which is due to chloride adsorption, as we have seen
earlier.11 Daramic has bigger pore size than Millipore (Table
1) and, hence, higher streaming potential (Table 2).7

Table 1. Properties of the Membranes Used in This Studya

membrane
thickness
(μm)

porosity
(%)

pore size
(μm)

WU
(%)

IEC
(mequiv/g)

Millipore 125 70 0.10
CR61N 300 44 2.2
CR61P 580 44 2.2
AR103P 570 39 2.37
Daramic 350 58 0.15
S-PEEK 350 38 1.91
N115 127 38 0.95

aValues provided by the supplier and earlier publications.2,31−34
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Modifying Daramic with S-PEEK adds negative charges to the
membrane, closing its pores and decreasing the streaming
potential accordingly.
Commercial IEMs CR61P and AR103P are relatively similar

to each other concerning their thickness and IEC, but the latter
anion-exchange membrane shows significantly higher stream-
ing potential (in absolute value), which manifests the fact that
co-ion exclusion is weaker in anion-exchange membranes than
that in cation-exchange membranes. Interestingly, the stream-
ing potential of Nafion N115 compares with that of CR61N.
The latter is a much thicker cation-exchange membrane with
double IEC than N115, and both have similar water uptakes
(see WU in Table 1) The streaming potential is expected to
increase with increasing IEC (see Figure 1b in the Appendix)
and to decrease with increasing membrane thickness. These
opposing effects seem to compensate each other and result in
similar streaming potential for CR61N and Nafion N115.
The effect of the membrane thickness is shown in Table 2.

The two chemically identical membranes CR61P and CR61N,
with the thickness of 580 and 300 μm, respectively, show
significantly different streaming potentials, yet approaching
each other at higher KCl concentrations.
As mentioned above, CR61N is comparable with Nafion

N115, although its thickness is 2.5-fold that of Nafion N115. S-
PEEK-modified Daramic has characteristics very similar to
CR61N and, consequently, its streaming potential is very close
to that of CR61N. The effect of thickness on the hysteresis is
evident in Figure 2c. Hysteresis appears as a consequence of
concentration polarization on both sides of the membrane. A
brief description of the formation of the concentration
polarization is given in the Appendix. Concentration polar-
ization affects both the electric potential difference and the
effective pressure difference. The electric potential difference

then has a diffusion potential contribution, but this is small and
does not explain the hysteresis. The driving force for solution
flow is ΔP − ΔΠ, where ΔΠ = 2RTΔc is the osmotic pressure
difference that appears due to concentration polarization (for a
symmetric, strong electrolyte).35 The concentrations at the
external membrane boundaries can be roughly estimated as
c(0) = cbePe and c(L) = cbe−Pe, where Pe is the Peclet number in
the diffusion boundary layers (see the Appendix). A typical
value of Peclet number can be Pe ≈ 0.05, which roughly means
that the concentration polarization is of the order of 5%. Thus,
for cb = 10 mM, we can estimate that ΔΠ = 4RTcb sinh Pe ≈ 5
kPa, which is in agreement with the pressure difference (at
constant Δϕ) that is observed in Figure 2c between the
experimental points and the linear fit.
The theory included in the Appendix predicts that streaming

potential would be inversely proportional to the product of
charge number and diffusion coefficient of the counterion,
z1D1. The order of this product in aqueous solutions is K+ >
Ca2+ > Na+, in agreement with the observations in Table 3 and
Figure 3. This agreement suggests that the values of the
diffusion coefficients of these cations inside the CR61N
membrane are on the same order as in bulk solution at infinite
dilution.
The order of magnitude of streaming potential in all of our

measurements is 1 nV/Pa, so that extremely stable electrodes
are required. At these low values of ν, the correction for the
electrode potentials concerning pressure might be appropriate.
As Spiegler has shown, the correction for Δν would be

= V V V F( )/AgCl Ag Cl (5)

where Vi is the partial molar volume of the species i.36 Using
their literature values, the correction is 0.067 nV/Pa, i.e., not
completely insignificant, yet only 5% in our “worst” case. The

Figure 1. Schematic representation of the streaming potential setup used.

Table 2. Streaming Potential in nV/Pa of Various Membranes at Differing KCl Concentrations

KCl (mM) Millipore CR61N CR61P AR103P Daramic S-PEEK N115

1 −629 −55.3 −5.2 16.40 −1830 −54.8 −30.2
10 −209.2 −20.19 −3.7 6.26 −621 −13.3 −14.8
100 −42.8 −1.26 −0.94 2.85 −208 −1.3 −4.2
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measurements at very low electrolyte concentrations are often
affected by higher uncertainties. Hence, the correction
described by eq 5 was not made to our measurements.

■ THEORETICAL
An IEM separates two external solutions with the same
concentration cb of the same binary electrolyte. The external
solutions are denoted as “left” L, at x = 0, and “right” R, at x =

Figure 2. Determination of the streaming potential Δϕ/ΔP of KCl in (a) Millipore VVLP membrane, (b) anion-exchange membrane AR1039, (c)
thicker cation-exchange membrane CR61P, and (d) thinner cation-exchange membrane CR61N (vertical offsets have been added for the sake of
clarity).

Table 3. Streaming Potential in nV/Pa of the CR61N
Membrane with Differing Electrolytes

Cl− (mM) KCl NaCl CaCl2
1 −55.3 ± 0.6 −9.45 ± 0.06 −16.6 ± 0.2
10 −20.19 ± 0.06 −8.54 ± 0.05 −11.8 ± 0.1
100 −1.26 ± 0.06 −2.68 ± 0.02 −2.91 ± 0.01

Figure 3. Effect of the counterion on streaming potential of the CR61N membrane: (a) calcium and (b) sodium. Figure 2 shows the KCl
measurements.
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L, where L is the membrane thickness and x is the position
coordinate normal to the IEM. The IEM has a concentration X
> 0 of fixed-charge groups with the same charge number z2 as
the co-ion. When pressure difference ΔP = PL − PR is applied
to the external solutions, electric potential difference Δϕ = ϕL

− ϕR can be measured under steady-state, open-circuit
conditions. The streaming potential ν ≡ (Δϕ/ΔP)I=0, eq 3,
has the same sign as the charge of the fixed groups, i.e., the
same sign as z2. The solution flow induced by ΔP pushes
toward the low-pressure external solution an internal solution
with an average electric charge density ⟨ρe⟩ = −z2FX that
compensates for that of the fixed-charge groups. Hence, the
sign of Δϕ is that of z2.
Insights on the streaming potential (of homogeneous IEMs

and porous membranes) can be obtained by using the capillary
SCM.8−10,19,20,26,35 In this model, the membrane is considered
to be an array of parallel cylindrical pores of radius a. The
streaming potential can be evaluated from the radial
distribution of solution velocity v(r) and electric potential
ψ(r) in the radial electrical double layer. The velocity v(r) is
obtained by integration of the equation that results from the
elimination of the electric charge density ρe between the radial
Poisson equation and the Navier−Stokes equation.
The electric potential ψ(r) is obtained as the solution of the

Poisson−Boltzmann equation (PBE). The Debye screening
l e n g t h i n s i d e t h e m e m b r a n e i s

[ + ]RT z F X c1/ ( ) /( (2 ) )D
M 1/2

2
2 b 2 1/4 .26 The dimension-

less pore radius

a aD
M

(6)

determines whether pores are wide or narrow. In narrow pores,
ã ≪ 1, there is overlap of the radial electrical double layers,
and the pore center is not electroneutral. In wide pores, ã ≫ 1,
the pore center is electroneutral. The (dimensionless) Donnan
potential D is defined by the condition =sinh sinhD ,
where the angle brackets denote the average value across the
pore cross-section (see the Appendix). An analytical
approximation of ψ(r) can be obtained by assuming that the
deviation of the local potential from the Donnan potential is
small. This assumption is very accurate when ã < 3. It is also
accurate for ã > 3 and weakly charged membranes, when the
decrease of = [ + ]c Xtanh 1 (2 / )D

b 2 ( 1/2) with increasing cb

is noticeable. However, it is not accurate for pore radii much
larger than the Debye screening length and large surface charge
densities at the pore walls. In the latter case, a numerical
solution of PBE is necessary.
As shown in the Appendix, the streaming potential for

symmetric electrolytes with ã < 3 is
Ä
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(7)

where

a
z f D8

2

1 1 (8)

is the streaming potential in very narrow pores, which increases
as the squared pore radius a2. In eqs 7 and 8, f ≡ F/RT, η is the
dynamic viscosity of the solution, z1 and D1 are the charge
number and diffusion coefficient of the counterion, t1b = z1D1/

(z1D1 − z2D2) is the transport number of the counterion in the
external solutions, c2D is the co-ion concentration in the
membrane as evaluated from the Donnan equilibrium, and
In(x) is the modified Bessel function of the first kind of order n.
It should be noted that ν∞⟨ρe⟩ < 0 and > I a I a I a1 ( ) ( )/ ( )0 2 1

2.
The coefficient I a aI a4 ( )/ ( )2 1 in eq 7 decreases with increasing
pores radius, but the proportionality ν∞ ∝ a2 still dominates.
Hence, the streaming potential increases with the pore radius
for both narrow and wide pores, in agreement with the
observation that it increases with the increase in the membrane
water content.
Finally, note that expressing the dependence of ν on the

external electrolyte concentration cb using c2D in eq 7 is just
convenient. When the deviation of the local potential from the
Donnan potential is small, the average ionic concentrations
and the average electric potential inside the capillaries are
approximately the same as given by the Donnan equilibrium
(see the Appendix). However, it must be stressed that eq 7 is
not based on the Donnan model but only on the SCM.

■ CONCLUSIONS
It is not simple to explain the observation that the external
solution has a significant effect on the streaming potential in an
IEM at much lower concentrations than expected from the
Donnan equilibrium. The Donnan equilibrium should
naturally be written in terms of ionic activities and not
concentrations. For 1:1 electrolytes, the co-ion concentration
is then

i
k
jjj y

{
zzz= + +c X X c

2 2
( )2D

2
b 2

(9)

where = ( ) /12
b 2

1 2 is the ratio of the activity coefficients in
the aqueous and membrane phases. The estimation of the
single ionic activity coefficients in the membrane phase (γ1 and
γ2) is rather hard and probably not sufficient to fully address
the observed behavior. As discussed above, membrane swelling
(liquid uptake) or structural heterogeneity are more plausible
reasons for the failure of the co-ion exclusion.
The second observation is the rather strong hysteresis of the

streaming potential plots: the thicker the membrane, the
stronger the hysteresis. Its extent can be reduced by substantial
averaging of the pressure−voltage data, but it always remains in
the plots depending on how rapidly a measurement is carried
out, i.e., on the rate of pumping the solution through the
membrane. The more rapidly the pressure drop across the
membrane is created, the bigger is the hysteresis. This implies
that the system is not in a steady state. Due to the changes in
the values of the transport quantities at the membrane−
solution interface, concentration polarization is formed on
both sides of the membrane, which contributes to hysteresis. In
the Appendix, a brief description of the formation of the
concentration polarization is given.
The observation that streaming potential depends on the

membrane thickness cannot be explained with the charged-
capillary model as the total pressure and potential drops across
the membrane cancel the membrane thickness from the
equations. The only plausible explanation is that ions and the
solvent pass via different pathways through the membrane,
which is rather obvious as the ions can hop from a charged
group to another, while the solvent has to use tortuous
pathways within the membrane matrix. Taking into account
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that the modification with S-PEEK is rather straightforward
and that Daramic is quite inexpensive compared to commercial
IEMs, this membrane provides a competitive alternative in
membrane processes.

■ ASSOCIATED CONTENT
*sı Supporting Information
The Supporting Information is available free of charge at
https://pubs.acs.org/doi/10.1021/acs.langmuir.4c00027.

Theoretical calculations of the streaming potential using
the capillary SCM and effect of concentration polar-
ization (PDF)

■ AUTHOR INFORMATION
Corresponding Author

Lasse Murtomäki − Department of Chemistry and Materials
Science, School of Chemical Engineering, Aalto University,
Aalto 00076, Finland; orcid.org/0000-0001-7667-4325;
Phone: +358 505706352; Email: lasse.murtomaki@aalto.fi

Authors
Wouter Badenhorst − Department of Chemistry and

Materials Science, School of Chemical Engineering, Aalto
University, Aalto 00076, Finland; orcid.org/0000-0003-
4854-6865

Kuldeep − Department of Chemistry and Materials Science,
School of Chemical Engineering, Aalto University, Aalto
00076, Finland

Jose Antonio Manzanares − Department of Thermodynamics,
University of Valencia, Burjassot E-46100, Spain;
orcid.org/0000-0002-5402-6842

Complete contact information is available at:
https://pubs.acs.org/10.1021/acs.langmuir.4c00027

Author Contributions
Conceptualization: W.B. and L.M.; data curation: W.B. and K.;
formal analysis: W.B., K., J.M., and L.M.; funding acquisition:
W.B. and L.M.; investigation: W.B. and K.; methodology:
W.B.; project administration: W.B. and L.M.; resources: W.B.;
software: W.B.; supervision: L.M.; validation: W.B., K., J.M.,
and L.M.; visualization: K.; writing−original draft: W.B., K.,
J.M., and L.M.; and writing�review and editing: W.B., K.,
J.M., and L.M. W.B. and K. contributed equally to this paper.
Notes
The authors declare no competing financial interest.

■ ACKNOWLEDGMENTS
Kuldeep acknowledges grant #210026 from Vilho, Yrjö, and
Kalle Vaisala Foundation. Wouter Badenhorst acknowledges
the CuBER project, EU Horizon 2020 Programme (H2020/
2014-2020), grant agreement #875605. J.A.M. acknowledges
the support from the Ministerio de Ciencia e Innovación and
European Regional Development Funds (project PID2022-
139953NB-I00) and from the Direcció General Cieǹcia i
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Appendix

Theory of streaming potential in membranes based on the capillary

space-charge model

An ion-exchange membrane (IEM) separates two external solutions with the same concen-

tration cb of the same binary electrolyte. The external solutions are denoted as "left" L, at

x = 0, and "right" R, at x = L, where L is the membrane thickness and x is the position

coordinate normal to the IEM. The IEM has a concentration X > 0 of fixed charge groups

1



with the same charge number z2 as the co-ion.

When a pressure difference ∆P = P L − PR is applied to the external solutions, an

electric potential difference ∆ϕ = ϕL − ϕR can be measured under steady-state, open-circuit

conditions. The streaming potential ν ≡ (∆ϕ/∆P )I=0 (Eq. 3 in the main text) has the same

sign as the charge of the fixed groups. The solution flow induced by ∆P pushes, towards the

low-pressure external solution, an internal solution with an average electric charge density

⟨ρe⟩ ≡ F (z1 ⟨c1⟩+ z2 ⟨c2⟩) = −z2FX (1)

that compensates for that of the fixed charge groups; subscripts 1 and 2 denote the counterion

and co-ion, respectively. Hence, the sign of the electric potential difference between the

high- and low-pressure solutions is that of z2. In Eq. 1, ci (i = 1, 2) are the ionic molar

concentrations and the angle brackets denote the average value inside the IEM.

The phenomenological transport equations (Eqs. 1 and 2 in the main text) relate ∆P and

∆ϕ to the solution volume flow JV = A⟨v⟩ and the electric current I = A⟨i⟩, where ⟨v⟩ is the

average solution velocity, ⟨i⟩ is the average electric current density, and A is the membrane

area. In streaming potential (SP) measurements, the flux density ji of ionic species i across

the IEM has conductive and convective but no diffusive contribution,1

ji = −ziDici
dV

dx
− Dici
RT

(
Vi −

Mi

Ms

Vs

)(
∂P

∂x

)
r

+ civ , (2)

where Di is its diffusion coefficient, dV/dx = −∆ϕ/L is the axial electric field, Vi and Vs are

the molar partial volumes of ionic species i and the solvent, Mi and Ms are the molar masses

of ionic species i and the solvent, and v is the solution velocity. Most often, the pressure

gradient contribution to ji in Eq. 2 is neglected,2,3 which is justified when the solutions are

not very concentrated and the ion size effects are minor.1,4 Then, the average value of the

2



current density i = F (z1j1 + z2j2) reduces to

⟨i⟩ ≈ ⟨σ⟩∆ϕ
L

+ ⟨ρev⟩ . (3)

In Eq. 3, the average electrical conductivity of the membrane solution is

⟨σ⟩ = F 2

RT

(
z21D1 ⟨c1⟩+ z22D2 ⟨c2⟩

)
= σ∞

(
1 +

⟨c2⟩
tb1X

)
, (4)

where σ∞ ≡ fz1D1 ⟨ρe⟩ > 0, f ≡ F/RT, tb1 = z1D1/ (z1D1 − z2D2) is the transport number

of the counterion in the external solutions, and we have used Eq. 1, z1 ⟨c1⟩ = ⟨ρe⟩ /F−z2 ⟨c2⟩.

The average co-ion concentration ⟨c2⟩, and hence ⟨σ⟩, decreases with decreasing cb. Its lowest

value is ⟨σ⟩ ≈ σ∞ when cb ≪ X, i.e., in strongly-charged IEMs.

In the capillary space-charge model (SCM) the membrane is considered to be an array of

parallel cylindrical pores of radius a.1,3–8 The average value of any function φ(r) of the radial

coordinate is then given by ⟨φ⟩πa2 ≡
∫ a
0
φ(r)2πr dr. The surface density of electric charge

at the pore walls is σM and its volume equivalent is z2FX = 2σM/a. This fixed charge is

compensated by that of the ions in the membrane pores, Eq. 1. In SP measurements, the

electric potential is conveniently decomposed into two contributions, ϕ(x, r) = V (x) + ψ(r),

where ψ(r) is the solution of the (radial) Poisson equation

ϵ

r

d

dr

(
r
dψ

dr

)
= −ρe(r) (5)

and ϵ is the electrical permittivity of the electrolyte solution. The solution velocity v is

obtained by solving the Navier-Stokes equation

η

r

d

dr

(
r
dv

dr

)
=

(
∂P

∂x

)
r

+ ρe
dV

dx
, (6)

where (∂P/∂x)r = −∆P/L and dV/dx = −∆ϕ/L. The electric potential difference between

3



the external solutions is ∆ϕ = ∆V because they have the same electrolyte and concentration.

Elimination of the electric charge density ρe between Eqs. 5 and 6, followed by integration

using the boundary conditions at the pore axis, dv/ dr|r=0 = 0 and dψ/ dr|r=0 = 0, leads to

η
dv

dr
=
r

2

(
∂P

∂x

)
r

− ϵ
dψ

dr

dV

dx
. (7)

Its integration gives the radial distribution of the velocity

v(r) =
a2 − r2

4ηL
∆P − ϵ

ηL
[ψ(a)− ψ(r)]∆ϕ . (8)

As required by thermodynamic stability, ∆P generates a volume flow that, in turn, generates

a ∆ϕ that tends to reduce the volume flow; note that ∆ϕ/∆P and ψ(a)−ψ(r) have both the

same sign as the fixed charge. The superposition principle applied to Eq. 6 implies that v

can be written as v(r) = v∆P (r)+v∆ϕ(r), with v∆P proportional to ∆P and v∆ϕ proportional

to ∆ϕ; see Eq. 8. The pore average value of the first contribution is ⟨v∆P ⟩ = (a2/8η)∆P/L.

The Onsager reciprocal relation L21 = L12 immediately follows from Eq. 8. We note that

Eqs. 1 and 2 in the main text and Eq. 3 imply A ⟨v∆ϕ⟩ = L12∆ϕ and A ⟨ρev∆P ⟩ = L21∆P .

Thus, Eq. 6 implies L21 = L12 because

⟨ρev∆P ⟩
dV

dx
= η

〈
v∆P
r

d

dr

(
r
dv∆ϕ
dr

)〉
= η

〈
v∆ϕ
r

d

dr

(
r
dv∆P
dr

)〉
= ⟨v∆ϕ⟩

(
∂P

∂x

)
r

, (9)

where we have used the non-slip condition v∆P (a) = v∆ϕ(a) = v(a) = 0 at the pore wall.

The streaming potential is determined by the radial distribution of the electric potential

inside the membrane pores. Equation 8 implies ⟨v∆ϕ⟩L/∆ϕ = −(ϵ/η)[ψ(a) − ⟨ψ⟩]. Substi-
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tution of v = v∆P + v∆ϕ in Eq. 3 allows us to express the streaming potential as

ν ≡
(
∆ϕ

∆P

)
⟨i⟩=0

= − ⟨ρev∆P ⟩L/∆P
⟨σ⟩+ ⟨ρev∆ϕ⟩L/∆ϕ

= −⟨v∆ϕ⟩L/∆ϕ
⟨σ⟩eff

=
ϵ

η

ψ(a)− ⟨ψ⟩
⟨σ⟩eff

, (10)

where ⟨σ⟩eff ≡ ⟨σ⟩ + ⟨ρeν∆ϕ⟩L/∆ϕ is the effective conductivity and we have used Eq. 8.

Note that ψ(a) − ⟨ψ⟩ has the same sign as the charge of the fixed groups, in agreement

with the above explanation on the sign of ν. For narrow pores, which correspond to low

membrane water content, |ψ(a)− ⟨ψ⟩| and |ν| are small. For wide pores, which correspond

to high membrane water content, |ψ(a)− ⟨ψ⟩| and |ν| are large, as observed experimentally.

To evaluate the streaming potential from Eq. 10, we need the electric potential ψ(r) in

the radial electrical double layer, which is the solution of the Poisson-Boltzmann equation

(PBE). For symmetric electrolytes, the ionic concentrations are c1(r) = cbeψ̃ and c2(r) =

cbe−ψ̃, where ψ̃(r) ≡ z2fψ(r) > 0. The electrical charge density in the cylindrical pore is

ρe(r) = −2z2Fc
b sinh ψ̃. The global electroneutrality, Eq. 1, requires

⟨sinh ψ̃⟩ = − ⟨ρe⟩
2z2Fcb

=
X

2cb
≡ sinh ψ̃D , (11)

which defines the (dimensionless) Donnan potential ψ̃D > 0. When the deviation of the po-

tential ψ̃ from the Donnan value ψ̃D is small,
∣∣∣ψ̃(r)− ψ̃D

∣∣∣ ≪ 1, we can use the approximation

sinh ψ̃ ≈ sinh ψ̃D + cosh ψ̃D

[
ψ̃ − ψ̃D

]
≡ φ(r) cosh ψ̃D , (12)

where

φ(r) ≡ ψ̃(r)− ψ̃D + tanh ψ̃D . (13)

The electrostatic interactions are screened inside the radial electrical double layer. A

very good estimation for the screening length is the reciprocal of the Debye parameter κMD ,

5



defined as (
κMD

)2 ≡ z22F
2 (c1D + c2D)

ϵRT
=

−z2f ⟨ρe⟩
ϵ tanh ψ̃D

> 0 , (14)

where c1D ≡ cbeψ̃D and c2D ≡ cbe−ψ̃D are the ionic concentrations as evaluated from the

Donnan equilibrium, and c1D+c2D = 2cb cosh ψ̃D = [X2+(2cb)2]1/2. With Eq. 12, the electric

charge density becomes ρe ≈ −(2z2Fc
b cosh ψ̃D)φ = −(ϵ/z2f)

(
κMD

)2
φ, and substitution in

Eq. 5 gives the linearized PBE

1

r

d

dr

(
r
dφ

dr

)
≈

(
κMD

)2
φ , (15)

which is subject to the boundary condition

dφ

dr

∣∣∣∣
r=a

= z2f
σM
ϵ

=
a

2

(
κMD

)2
tanh ψ̃D , (16)

where σM = z2FXa/2 is the surface density of electric charge at the pore walls. The solution

of Eqs. 15 and 16 is8

ψ̃(r) ≈ ψ̃D +

[
κMDa

2

I0(κ
M
D r)

I1(κMDa)
− 1

]
tanh ψ̃D , (17)

where In(x) is the modified Bessel function of the first kind of order n. Note that Eq. 17

implies that ⟨ψ̃⟩ ≈ ψ̃D and, hence, that the average ionic concentrations are ⟨c1⟩ ≈ c1D and

⟨c2⟩ ≈ c2D.

The dimensionless pore radius

ã ≡ κMDa (18)

determines whether pores are wide or narrow. For instance, narrow pores mean that the

pore radius is smaller than the Debye screening length 1/κMD . The electrical charge density

at the pore centre is ρe(0) = −(2z2Fc
b cosh ψ̃D)φ(0) = ⟨ρe⟩ ã/2I1(ã). At the centre of very

narrow pores, ρe(0) ≈ ⟨ρe⟩ = −z2FX if ã ≪ 1. The centre of wide pores is practically

6



electroneutral, ρe(0) ≈ 0 if ã≫ 1. Note that the PBE has been solved under the assumption∣∣∣ψ̃(a)− ψ̃D

∣∣∣ ≪ 1. If X/cb is so large that tanh ψ̃D ≈ 1 then Eq. 17 should not be used

when ã > 3. Equation 17 may remain valid for ã > 3 when the decrease of tanh ψ̃D =

[1 + (2cb/X)2]−1/2 with increasing cb is noticeable. From Eq. 17 we can evaluate

ψ̃(a)− ⟨ψ̃⟩ ≈ z2fσMa

ϵ

I0(ã)−
〈
I0(κ

M
D r)

〉
ãI1(ã)

=
z2fσM
κMD ϵ

[
I0(ã)

I1(ã)
− 2

ã

]
= tanh ψ̃D

ã I2(ã)

2I1(ã)
, (19)

where we have used I2(ã) = I0(ã) − 2I1(ã)/ã and z2fσM/κ
M
D ϵ = (ã/2) tanh ψ̃D. For narrow

pores, [ψ̃(a)− ⟨ψ̃⟩]ã≪1 ≈ (ã2/8) tanh ψ̃D is small. Then, the reference value of the streaming

potential for narrow pores is

ν∞ ≡ ϵ

ησ∞
[ψ(a)− ⟨ψ⟩]ã≪1 ≈ − a2

8z1fηD1

, (20)

where we have used z1 = −z2, σ∞ ≡ fz1D1 ⟨ρe⟩, and Eqs. 10 and 14. For wide pores,

[ψ̃(a) − ⟨ψ̃⟩]ã≫1 increases almost linearly with ã, but a numerical solution of the PBE is

required when
∣∣∣ψ̃(a)− ψ̃D

∣∣∣ > 1.

The streaming potential, Eq. 10, can be now evaluated. From Eq. 17 we have

⟨ρev∆ϕ⟩
σ∞∆ϕ/L

=
2ϵRTcb

σ∞η
⟨[ψ̃(a)− ψ̃(r)] sinh ψ̃(r)⟩ ≈ −2ν∞ ⟨ρe⟩

[
1− I0(ã)I2(ã)

I1(ã)2

]
(21)

and then, with the conductivity in Eq. 4, we obtain

ν =
ϵ

z2fη

ψ̃(a)− ⟨ψ̃⟩
⟨σ⟩eff

=
ϵ[ψ̃(a)− ⟨ψ̃⟩]
z2fησ∞

[
⟨σ⟩
σ∞

+
⟨ρev∆ϕ⟩
σ∞∆ϕ/L

]−1

= ν∞
4I2(ã)

ãI1(ã)

[
1 +

c2D
tb1X

− 2ν∞ ⟨ρe⟩
(
1− I0(ã)I2(ã)

I1(ã)2

)]−1

, (22)

where it should be noted that ν∞ ⟨ρe⟩ < 0 and 1 > I0(ã)I2(ã)/I1(ã)
2. Equation 22 agrees

qualitatively with the experimental observations (Fig. 1). It is noticeable, as it has been

7



evidenced since the early theoretical studies on the streaming potential,9 that the effective

fixed-charge concentration that describes the observed dependence of the streaming potential

with the electrolyte concentration (Table 2, main text) is significantly smaller than the actual

concentration of fixed-charge groups. For narrow pores, the streaming potential is

ν ≈ ν∞

[
1 +

c2D
tb1X

− ν∞ ⟨ρe⟩
]−1

(ã≪ 1) , (23)

which increases as the squared pore radius. The coefficient 4I2(ã)/ãI1(ã) in Eq. 22 decreases

with increasing the pores radius, but the proportionality ν∞ ∝ a2 still dominates. Thence,

the streaming potential increases with the pore radius for both narrow and wide pores, in

agreement with the observation that it increases with the increase in the membrane water

content.
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Figure 1: The streaming potential decreases with increasing electrolyte concentration and
increases with increasing pore radius. For narrow pores, its limiting value ν∞ at very low
electrolyte concentrations is independent of the effective fixed charge density X. (b) For
wide pores, the limiting value of the streaming potential increases with decreasing effective
fixed charge density X; should a pore radius a = 1 nm be considered in panel (b) then the
dependence of ν∞ on X would be practically insignificant.
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Remarks on concentration polarization during streaming potential

measurements

In streaming potential measurements, the membrane separates two identical electrolyte so-

lutions with the same concentration. The applied pressure difference generates a solution

flow and, therefore, a flow of electrolyte. Due to co-ion exclusion, the IEMs have a low

electrolyte permeability. Concentration polarization develops because the electrolyte accu-

mulates in the high-pressure, external membrane surface and depletes in the low-pressure

external membrane surface. Since the electrolyte flux density is small, we can consider first

a simple model with total co-ion exclusion and no electrolyte flux density. The pressure

decreases in the direction of increasing x and the solution velocity v = −k dP/dx is positive,

where k is a proportionality constant related to the hydraulic permeability, e.g., k = a2/8η

in the Poiseuille flow across capillaries of radius a. In the membrane, the equation for the

counterion flux density is

j1 = 0 = −z1D1c1f
dV

dx
+ c1v (24)

and the streaming potential is

ν =
dV/dx

dP/dx
=
v/z1fD1

−v/k
= − k

z1fD1

. (25)

The solution velocity in the membrane pores is larger than in the diffusion boundary

layers (DBLs) in a factor 1/ε, where ε is the membrane porosity. In the DBLs of thickness

δ, the equation for the electrolyte flux density is

εj± = 0 = −D12
dc

dx
+ cεv → d ln c = (Pe/δ)dx (26)

c(x) = cb exp[(x+ δ)Pe/δ] ≥ cb, −δ ≤ x ≤ 0 (27)

c(x) = cb exp[−(L+ δ − x)Pe/δ] ≤ cb, L ≤ x ≤ L+ δ , (28)

9



where Pe = εvδ/D12 ≥ 0 is the Peclet number (in the DBLs), D12 is the electrolyte diffusion

coefficient, i.e., D12 = 2D1D2/ (D1 +D2) for symmetric electrolytes. The conclusion from

Eqs. 27 and 28 is that the concentrations at the external membrane boundaries are differ-

ent, c(0) = cbePe and c(L) = cbe−Pe. In streaming potential measurements, concentration

polarization develops to an extent determined by the Peclet number.

We consider next an electrolyte flux density j± > 0 across the IEM. The electrolyte

concentration distribution in the DBLs is

εj± = −D12
dc

dx
+ cεv → d ln (c− j±/v) = (Pe/δ)dx (29)

c(x) =
j±
v

+

(
cb − j±

v

)
exp

[
x+ δ

δ
Pe

]
≥ cb, −δ ≤ x ≤ 0 (30)

c(x) =
j±
v

+

(
cb − j±

v

)
exp

[
−L+ δ − x

δ
Pe

]
≤ cb, L ≤ x ≤ L+ δ , (31)

where we have used j± ≤ vcb, a reasonable assumption because the electrolyte flux density

across the IEM with no concentration difference in the external solutions is small. The

concentrations at the external membrane boundaries are

c(0)

cb
=

j±
vcb

+

(
1− j±

vcb

)
ePe ≈ 1 +

(
1− j±

vcb

)
Pe , (32)

c(L)

cb
=

j±
vcb

+

(
1− j±

vcb

)
e−Pe ≈ 1−

(
1− j±

vcb

)
Pe , (33)

where the approximations are valid only when Pe ≪ 1.

In the IEM, the equations for the ion flux densities are

j± = −D1

(
dc2
dx

+ z1c1f
dV

dx

)
+ c1v , (34)

j± = −D2

(
dc2
dx

+ z2c2f
dV

dx

)
+ c2v . (35)
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For a symmetric electrolyte c1 = c2 +X, and Eqs. 34 and 35 imply

dV

dx
=

1

z1f (D1c1 +D2c2)

[
(D2 −D1)

dc2
dx

+Xv

]
, (36)

j± = −DM
12

dc2
dx

+
2DM

12

D12

c1c2
c1 + c2

v , (37)

where DM
12 = D1D2 (c1 + c2) / (D1c1 +D2c2) is the electrolyte diffusion coefficient in the

IEM.8 Assuming further that D1 = D2, the diffusion potential vanishes, and Eqs. 36 and 37

simplify to
dV

dx
=

Xv

z1fD (c1 + c2)
, (38)

j± = −Ddc2
dx

+
2c1c2
c1 + c2

v . (39)

For strongly-charged IEMs, c1 = c2 +X ≫ c2, Eq. 39 reduces to

j± = −Ddc2
dx

+ 2c2v . (40)

The solution of Eq. 40 is

c2(x) = c2(0) + [c2(L)− c2(0)]
e2vx/D − 1

e2vL/D − 1
(41)

j±
2v

= c2(0) +
c2(0)− c2(L)

e2Pe
M − 1

, (42)

where we have used 2vL/D = 2PeM because D12 = D. Note that Pe = εvδ/D12 and PeM ≡

vL/D = PeL/εδ are the Peclet numbers in the DBLs and in the membrane. Typically,

L/εδ is larger than unity so that the effect of convection on the concentration distribution

is typically more important inside the membrane. Thus, for instance, if 2vL/D ≫ 1 then

the co-ion concentration is c2(x) ≈ c2(0) for most of the membrane thickness, except for a

region close to the low-pressure interface.

In strongly-charged membranes, the co-ion concentrations at the internal boundaries
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satisfy

c2(0)

cb
≈ cb

X

(
c(0)

cb

)2

≈ cb

X
ePe

[
ePe + 2

(
1− ePe

) j±
cbv

]
, (43)

c2(L)

cb
≈ cb

X

(
c(L)

cb

)2

≈ cb

X
e−Pe

[
e−Pe + 2

(
1− e−Pe

) j±
cbv

]
. (44)

From Eqs. 42−44 these concentrations and the electrolyte flux density can be evaluated as

j±
vcb

= 2
cb

X
e2Pe

[
1 +

1− e−4Pe

e2Pe
M − 1

]
≈ 2

cb

X
e2Pe , (45)

c2(0)

cb
≈ cb

X
e2Pe

[
1 + 4ePe

(
1− ePe

) cb
X

]
, (46)

c2(L)

cb
≈ cb

X
e−2Pe

[
1− 4e2Pe

(
1− ePe

) cb
X

]
. (47)

In conclusion, concentration polarization develops during streaming potential measure-

ments. These remarks estimate its order of magnitude and provide some insights into the

effect of the membrane thickness. Our experimental setup provides reasonably accurate

streaming potential measurements, despite the concentration polarization, because the ap-

plied pressure is varied cyclically and compensation occurs, although hysteresis is noticeable

in the thicker membranes.
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