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MinimizingTotalVariationFlow

FuensantaANDREU,ColomaBALLESTER,VicentCASELLESandJoséM.
MAZÓN

Abstract-WeproveexistenceanduniquenessofweaksolutionsfortheminimizingTotal
VariationflowwithinitialdatainL1underNeumannboundaryconditions.Weprovethat
theHN−1measureoftheboundariesoflevelsetsofthesolutiondecreaseswithtime,as
onewouldexpect.Wealsoprovethatlocalmaxima(minima)strictlydecrease(increase)
theirlevelwithtime.WeshallalsoconsidertheDirichletproblemwhichpresentssome
particulardifficultiesforgeneralinitialdatainL1.

Surleflotquiminimiselavariationtotale

Résumé-Onmontrel’existenceetl’unicitédesolutionsfaiblesduflotquiminimisela
variationtotalepourdesdonnéesinitialesdansL1etdesconditionsauborddutype
Neumann.OnmontrequelamesureHN−1dessurfacesdeniveaudécrôıtaucours
del’évolution,demême,leniveaudesmaxima(minima)locauxdécrôıt(crôıt)instan-
tanémentavecletemps.Ondémontreaussidesrésultatsd’existenceetd’unicitépourle
problèmedeDirichletavecdesdonnéesinitialesdansL1.

Versionfrançaiseabrégée-SoitΩunouvertbornédansIRNdefrontière∂ΩLip-
schitzienne.Onconsidèreleproblèmed’évolution

∂u

∂t
=div(

Du

|Du|
)surQ=(0,∞)×Ω

u(0,x)=u0(x),x∈Ω

(1)

oùu0∈L1(Ω),avecdesconditionsauborddutypeNeumann

∂u

∂η
=0surS=(0,∞)×∂Ω(2)

ouDirichlet
u(t,x)=ϕ(x)surS=(0,∞)×∂Ω(3)

avecϕ∈L1(∂Ω).L’équation(1),(2)estassociéeauproblèmedeminimisationdela
VariationTotale

Φ(u)=

∫

Ω
|∇u|,(4)

méthodequiaétéproposéeentraitementd’imagesparL.Rudin,S.OsheretE.Fatemi
[6]pourledébruitageetlareconstructiond’images.Danscecontexte,lafonctionnelle(4)
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estminimiséeavecdescontraintesquimodélisentleprocessusd’acquisitiondel’image,en
particulier,lebruitetleflou(voir[6]).

Lerésultatsprincipauxsontlessuivants.Lanotiondesolutionutilisédanschaquecas
serapreciséedanslessectionsquisuivent.

Théorème1Soitu0∈L1(Ω).Alors,pourtoutT>0,ilexisteuneuniquesolutionfaible
u(t,x)de(1),(2)sur(0,T)×Ωavecu(0)=u0.Siu(t),û(t)sontlessolutionsfaibles
correspondantauxdonnéesinitialesu0etû0,respectivement,ona

‖(u(t)−û(t))
+
‖1≤‖(u0−û0)

+
‖1et‖u(t)−û(t)‖1≤‖u0−û0‖1,(5)

pourtoutt≥0.Enplus,‖u(t)−u0‖1→0quandt→∞,oùu0=
1

µ(Ω)

∫
Ωu0(x)dx.

Théorème2Soientu0∈L1(Ω)etϕ∈L1(∂Ω).Alors,pourtoutT>0,ilexisteune
uniquesolutionentropiqueu(t,x)de(1),(3)sur(0,T)×Ωavecu(0)=u0.Siu(t),û(t)
sontlessolutionsentropiquescorrespondantauxdonnéesinitialesu0etû0,respectivement,
ona

‖(u(t)−û(t))
+
‖1≤‖(u0−û0)

+
‖1et‖u(t)−û(t)‖1≤‖u0−û0‖1(6)

pourtoutt≥0.

PourdémontrerlesdeuxThéorèmesonfaitappelauxtechniquesdesopérateurs
complètementaccrétifs[4]etauThéorèmedeCrandall-Liggett.L’accrétivitédesopérateurs
associésal’équation(1)avecdesconditionsauborddutypeNeumann(2)ouDirichlet(3)
estuneconséquencedelaformuled’intégrationparpartiesétabliedans[3].Danslecas
desconditionsauborddutypeNeumann,ondémontrelarégularitéentempsdessolu-
tions,commeconséquencedel’homogénéitédel’opérateur[4].Danslecasdesconditions
auborddutypeDirichletlasituationest,engénéral,différenteetonauraaussibesoin
d’uneapprochedifférente.LadémonstrationdesrésultatsprésentésdanscetteNoteest
contenuedans[1,2].

1TheNeumannproblem

WeconsiderΩanopenboundedsetinIRNwithLipschitzboundary.Weareinterested
inproblem(1-2).BV(Ω)willdenotethespaceoffunctionsofboundedvariation.By
L1
w(0,T,BV(Ω))wedenotethespaceoffunctionsw:[0,T]→BV(Ω)suchthatw∈

L1((0,T)×Ω),themapst∈[0,T]→<Dw(t),φ>aremeasurableforeveryφ∈C1
0(Ω,IRN)

and

∫T

0
‖Dw(t)‖<∞.Itisnotdifficulttoseethattheconditionsonwimplythe

measurabilityofthemapt∈[0,T]→‖Dw(t)‖.Weshallusethetruncaturefunctions
definedbyTk(r)=k∧(r∨(−k)),k≥0,r∈IR.Thenotionofweaksolution(solution
faible)requiredtoproveTheorem1isthefollowing.
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Definition1Ameasurablefunctionu:(0,T)×Ω→IRisaweaksolutionof(1),(2)
in(0,T)×Ωifu∈C([0,T],L1(Ω))∩W

1,1
loc((0,T),L1(Ω)),Tk(u)∈L1

w([0,T],BV(Ω))
forallk>0andthereexistsz∈L∞((0,T)×Ω;IRN)with‖z‖∞≤1,ut=div(z)in
D′((0,T)×Ω)suchthat

∫

Ω
(Tk(u(t))−w)ut(t)≤

∫

Ω
z(t)·∇w−‖DTk(u(t))‖(7)

foreveryw∈W1,1(Ω)∩L∞(Ω),foreveryk>0,anda.e.on[0,T].

ToproveTheorem1weusethetechniquesofcompletelyaccretiveoperators[4]andthe
Crandall-Liggett’ssemigroupgenerationTheorem.Forthat,weintroducethefollowing
operatorAinL1(Ω).

(u,v)∈Aifandonlyifu,v∈L1(Ω),Tk(u)∈BV(Ω)forallk>0and

thereexistsz∈X(Ω):={z∈L∞(Ω,IRN):div(z)∈L1(Ω)}
with‖z‖∞≤1,v=−div(z)inD′(Ω)suchthat

∫

Ω
(w−Tk(u))v≤

∫

Ω
z·∇wdx−‖DTk(u)‖,∀w∈W1,1(Ω)∩L∞(Ω),∀k>0.

ThisoperatorisanextensiontoL1(Ω)ofthesubdifferentialoftheconvexfunctionalΦ(u)
definedby(4)ifu∈L2(Ω)∩BV(Ω),Φ(u)=+∞ifu∈L2(Ω)\BV(Ω).Theuseofthe
subdifferentalofΦinL2(Ω)permitstoproveexistenceanduniquenessofstrongsolutions
inthesenseofsemigroupswhentheinitialconditionisinL2(Ω).Inthispaper,weconsider
initialconditionsinL1(Ω)and,insomesense,wegiveadistributionalcharacterization
ofthecorrespondingoperator.Asraisedbythereferee,anaturalquestionisifthere
maybeL1-L∞orL1-L2regularizingeffect.Theanswerisnegative.Thereisneitheran
L1-L∞norL1-L2regularizingeffect.Forinstance,v(t,x)=

1
‖x‖N/2−

t
‖x‖solves(1)in

(0,1)×B(0,1)withinitialdatumv0(x)=
1

‖x‖N/2.Observethatv(t)∈L1(Ω)\L2(Ω),

0≤t<1.Obviously,thissolutiondoesnotsatisfyNeumannboundaryconditionsbut
itmaybeusedtogetherwithacomparisonprincipletobuildasolutionu(t,x)of(1-2)
whichisinL1(Ω)\L2(Ω).

TheaccretivityoftheoperatorAisprovedusingtheintegrationbypartsformulagiven
in[3].Forthat,weneedfirsttoprovethatwecanusetestfunctionsinBV(Ω)∩L∞(Ω)
inthedefinitionofA.

Lemma1WehavethefollowingcharacterizationoftheoperatorA,

(u,v)∈Aifandonlyifu,v∈L1(Ω),Tk(u)∈BV(Ω)forallk>0and

thereexistsz∈X(Ω)with‖z‖∞≤1,v=−div(z)inD′(Ω)suchthat
∫

Ω
(w−Tk(u))v≤

∫

Ω
(z,Dw)−‖DTk(u)‖,∀w∈BV(Ω)∩L∞(Ω),∀k>0.(8)

Moreover,wehavethati)

∫

Ω
(z,DTk(u))=‖DTk(u)‖,forallk>0,andii)

∫

Ω
vTk(u)=

‖DTk(u)‖,forallk>0.
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UsingthisLemma,weprovetheaccretivityofA.ThenCrandall-Liggett’ssemigroup
generationTheoremprovestheexistenceofasemigroupsolution(alsocalledmildsolution)
of(1-2).Theproofofbothexistenceanduniquenessofweaksolutionsinthesenseof
Definition1requirestheregularityintimeofthesolution.Thisisprovedusingthe
regularizingeffectduetothehomogeneityoftheoperator[4]inthecaseofNeumann
boundaryconditions.

Letusmentionaninterestinggeometricfeatureoftheequation:theHN−1measure
oftheboundariesofthelevelsetsofthesolutiondecreaseswithtime.

Proposition1Letu0∈L1(Ω).Letu(t,x)betheweaksolutionof(1),(2).Then,for
almostallλ∈IR,

‖Dχ{u(t)>λ}‖≤‖Dχ{u(s)>λ}‖(9)

a.e.ins,t∈(0,∞),t>s>0.

Notethat‖Dχ{u(t)>λ}‖=HN−1(∂∗{u(t)>λ}),whereHN−1isthe(N−1)-
dimensionalHausdorffmeasureand∂∗{u(t)>λ}isthereducedboundaryoftheset
{x∈Ω:u(t)>λ}.Thus,theabovepropositionsaysthatthelengthoftheboundariesof
thelevelsetsdecreaseswithtime.

Next,weprovethatflatzoneswhicharelocalmaxima(minima)immediatelydecrease
(respectively,increase)withtime.

Proposition2LetΩbeacubeinIRN.Letu0∈C(Ω),0≤u0≤1.Supposethat
{x∈Ω:u0(x)=1}=K⊆B⊂⊂ΩforsomeballB.Letubetheweaksolutionof(1),
(2).Thenu(t,x)<1,forallt>0,x∈Ω.

Thisresultisprovedbycomparisonwithanexplicitfunctionsatisfyingthesame
property.

2TheDirichletproblem

LetE∗bethedualoftheBanachspaceE.Fortechnicalreasonsrelatedtomeasurability
weneedtointroducetheBanachspaceBV(Ω)2=BV(Ω)∩L2(Ω)(observethatifN=2,
thenBV(Ω)2=BV(Ω)).

Wealsoneedtointroduce,asin[3],aweaktraceon∂Ωofthenormalcomponentof
certainvectorfieldsinΩ.Wedefine

Z(Ω):={(z,ξ)∈L∞(Ω,IR
N

)×BV(Ω)∗:<ξ,ϕ>+

∫

Ω
z·∇ϕ=0,∀ϕ∈C

1
0(Ω)}.

LetR(Ω):=W1,1(Ω)∩L∞(Ω)∩C(Ω).For(z,ξ)∈Z(Ω)andw∈R(Ω)wedefine

〈(z,ξ),w〉∂Ω:=〈ξ,w〉BV(Ω)∗,BV(Ω)+

∫

Ω
z·∇w.
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WorkingasintheproofofTheorem1.1.in[3],weobtainthatif(z,ξ)∈Z(Ω)and
w,v∈R(Ω)withw=von∂Ω,then〈(z,ξ),w〉∂Ω=〈(z,ξ),v〉∂Ωforall(z,ξ)∈Z(Ω).
Asaconsequence,wecangivethefollowingdefinition:Givenu∈BV(Ω)∩L∞(Ω)and
(z,ξ)∈Z(Ω),wedefine〈(z,ξ),u〉∂Ωbysetting

〈(z,ξ),u〉∂Ω:=〈(z,ξ),w〉∂Ω

wherewisanyfunctioninR(Ω)suchthatw=uon∂Ω.Again,workingasintheproofof
Theorem1.1.of[3],wecanprovethatthereexistsalinearoperatorγ:Z(Ω)→L∞(∂Ω),
withγ(z,ξ):=γz,ξ,satisfying

〈(z,ξ),w〉∂Ω=

∫

∂Ω
γz,ξ(x)w(x)dH

N−1
∀w∈BV(Ω)∩L∞(Ω).

Incasez∈C1(Ω,IRN),wehaveγz(x)=z(x)·ν(x)forallx∈∂Ω.Hence,thefunction
γz,ξ(x)istheweaktraceofthenormalcomponentof(z,ξ).Forsimplicityofthenotation,
weshalldenoteγz,ξ(x)by[z,ν](x).

Definition2LetΨ∈L1(0,T,BV(Ω)).WesayΨadmitsaweakderivativeinthespace
L1
w(0,T,BV(Ω))∩L∞(QT)ifthereisafunctionΘ∈L1

w(0,T,BV(Ω))∩L∞(QT)such

thatΨ(t)=

∫t

0
Θ(s)ds,theintegralbeingtakenasaPettisintegral.

Definition3Letξ∈(L1(0,T,BV(Ω)2)∗.Wesaythatξisthetimederivativeinthe
space(L1(0,T,BV(Ω)2)∗ofafunctionu∈L1((0,T)×Ω)if

∫T

0
<ξ(t),Ψ(t)>dt=−

∫T

0

∫

Ω
u(t,x)Θ(t,x)dxdt

foralltestfunctionsΨ∈L1(0,T,BV(Ω))withcompactsupportintimewhichadmita
weakderivativeΘ∈L1

w(0,T,BV(Ω))∩L∞(QT).

Observethatifw∈L1(0,T,BV(Ω))∩L∞(QT)andz∈L∞(QT,IRN)suchthatthere
existsξ∈(L1(0,T,BV(Ω)2)∗withdiv(z)=ξinD(QT),wecandefine,asociatedtothe
pair(z,ξ),thedistribution(z,Dw)inQTby

〈(z,Dw),φ〉:=−
∫T

0
〈ξ(t),w(t)φ(t)〉−

∫T

0

∫

Ω
z(t,x)w(t,x)∇xφ(t,x).(10)

forallφ∈D(QT).

Definition4Letξ∈(L1(0,T,BV(Ω)2)∗,z∈L∞(QT,IRN).Wesaythatξ=div(z)in
(L1(0,T,BV(Ω)2)∗if(z,Dw)isaRadonmeasureinQTwithnormalboundaryvalues
[z,ν]∈L∞((0,T)×∂Ω),suchthat

∫

QT

(z,Dw)+

∫T

0
<ξ(t),w(t)>dt=

∫T

0

∫

∂Ω
[z(t,x),ν]w(t,x)dH

N−1
dt,

forallw∈L1(0,T,BV(Ω))∩L∞(QT).
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WeconsiderthesetT={Tk,T
+
k,T−

k:k>0}.
Definition5Ameasurablefunctionu:(0,T)×Ω→IRisanentropysolutionof(1),
(3)inQT=(0,T)×Ωifu∈C([0,T];L1(Ω)),p(u(·))∈L1

w(0,T,BV(Ω))∀p∈Tand
thereexist(z(t),ξ(t))∈Z(Ω)with‖z(t)‖∞≤1,andξ∈(L1(0,T,BV(Ω)2)∗suchthat
ξisthetimederivativeofuin(L1(0,T,BV(Ω)2)∗,ξ=div(z)inL∞

w∗(0,T,BV(Ω)∗)and
[z(t),ν]∈sign(p(ϕ)−p(u(t)))a.e.int∈[0,T],satisfying

−
∫T

0

∫

Ω
j(u(t)−l)ηt+

∫T

0

∫

Ω
η(t)‖Dp(u(t)−l)‖+z(t)·Dη(t)p(u(t)−l)≤

≤
∫T

0

∫

∂Ω
[z(t),ν]η(t)p(u(t)−l),

foralll∈IR,forallη∈C∞(QT),withη≥0,η(t,x)=φ(t)ψ(x),beingφ∈D(]0,T[),

ψ∈C∞(Ω),andp∈T,wherej(r)=

∫r

0
p(s)ds.

ThisisthenotionofsolutionrequiredinTheorem2.Toprovetheexistencewe
approximateu0inL1normbyu0n∈L2(Ω)andusethesemigroupsolutionsinL2(Ω)
withinitialconditionu0n.Theuniquenessofentropysolutionsisprovedbymeansof
Kruzhkov’smethodofdoublingvariables[5].
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