COEFFICIENT MULTIPLIERS ON BANACH SPACES OF
ANALYTIC FUNCTIONS

OSCAR BLASCO AND MIROSLAV PAVLOVIC

ABSTRACT. Motivated by an old paper of Wells [J. London Math. Soc. 2
(1970), 549-556] we define the space X®Y', where X and Y are “homogeneous”
Banach spaces of analytic functions on the unit disk D, by the requirement
that f can be represented as f = Z;io gn * hp, with g, € X, hyp € Y and

o1 llgnllx]lhnlly < oo. We show that this construction is closely related
to coefficient multipliers. For example, we prove the formula (X ® ), Z) =
(X, (Y, Z)), where (U,V) denotes the space of multipliers from U to V, and
as a special case (X ® Y)* = (X,Y™*),where U* = (U, H*). We determine
H' ® X for a class of spaces that contains HP and P (1 < p < 2), and use
this together with the above formulas to give quick proofs of some important
results on multipliers due to Hardy and Littlewood, Zygmund and Stein, and
others.

1. INTRODUCTION

Let S denote the space of all (formal) power series f = >72 f)z = {f(])}j’ozo
with complex-valued coefficients. We introduce the locally convex vector topology
on X by means of the seminorms p;(f) = f(j), j >0. Thus f, — f (n — o) in
S if and only if f, (j) — f (j) for each j. Then S is metrizable and complete and

therefore it is an F-space. The Hadamard product of f and g is defined as
oo
TEVEDIOOES
§=0

A Banach space X will be called S-admissible if P, the set off all polynomials,
is contained in X, and X C S with continuous inclusion.

Let Xp denote the closure of P in X, e;(z) = 27 and v;(f) = f() for j >
0. Of course if X is S-admissible so it is Xp. On the other hand for an S-
admissible Banach space X one has that e; € X and v; € X', where X’ stands
for the topological dual space. Hence (Xp)' is also an S-admissible Banach space,
identifying ¢ € X’ with the power series ¢(z) = > d(e;)2’.

Note that £, 1 < p < oo, the space of all complex sequences a = {a(j)}

1/p
such that [|a||e = (Z?io |&(j)\p) < 00, can be regarded as a subspace of

S, denoted A(T) for p = 1, by putting a = Z;io a(j)z?. Further examples of
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S-admissible spaces are ¢g = (°°)p, H*, i.e. the space of bounded analytic func-
tions, A(D) = (H*)p, and A, the space of Abel summable series (i.e. there exists

lim, 1 3200 f(n)r™ with the norm given by || f||.4 = sup, > | o f(5)] < o0).
Given two S-admissible Banach spaces X,Y we denote

(X,Y)={AeS:AxfeY foral fe X}.

Then (X,Y) becomes an S-admissible Banach space with its natural norm (see
Theorem 2.1).

We keep the notation X’ for the topological dual and denote X% = (X, A(T))
(the Kéthe dual), X* = (X, H®), X# = (X, A(D)) and X® = (X, A) (the Abel
dual).

Since H>, A(T), A(D) and A are S-admissible Banach spaces then X%, X* X#
and X* are also S-admissible Banach spaces.

Following Wells [34] (see also [11] and [33, Sections V.4, VL.3]), given X and
Y S-admissible Banach spaces we define X ® Y as the space of series h € S such
that h = 377 fu * gn, where the series converges in S, f, € X, g, € ¥ and
Yool ol fallx llgnlly < oo. Tt is not difficult to see that X ® Y, normed in a natural
way, is also S-admissible (see Theorem 2.2).

We shall show in the paper a quite useful formula connecting multipliers and
tensors of S-admissible Banach spaces (see Theorem 2.3)

(X®Y,Z) = (X,(Y,2)). (1.1)

We are mainly interested in the case where X and Y are Banach spaces of analytic

functions on the unit disk D C C, i.e., f =5 f(j)zj with lim sup; {/ |f(])| < 1. Let
Dr C C denote the open disk of radius R centered at zero (we put D; = D) and let
E be a complex Banach space. We write H(Dpg) (respect. H(Dg, E)) for the vector
space of all functions analytic in Dg (respect. with values in E), which endowed
with “H-topology”, i.e., the topology of uniform convergence on compact subsets
of Dg, becomes a locally convex F-space. This topology can be described by the
family of the norms N,(f) = sup, <, [|[f(2)|[r, 0 < p < R. Since H(Dgr) C S, we
see that, formally, there are two topologies on H(Dg): H-topology and S-topology.
However, it is well known and easy to see that they coincide on H(Dg).

Several authors have formulated some natural conditions (which hold in most of
classical spaces such as Hardy, Bergman, Besov, etc.) to develop a general theory
of spaces of analytic functions. Two basic ones first appeared in the work by A.E.
Taylor (see [29]) are the following:

(P1) There exists A; > 0 such that | f(j)] < A1||f]l, j € {0,1,...}.

(P2) There exists A > 0 such that |e;|| < Ay, j € {0,1,...}.

This perfectly fitted with Hardy spaces (see [30]) but, unfortunately these con-
ditions are too restrictive to include many of the interesting spaces appearing in
the literature. We shall propose in this paper some weaker ones.

A Banach space X C S will be called H-admissible if X C H(D) with continuous
inclusion, H(Dg) C X for all R > 1, and the map f — f|p is continuous from
H(]D)R) to X.

Clearly H-admissible spaces are also S-admissible. Denote, as usual, C(z) =
the Cauchy kernel and f,,(z) = f(wz) for w € D. In particular f, = C, * f.

1
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We shall show that in the setting of H-admissible Banach spaces, the map w —
fuw defines an X-valued analytic function, i.e. F(w) = f,, € H(D, X). In particular
Mx(r, f) = Sup [ fwllx
becomes an increasing function (where, as usual, we denote M, (r, f) for the Hardy

spaces X = HP). We shall pay special attention to the subspace of functions such
that F' € H*(D, X) and denote

X ={feHD): sup Mx(r, f) < oo}.
0<r<1

Of course if X and Y are H-admissible then (X,Y) and X ® Y are also H-
admissible (see Theorem 3.1).

Inspired by the Besov-type spaces we denote, for 1 <
space of functions in H(ID) such that (1 — r?)Mx(r, Df) €
Df(z) = Y25 on + 1) f(n) .

It is clear that X and 8% are also H-admissible Banach spaces. It fact they
automatically have better properties.

In the original paper A.E. Taylor also considered some particular properties (see
20)):

(P3) If f € X then foo € X and ||foe||x = || f]lx, € € [0,27].

(P4) If f € X then f, € X with || fr|lx < A4l fllx, 0 <r <1, for some Ay > 0.

In this paper we propose a general class of H-admissible Banach spaces of analytic
functions, which cover many of the classical function spaces, and is well-adapted to
the study of multipliers.

We shall say that an H-admissible Banach space X is homogeneous if (P3) and
(P4) holds, that is, it satisfies ||fe|lx = ||fl|x for all [{] = 1 and f € X, and
Mx(r,f) < K| fllx forall 0 <r <1and f € X.

That is to say, for homogeneous spaces, w — f, defines a function in H>°(D, X).
In particular X C X.

Note that the spaces X and BX7 become automatically homogeneous for any
‘H-admissible Banach space X. Of course if X and Y are homogeneous so are (X,Y)
and X ® Y.

We shall also show in this setting that (see Theorem 7.1)

B CH '@ X C Xp (1.2)

< o0, by BT the

q
L1((0,1), 1’“_‘1:2) where

or that (see Theorem 4.1)
(BEY) = BEY)ee, (1.3)

Many more properties are relevant according to the problem in study. For in-
stance, the class of spaces invariant under Moebious transformations or G-invariant
spaces, i.e. X C H(D) such that there exists K > 0 such that ||f o ¢||x < K| f|lx
whenever f € X and ¢ belongs to the group of Moebious transformation of I, have
been considered by several authors (see [3, 12, 31]). Among the G-invariant spaces
there are maximal and minimal spaces in the scale, namely the Bloch space and
the Besov class (see [6, 26, 32]). Similarly, in our setting of homogeneous Banach
spaces of analytic functions one has (see Proposition 4.3) that

Bl c Xpc X cBH™,

Let us finally recall some extra properties also considered by Taylor:
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(P5) If f € X then f. € X and || f||x = lm,—1 || fr||x-

(P6) If f € X then f, € X and lim,_,1 || fr — f]lx = 0.

Of course these two conditions are connected to the density of polynomial in the
space X. In fact if X is H-admissible then Xp satisfies (P6) (and therefore (P5)).

Another one which appears naturally is the following:

(P7) If f € H(D) satisfies that f, € X and sup,_,; ||f+||x < oo then f € X and
[fllx =Hmy— [ frllx.

This is satisfied by X and B%:4. Clearly ¢y or A(D) fail this property. We shall
consider a variation of (P7) useful for our purposes. An homogeneous space X is
said to have (F')-property (Fatou property) if there exists A > 0 such that for any
sequence (f,) € X with sup,, [|fn]lx <1 and f, — f in H(D) one has that f € X
and ||f||x < A. (F)-property will be shown to be equivalent to the fact that X = X
or X = X** with equivalent norms (see Proposition 5.1).

One of our main goals is to characterize H! ® X. In order to do that we shall
consider a new property, namely, we say that X has the (HLP)-property if X C
BX:2. For instance £9 fails to have (HLP) for ¢ > 2, because B2 = £(q,2) (see
Proposition 3.6), and H? has (HLP) for 1 < p < 2 due to the Hardy and Littlewood
result (see [10, 15]) states that, for 1 < p < 2,

1
| @ gy < UfE g e
0

The vector-valued version of the Hardy-Littlewood theorem was considered in
[5]. A Banach space E was said to have the (HL)-property if

1
/0 (1= )M} (r, Fyrdr <C|F|3np.x), F € H'(D,E).

Since F(w) = f, € H*®(D,X) and ||F||g1n,x) = |fllx for any f € X and
any homogeneous space X, one concludes that any homogeneous Banach space
X having the (HL)-property satisfies (HLP). The reader is referred to [5] for
examples of such spaces and connections with other properties in Banach space
theory. In particular it was shown ([5, Prop. 4.4]) that L?(u) has (HL) if and only
if 1 < p < 2. Therefore, besides Hardy spaces, also Bergman spaces X = AP or
X =P for 1 < p <2 and many other obtained via interpolation satisfy (HLP).
We shall show that if X has (HLP) property then (see Theorem 7.2)

H'® X =851 (1.4)

A combination of our main results (1.4), (1.1) and (1.3) allow us to recover a
number of know results about multipliers. Namely, for spaces with (HLP) one has

(H', X*) = (X, BMOA) = 8%,

From this one can recapture many known results on multipliers and to obtain new
ones selecting other spaces with (HLP).

The paper is organized as follows: Sections 2 is devoted to introduce and prove
the basic properties about the S-admissibility showing there the basic formula (1.1).
Section 3 deals with the notion of H-admissibility . We also introduce in that section
the spaces X and B7. We deal with the notion of homogeneous Banach spaces in
Section 4, showing there the basic result of multipliers (1.3). The Fatou property
is studied in Section 5. In Section 6 we present some new facts on “solid” spaces
(introduced and studied by Anderson and Shields [2]). We use Section 7 to study
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the space H! ® X and to show (1.2) and (1.4). Finally Section 8 is devoted to
applications.

2. S-ADMISSIBLE BANACH SPACES: MULTIPLIERS AND TENSORS

Definition 2.1. A Banach space X will be called S-admissible if P C X and
X C S with continuous inclusion, i.e. for each j > 0 there exists C; such that

1FG)] < Cjlifllx-

Definition 2.2. Let X and Y be S-admissible Banach spaces. A series A € S is
said to be a (coefficient) multiplier from X to Y if A\x f € Y for each f € X.
We denote the set of all multipliers from X toY by (X,Y) and define

Ml ex,yy = sap{ 1A= flly = [[fllx <13

Theorem 2.1. If X andY are S-admissible then (X,Y") is an S-admissible Banach
space.

Proof. An application of the closed graph theorem shows that the functional ||- | (X.Y)
is finite. That [|A[| - = 0 implies A = 0 follows the condition P C X. The other
properties of the norm are immediate consequences of the definition. Also, it is
clear that P C (X,Y). That the inclusion (X,Y) C § is continuous follows from
the inequality

A =)@ < Cs A eslly < Cllesllx M x,vy -
Finally, to prove that (X,Y) is complete, assume that
[Am = Anll(xyy = 0 as m,n — occ. (+)

This implies that there is a bounded linear operator T : X +— Y such that
IT = T,]| — 0 as n — oo, where the linear operator T, is defined by T,, f = A, * f.
Hence ||T'f — Ay * f|ly, — 0 as n — oo, for each f € X. Since the inclusion Y C S
is continuous, we see that

A f—=Tfin S. (*)
On the other hand, from (+) and the continuity of the inclusion (X,Y) C S it
follows that A,, — A\, — 0 (m,n — o00) in S, which implies that there isa A € S
such that A, x f — A* f in S. This and () show that T'f = A f, which completes
the proof. O

We have another procedure of generate S-admissible Banach spaces.

Definition 2.3. We define the space X ® Y, to be the set of all h € S that can
be represented in the form h =% 0" fo* gn, [n € X, gn €Y so that the series
converges in S and

Y Mfallx llgally < oo (2.1)

n=0

The norm in X QY is given by

1hllx ey =mf Y I allx lgally

n=0

where the infimum is taken over all the above representations.
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It follows from the definition that if (2.1) holds, then > ° | fn*g, € X ®Y, and

oo o0
| 2 fxgn]| < 2 Wfullx lally
n=0 n=0

The norm in X ® Y is based on Schatten’s definition of greatest crossnorm.

Theorem 2.2. If X and Y are S-admissible space then X ® Y is an S-admissible
Banach space.

Proof. Let us first show that the functional [|-[| 5 is actually a norm.

Only the implication ||| = 0 == h = 0 requires a proof. Let ||k x4y = 0. Let
£>0. Then h = >"77 ) fn * gn, where > ° || fullx llgnlly < €. Since X and Y are
continuously embedded in S, we have |f,,(5)] < C; | fnllx and |§n ()| < D lgnlly
where C; and D; are constant depending only on j. Hence

) = |3 Fal)3a ()| € D2 CiD; Ifallx lgnlly < CiDse.
n=0 n=0

Thus h(j) = 0 because ¢ was arbitrary.
Incidentally, this shows also that X ® Y C & with continuity. The fact that
P C X ®Y is immediate. It remains to show that the space X ® Y is complete.
Let h, € X ® Y (n > 0) be such that > 0% ||hn]|xgy < oo. We have h,, =
> v fom * Gy where D207 0 [ frnllx 9knlly < 2[Rl . It is easily verified that
h:= ZZOZO hy, converges in S and therefore h € X ® Y. It remains to prove that

bt

—0, m — oo.

XY
But this follows from
[ S| =30 S el lgeally < S 210Aall,
n=m XQY k=0n=m n=m
concluding the proof. O

Proposition 2.1. If P is dense in X orY, then P is a dense subset of X QY. In
particular (Xp @Y )p =Xp QY.

Proof. By symmetry of the definition, let assume that P is dense in X. Let h €
X®Y, and € > 0. Then, by the definition, there are a positive integer n and fj, € X,
gr €Y (0 <k <n) such that

h— H <e/2.
-2l <o

Choose polynomials P, so that || fr, — Pk|lx < €l|gk|ly/2n. Then we have

=Y Perar| < |- [ DO RY
H kZ:O Xk LS kzzofk*gk X®Y+ I;)(fk %) * Gk oy

<e/24 ) Ife— Pellx llgrlly < e
k=0

This concludes the proof because ZZ:O Py, * gi. is a polynomial. (]
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The following fact can help in determining X ® Y in simple situations. Recall
that a quasinorm on a (complex) vector space A is a functional || - || on A satisfying
the following conditions:

(i) [[fIl =03 [[f]| = Oiff f=0.
@) |ltf)l = 1t I f]l, for all ¢ € C, f € A.

i) ||f +gll < K(|f]l + |lgll) for all f, g € A, where K > 1 is a constant.

The couple (4, ||-|) is called a quasi-normed space. A complete quasinormed space
is called a quasi-Banach space. “Complete” means that if {fx} C A is a sequence
such that lim,, || fm — fx|| = 0, then there is f € A such that limy || fx — f|| = 0.
If A’, the space of all bounded linear functionals on A, separates points in A, then
there is the smallest Banach space, [A], such that A’ = [A]’. More precisely, let

£l =sup{|Af]: Ae A", A <1}

Then || - ||1 is a norm on A, and we define [A4] to be the completion of (A, || - ||1)-

If A C S with continuous inclusion, then the dual A’ separates points in A
because f +— f(j), for each j, is in A’. Then we can realize [A] as the subset of S
consisting of those f that can be represented in the form

F=Y fo with > [Ifalla < oo (1)
n=1 n=1
Moreover we have

1£llpa) = inf > Nl fallas

n=1
where the infimum is taken over all representations of the form (). It follows from
the condition )", || fn|la < oo that the series ) f, converges in S.

Proposition 2.2. Let X and Y be S-admissible Banach spaces.
(i) If there exists a Banach space Z such that
X+xY={fxg: feX, geY}CZ,
then X ®Y C Z.
(ii) If X *Y = A is a quasi-Banach space then X Y = [A].
Proof. (i) An application of the closed graph theorem to the operators f — f xg
shows that

sup ||f * gllz < oo.
17l x <1

Hence, by the Banach-Steinhauss theorem,

sup [f*gllz < oc. (1)
Iflx<1,lglly <1

Now, assuming that X «Y C Z, let

oo
D lfallxllgally < oo,

j=1
where f,, € X, g, € Y. From this and () we obtain

oo

Z an *gnHZ < 00,

n=1

whence ) fy * gn converges in Z. The result follows.
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(ii) Let X *Y = A. Since A C [4], we have X @ Y C [4], by (i).
In the other direction, let f € [A]. Choose {f,}7° C X *Y = A so that

F= fo and|[flla 2> [Ifalla-
n=1

n=0

Choose g, € X and h,, € Y so that f, = g, * h,,. Then, as above, ||g, * hn|la <
Cllgnllx||hnlly, where C is independent of n. The result now follows. O

Corollary 2.1. Let 1 < p,g<oco andp*q = max{%, 1} where pq/(p+q) = oo
if p=o00 or g =o00. Then P Q (1 = (P9,
Proof. 1t is easily seen that, for p, ¢ > 0,
1 1 1
P 5l =10° where — = — + —. (2.2)
S p q

The result now follows from Proposition 2.2. O

Here there is a basic formula connecting tensors and multipliers.
Theorem 2.3. Let X, Y, Z be S-admissible Banach spaces. Then
(X®Y,2) = (X, (Y, 2)).

Proof. Let A € (X ®Y,Z). We have to prove that A* f € (Y, Z), for all f € X,
ie, that A« fxg € Z forall f € X, g € Y. But, since fxg € X ®Y, the
hypothesis A € (X ® Y,Z) implies A * (f * g) € Z. Hence we have proved that
(X2 Y,Z) C (X,(Y,2)).

In the other direction, assume that A € (X, (Y, Z)), and let h € X ® Y. Then

h:an*gnv fner gnEY,

n=1

and

S llfallxllgnlly < 20l xey-

n=1
Hence A h =377 | A* f, * g, (convergence in S). Since A f,, € (Y, Z), we have
Ax fn, % g, € Z, whence

horey s
n=1

Since Z is complete we have that

)\*ifn*gn:iA*fn*gneza

n=1 n=1

ie, A€ (X ®Y,Z). This completes the proof of the theorem. a

i IA* fallv,2)llgnlly < Ml x, v,z 1 fallx lgnlly < oo

Corollary 2.2. Let X and Y be S-admissible Banach spaces. Then
(XoY)X =X, Y5, (XeY) = (X,Y"), (XQY)*=(X,Y?).
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3. H-ADMISSIBLE BANACH SPACES

Definition 3.1. A Banach space X C S is said to be H-admissible if
(i) X C H(D) with continuous inclusion, and
(ii) H(Dg) C X for each R > 1 and f — f|p is continuous from H(Dg) to X.
Proposition 3.1. Let X be H-admissible. Then
(i) Cx(z) =2  enz" € H(D, X).
(ii) Cx/(z) =X 0 o mz" € H(D, X").
(iii) The mapping [ — F where F(w) = f, defines a continuous inclusion
X C H(]D), Xp).

Proof. (i) Observe first if X is H-admissible then for any 0 < r < 1 there is a
constant A, < oo, depending only on r, such that

Moo(raf)SAT“f”Xa fGX
In particular, ™ < A.||le,|| for all n € N. On the other hand, for each R > 1 and
f € H(Dg) then f € X and there exists Cr > 0 such that

[fllx < Cr sup |f(2)],
|[z|<R

equivalently if f € H(D) then f, € X, for every r € (0,1), and there holds the
inequality
[frllx < Bell flloo (0 <7 <1).
In particular, r~"||e,||x < B, for all n € N.
From these estimates one easily deduces that

lim {/|len]lx =1,
n—oo

Therefore (i) follows.
(ii) On the other hand

[Vnllx: = sup |f(n)|<r ™A,
[[fllx<1

and 1 < ||y, |lx]lenl|lx. This gives
nlgrolo nV ||’7n||X/ =1,

which implies (ii).
(iii) Tt follows from (i) that if f € X then

fu= Z Yu(f)enw™

n=0
is absolutely convergent in X. Hence f,, € Xp for any w € D and w — f, is an
Xp-valued analytic function on the unit disk D. ([

Proposition 3.2. Let X is H-admissible and, for 0 < r < 1, write
Mx(r, f) = sup || fuwlx-

w|=r

Then
(i) Mx

(i) Moo
(iil) Mx

(r, f) is increasing.
(r, f) < Ax (") fllx, f € X, where Ax(r) = ”(CX’)T”C(’]I‘,X/)-
(7"3 .f) S BX(T)”fHOOv f € A(]D)), where BX(T) = ”(CX)T”LI('I[‘,X)-
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Proof. (i) Since F(w) = f, € H(D, X) then w — ||F(w)]||x is subharmonic. There-
fore Mx(r, f) = supjy|=, | fwl x is increasing in r.

(ii) Note that Cx/(z) = Yo" g nz" € H(D,X’) and, for each 0 < r < 1, the
series (Cx/)p(2) = Y 0r g ¥n2"r™ is absolutely convergent in C(T, X"). Hence

F(2) =D m()ren = (Cx)e(2)(F),
n=0
which implies that M (r, f) < Ax(r)||fllx-
(iii) We write, for f € A(D),

2
. 0
f’w = f(e Q)Cwe“"?'
0 ™

Now, for |w| = r, applying Minkowski’s inequality

do - oy dO
x5 < Sl [ IO x g

2r

27
Ifullx < [ 1)
This gives the result. O

Given v : D — [0, 00) a continuous weight, let H® denote the space of f € H(D)
such that sup,cp v(z)|f(2)] < co. Hence (ii) in Proposition 3.2 shows the following
fact.

Corollary 3.1. Let X be H-admissible and define vy ' (2) = Ax(|z]) = [|[(Cx) 2/l cer,x -
Then X C HpY with continuous inclusion.

Let us now show that also taking multipliers and tensors preserve H-admissiblity.

Theorem 3.1. Let X and Y be H-admissible. Then (X,Y) and X @ Y are H-
admissible Banach spaces.

Proof. Let us take A € (X,Y) and observe that, using Proposition 3.2,
Moo (r, ) < Ay (r)[[A % Crfly < Ay () [ Ml (x ) 1Cr[] x -

This gives that (X,Y) C H(D) with continuity.
Also note that if A € H(ID) then

[Arzllxyy = sup [[(A* fir)rlly
Ifllx<1
< By(r) swp Ma(rhe])
Ifllx <1
< By(M[[AMlee sup Moo(r, f)
[[fllx<1

< By (r)Ax (r)[[Allee-

This is equivalent to H(Dg) C (X,Y) for any R > 1.
To show that X ® Y is H-admissible Let h = Y f, * g, where the series
converges in S and Y7 o || fullx|lgnlly < co. Observe that for each 0 < r <1

(oo}

hy2 = Z(fn)r * (Gn )r-

n=0
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Hence

Mm(r2ah)

IN

< Ax<r>Ay<r>Z||anx||gn||y.
n=0

Hence, taking the infimum over all representations, My, (r%, h) < Ax(r)Ay (r)|| bl xey -
This shows that X ® Y C H(D) with continuity.
Let us now take h € H(Dg) and fix 1 < S < R. Hence Y .2, |h(n)|S" < oo.

Using that lim, o {/|len||xllen]ly =1, we can write h = Y07 h(n)en * €y, with
convergence in H(D) and

o0

Y lhm)enllxlleally < K> S llenllxlenlly < oo

n=0
([l

Definition 3.2. If X is an H-admissible Banach space we define X as the space
of functions in H(D) such that w — f, € H*(D, X). We write

Ifllx = sup Mx(r,[).
0<r<1

For instance H? = HP or Z(E) =H>.
Let us collect some properties of X in the next proposition.
Proposition 3.3. Let X C H(D) be H-admissible. Then
(i) X is H-admissible.
(11) X'p C Xp and X = ( 'p) 3
(iii) X# c X* c (Xp)* C ( )
(Xp)* = (Xp)#
Proof. (i) The fact that || - || ¢ is a norm and complete is standard. Due to (i) in
Proposition 3.2 one has that for 0 <r <1

Mg (r, f) = 2l x = Mx(r, ).

From this one easily shows that X is also H-admissible.
(ii) Note that

:><zz

*

with continuous inclusions. In particular

||fT||X = MXP(T7 f) = MX(ra f)v
which gives that X = 5(; On the other hand if f € P then

1fllx = lim [ fr]lx < sup Mx(r, f) = || fll 5-
r— 0<r<1

(iii) The first inclusion is immediate. For the second one note that (H>®)p =
A(]D)) and that (X, Y) C (Xp,Y’p).
Let g € (Xp)#. Since f, € Xp one has

(g * Frllaw) < Cllfrllx <Clflx-
This shows that g € (X)*. O

Let us now present some useful lemmas to be used in the sequel.
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Lemma 3.1. Let X C H(D) be an H-admissible Banach space. If f,g € H(D)
then

Mx(rs, f*g) < Mi(r, f)Mx (s, g),
Proof. Let 0 <r,s <1, |w| =r and [u'|=s
(f * Quww = Z'Vn(fw)'Yn(gw)en
n=0
where the series is absolutely convergent in X. Hence one concludes

2m
B df
(f *g)ww’ = (we H)Qw’eie o’
0 e

where the integral is understood in the vector valued sense. Using Minkowski’s
inequality

O < My )M (s, 9).

2
1(F * 9w x < / | (we™)] g

X on
This implies the result. O
Lemma 3.2. Let X C H(D) be an H-admissible Banach space and f € H(D).
Then

MX(TS7Df)S 1_T2MX(Saf)7 (31)

1
Mx (r, f)dr S/ Mx (rs,Df)ds, (3.2)

0

where Df(2) = S0 (n+ 1) f(n)z".

Proof. Recall that De,, = (n + 1)e, and Df = K x f where K(z) = ﬁ Use
Lemma 3.1 to obtain (3.1).
To see (3.2) simply use that, for each 0 <r < 1 and |{] = 1, one has

= [ (Df)cts
as X-valued function. Hence, by Minkowski’s inequality,
rMx (r, f)dr < /07“ Mx(s,Df)ds = T/Ol Mx (rs, D f)ds.
O

Definition 3.3. If X is an H-admissible Banach space and 1 < q < oo we write
BX9 for the spaces of holomorphic functions such that

1
[l = (| (=) ML Dfrar)t < .
0
The case g = oo corresponds to

[fllsx = sup (1 —r*)Mx(r,Df).
0<r<1
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Clearly B9 coincides with BP9, 1 < p, ¢ < oo, consisting of those f € H(D)
for which

1 1/q
If||p.a = (|f(0)|q Jr/o M (r, Ha - r)qlrdr> < 0.

(These spaces are called in [14] Hardy-Bloch spaces.) In the case ¢ = oo, this should
be interpreted as
|7 (0)] + Osulep(r, 1 —r) <occ.

<r<
Clearly B°°"*° coincides with the Bloch space 8.
It is easy to see that also B9 = ¢4,

Definition 3.4. Let 0 < p, ¢ < co. The space {(p,q) introduced by Kellogg [18],
consists of complex sequences {a(k)}§° such that

) 1/py oo
(X )"}~ en
: k=0
JEIx
where I, = {j : 2871 < j < 2%}, for k > 1, and Iy = {0}. The quasinorm in £(p, q)

is given by
oo

IHa() ey = H{(j; |a<j>|p)1/p}k:0

It follows that £(p,p) is identical with ¢7. It is not difficult to show that, for
q < 00, the dual of ¢(p, q) is (isometrically) isomorphic to £(p’, ¢"), with the duality
pairing given by

I

o0
(a,0) = > a()b(j)
j=0
(the series being absolutely convergent and p’ = oo for p < 1. Hence, the norm in
£(p,q), where 1 < p < oo and 1 < g < 00, by means of the formula

lallea = sup {| 32 @G|+ Wbl < 1}

j=0
This can be used to derive the following formula for the Banach envelope of £(p, q) :
€17 if p) q S 1’
[l(p,q)] = ¢ lp,1), if1<p<oo, ¢g<1, (3.3)
£(1,q), ifp<l, 1<qg<o0.

Given 0 < u,v < oo let us denote

uv .
, if v <u < oo,
uU—v
UOvV =gy, if u = oo,
00 if u <w.

(The notation v © v was introduced in [7].) Kellogg proved the following extension
of Hélder duality result.

Proposition 3.4. Let 1 < p1,p2,q1,q2 < 00. Then
(¢(p1,q1), £(p2: g2)) = £(p1 © P2, 01 © ¢2)

with equal norms.
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It is not hard to generalize the formula (2.2) to the setting of the Kellogg spaces.

£(p1,q1) * L(p2, q2) = £(s1, 52),
where
1 1 1
R —
Sj pj 4a;
Then, using Proposition 2.2 and formula (3.3), one proves the following result.

Proposition 3.5. Let 1 < p;,q; < oo. Then
Up1,q1) ® L(p2, q2) = L(p1 * P2, q1 * q2)-
Proposition 3.6. Let 1 < p,q < co. Then B 1 ={(p,q).

Proof. The case ¢ = oo follows from the observation that f € £(p,00) can be
rewritten by the condition

S|+ Dy < —C
n=0

(1—r)p’

The case ¢ < oo follows from the inequalities, for p,a > 0 and ay > 0, (see [20]
or also [4, Lemma 2.1])

oo 1 00
D S D S A Sk
n=0 k=0

kel,
< B3 (Y
n=0

kely

4. HOMOGENEOUS SPACES OF ANALYTIC FUNCTIONS

Definition 4.1. Let X be an H-admissible Banach space. It is said to be homo-
geneous if it satisfies:
(i) If f € X and |{] =1, then fe € X and || fellx = || f]x-
(i) If f € X and 0 <r < 1 then Mx(r, f) < K||fllx, where K is a constant
independent of f and r.

Observe that for homogeneous spaces Cr € (X, X) with ||C¢l|(x,x) = 1 if [{] =
1 and C, € (X,X) with supg.,.; |Cr|l(x,x) < K. Note also that in this case
| fuwllx = llfiwllx and || fr]| = Mx(r, f) and X C X with continuity.

We denote by H>*(ID, X) the space of X-valued bounded analytic functions and
A(D, X) those with continuous extension to the boundary, i.e. the closure of X-
valued polynomials.

Proposition 4.1. Let X be homogeneous Banach space.

(i) If f € X thenw — f, € H*(D, Xp).

(ii) If f € Xp then w — fi, € A(D, Xp).
Proof. (i) Note that the H-admissibility guarantees that F(w) = f, € H(D, Xp).
For homogeneous spaces

Mx(r, f) = Sup [ frellx = 17| .x)-
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Hence F € H*(D, X).

(ii) It is clear that if f € Xp then lim,_,1 ||f» — f|| = 0. Now use that |F —
Frllgeem,x)y = ||f — fr|| to conclude the result, because F,. € A(D,X) for each
0<r<L O

Proposition 4.2. Let X and Y be H-admissible Banach spaces. Then

(1) X is homogeneous.
(ii) If Y is homogeneous then (X,Y) is homogeneous.
(iii) If X and Y are homogeneous then X ® Y is homogeneous.

Proof. The H-admissibility of (X,Y), X ® Y and X was proved in Theorems 3.1
and 3.3 respectively.

(i) To show that X is homogeneous use that My (r, f) is increasing and the facts,
for [(|=1and 0 <1 s<1,

Mx (r, fe) = Mx(r, f) and Mx (s, fr) = Mx(sr, f).
(ii) Given A € (X,Y) and f € X one has that
Aw* =A% [y
what trivially gives the result using the properties of Y.

(iii) Now given h € X ® Y with h = Y02 fn % gn with > o2 [ fullllgn|l < oo
one has

Mxgy (r*,h) ZMX s fn) My (7, gn) <K22||fn||x||gn||y

n=1
Therefore Mxgy (r?, h) < ||h||xgy for all 0 < r < 1.
Taking into account that
:Z(fn)ﬁ*gnv |£|:1
n=0
one concludes that ||he¢lxey < ||h||xey for || = 1. Therefore |hellxgy =
1Pl xey- O

Proposition 4.3. Let X be H-admissible and 1 < g < co. Then

(i) B%7 is homogeneous.

(i) (BX9)p =B for 1 < g < cc.
(iii) (BX>2)p = {f € H(D) : lim, 1 (1 —r2)Mx(r, Df) = 0}.
(iv) B! € Xp and X € B2,

Proof. (i) The facts that || - ||;sx.« is a norm and the completeness follow from stan-
dard arguments which are left to the reader. The H-admissibility and homogeneity
follow from the facts || fs||sx.« = Mpx.q(s, f) and Lemmas 3.1 and 3.2.

(ii) Note that lims_,1 Mx(s, f» — f) = 0 for each 0 < r < 1. Hence, using the
Lebesgue dominated convergence theorem, one sees that, for ¢ < oo, if f € BX9
then || f, — fllsx.a — 0 as r — 1. Since f,. € (B%)p the result follows.

(iii) Since any polynomial d € P satisfies that lim,_1(1 — r?)Mx(r,Df) =
then (B>°)p C {f € H(D) : lim, (1 — 72)Mx (r,Df) = 0}. Let f € H(D) such
that lim,_1(1 — 7?)Mx(r, Df) = 0. For each € > 0 one there exists ro < 1 such
that

(1—s*)sup Mx(r,Df) <e,rg < s < 1.
r>s
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Now observe that

1f=Ffsllwx < Mx(ro, D(fo—f))+2(1=5) sup Mx (r, Df) < Mx(ro, D(fs—f))+e.

r>70

Therefore f, € (B%>°)p approaches f.
(iv) It follows from Lemma 3.2 and (ii). O

Proposition 4.4. Let X and Y be homogeneous Banach spaces. Then
(%X,lyy) _ %(X,Y),oo'

Proof. Let f be a polynomial and g € B(XY):>_ Observe that

Fro) = g [ Q=Y s )"
n=0
1

2
Using that M(x y)(r,9) < Mx y)(r, Dg) (see (3.2)) one concludes that

1
. / (1= (D), * (Dg)s — g.)(2)rdr.

If gy < / (L= )(Df)r * (Dg)r — g,y rdr

1
< /0 (1= 1) Mx.y)(r, (Dg) — 9)Mx (r, Dfrdr
1
< 2 / Mx(r, (DF))(1 — )M x.y(r, Dg)rdr
0
< 2 pallgllaoerne

Using that polynomials are dense in 8% one easily concludes that BXY) <
(BXLY).
Let f € (B%1Y). Then
Mx v (r,Df) sup{[|Df * grlly : lgllx <1}
sup{|[f * Dgrly : [lglx <1}
1/l (sx1,y) sup{|| Dgrllsxs : llgllx < 1}

1
< Ifllewxay supd / My (s, D%,)ds : lg|lx < 1}.
0

IA

A\

Observe now that
1 1
/Mx(S,DZQT)SdS = /Mx(ST’,D2g)SdS
0

0
1
0 1787'

1
lgllx
A —=d
/o (1—sr)2

v lglx
= -y

This estimate concludes the proof. (I

IN
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Corollary 4.1. If X is homogeneous then
(%X,l)# _ (%xg)* _ (%X,l)/ _ %X*,oo and (%X,l)K _ %XK,OO.
Let us give some information on the dual of homogeneous Banach spaces.
Note that if X is H-admissible then X is continuously embedded into X’ by
means of the map A € X® — ¢, € X’ defined by

oo

ox(f) = lim An) f(n)r™.
n=0

Recall that we use the notation A# = (X, A(D)). Hence, in particular X# C X’
by means of f — A * f(1) for A € X#.
Therefore we have the following chain of continuous inclusions between H-admissible
Banach spaces:
xFcx#cXxecx
Proposition 4.5. Let X be an homogeneous Banach space. Then X C (Xp)' C
(Xp)# with continuity.

Proof. Let f € X% and define y(g) = f * g(1). One has that v € (Xp)" and
IVl < IIf|lx# what shows X# C (Xp)'.

Given v € (Xp) define A(z) = Yoo ov(en)z™. Let f € Xp and observe that
from Proposition 4.1 (ii) the function w — f,, belongs to A(D, X). Hence

A f(w) =" y(en) f)w™ = v(fu)-
n=0

The continuity of v implies that A * f € A(D). Moreover
[A* fllapy = sup A= f(w)] < K|~/ f]]-

Jw]<1
This shows that A € (Xp)# and ||Al|(x,)« < K| O

Corollary 4.2. If X is an homogeneous Banach space then X* = (Xp)* =
(Xp)# = (Xp)® = (Xp)" with equivalent norms.
Proof. Since X C X it follows from Proposition 3.3 that
Xp = Xp and X* = (Xp)7".
For the other equalities use the previous proposition. O

Proposition 4.6. Let X be homogeneous. Then Xp C X*™* and there exists A > 0
that

[fllx= <MIfllx < Kl[fllx~, f€Xp.
In particular, Xp = (X**)p.

Proof. The inclusion and the first inequality are straightforward.
Let now f € Xp. From Corollary 4.2 and Hanh-Banach theorem,

[fllx = sup{[v(H)l:veXp), vl <1}
< Asup{lg= f(1)| : g € (Xp)*, lgll(xpy < 1}
< Asup{|lg * flloo : g € (XP)¥, lgll(xpy# < 1}
= Asup{[|g* flloo : g € X™, [lgllx- <1}
< Al fllxe
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5. THE FATOU PROPERTY

In this section we shall now consider a property closely related to (P7).

Definition 5.1. Let X C H(D) be an homogeneous Banach space. X is said to
satisfy F-property, to be denoted (F'P), if there exists A > 0 such that for any
sequence (fn) € X with sup,, ||fullx <1 and f, — f in H(D) one has that f € X
and || fllx < A.

Proposition 5.1. Let X and Y be H-admissible Banach spaces. Then
(i) X and BX9, 1 < q < oo, have (FP).

(ii) IfY is homogeneous with (FP) then (X,Y) has (FP).
Proof. (i) Let (f,) € X such that Ifnllg < 1 and f, — f in H(D). Using that
lim,, 0o Mx (7, fn) = Mx(r, f) one concludes that f € X. Similar argument works
for BX:a,

(i) Let (fn) € (X,Y) such that ||f,|/(x,y) <1 and f, — f in H(D). Hence for
a given g € X with [|g|][x = 1 we have (f, *g) € Y such that || f, g (x,y) < 1 and
fnxg — fxgin H(D). Since Y has (F'P), one has that fxg € Y and || f*g|y < A.
Therefore f € (X,Y) with || f[|(x,y) < A. O

Let us formulate some equivalent conditions of this property.

Theorem 5.1. Let X be homogeneous. The following are equivalent:
(i) X has (FP).
(ii) If f € H(D) and sup,ep || fwllx < oo then f € X.

(iii) X = X with equivalent norms.

(iv) X = X**,

Proof. (i) = (ii) Take f € H(D) with 0 < supg<,.; Mx(r, f) = A < co. Select
a sequence 7, converging to 1 and put f, = A, f. where A, ! = Mx(ry,, f). Of
course f, — A7lf in H(D) and || f.||x < 1. Applying the assumption one gets
that f € X.

(i) = (iii) Note that if X is homogeneous one has X C X and ||f| 5 < K||f]/x-
The assumption means that X € X. The continuity follows from the open map
theorem.

(ii) = (iv) Take f € X**. Then f, € (X**)p which, according to Proposition
4.6, coincides with Xp. Hence we have

Mx (r, f) < KMxpye (7, ) < K'|| fll (xp)% -

This gives f € X = X.
(iv) = (i) If X = X** then X has (F'P) because (X*, H*) has (F'P) according
to Proposition 5.1. (]

This characterization allows us to give examples failing to have (F'P), for instance
X =c¢por X = A(D).

To see that it suffices to consider the Cauchy kernel C' = (f(5)); where f(j) = 1
for all j. Hence C € £\ ¢g, but, however, Cy, x f = C, € ¢ for any |w| < 1 and
sup,ex |Cw * flle, = 1. Thus ¢g fails (FP). Select f € H* \ A(D) and observe
that sup,,cx [|Cw * fllam) = [|fllco- Thus A(D) fails (FP).

In fact both examples are particular cases of the following corollary.
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Corollary 5.1. If Xp has (FP), then X = Xp.

Remark 5.1. There exists a notion closely related to (FP) in Banach space theory.
Recall that a complex Banach space F is said to have the ARN P if any bounded
FE-valued function has boundary limits a.e, i.e if F' : D — F is holomorphic and
bounded then lim, ., F(re?) exists a.e. in E (see [8, 9]).

Since F(w) = f, € H*(D, X), one sees that any homogeneous Banach space X
with the ARNP satisfies (F'P) (note that f.ie € X for almost all § implies that
fex)

Since H fails ARN P but has (F'P) they are not equivalent properties.

Although the space X ® Y needs not to have (F'P) if only one of the spaces has
(FP) (take X = ¢*° and Y = ¢y and note that X ® Y = ¢p) the following result
says that the result holds true if both spaces have (FP).

Theorem 5.2. Let X and Y be homogeneous with (FP). Then X ® Y has (FP).

Proof. Let (hy) € X ® Y such that ||h,||xey < 1 for all n such that h, — h
in H(D). Let us take a decomposition such that h, = Z;’il fr,j * gn,; Where

[fnsllx = llgn.;lly and

oo
[hallxey <D I fajllxlgn.;
=0

v < lhnllxey +1/n < 2.

Therefore for any sequence (a;); € ¢ with ||(a;)||2 = 1 one has that

max{|| > a; fujllx, 1Y ajgnlly} < 2.
i i

Denoting ¢n = >_;a;fn,; and ¢, = >, a;gn,;, one has that sup, [[¢nllx < 2
and sup,, [, x < 2. Since X C (X#)" and Y C (Y#)', the Banach-Alaoglu
theorem implies that there exists a subsequence k(n) such that ¢y, converges
in the weak*-topology to ¢ and vy, converges in the weak*-topology to ¥. In
particular ¢,y — ¢ in H(D) and 9,y — ¢ in H(D). Using the (F'P) in both
spaces X and Y one obtains that ¢ € X and ¢ € Y with ||¢||x <2 and ||¢|y < 2.

Let us now select (a;); the canonical basis of £2 and write f; and g; the functions
¢ and v corresponding to such cases. In particular, using a diagonal process there
exists a subsequence k’(n) such that fi/(,) ; — f; and gy (n),; — g; in H(D) for all
j € N. Taking limits one gets f = >_7°, fj*g; in S. Toshow that = || f;]xllg;lly <
oo we shall see that - || f;]|3 < oo and _ [|g;[|3- < oo. This follows using that
¢ = ¢((a;)) and ¢ = ¥((a;)) coincide with ¢ = . a;f; and ¢ = 3_, a;g; and the
facts || 32 a; fjllx <2 and || 32; ajg5lly < 2. O

Theorem 5.3. Let X and Y be homogeneous spaces.

(i) If Y has (FP), then (X,Y) = (X @ Y*)*.
(ii) If X and Y have (FP), then X @ Y = (X,Y™)*.

Proof. (i) Use that Y** =Y and Corollary 2.2 to get (X ® Y*)* = (X,Y).
(ii) We have (X ®Y)** = X ®Y by Theorems 5.2 and 5.1. Again use (X®@Y)* =
(X,Y™) to conclude the proof. O
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6. *° ®Y AND SOLID BANACH SPACES

Definition 6.1. (see [2]) A set A C S is said to be solid if for any f € A and
g € S with |§(7)] < |f(G)] ,J = 0, implies that g € A.

Remark 6.1. Let X be an S-admissible Banach space. X is solid iff £>° C (X, X).
Let us mention the following elementary facts.

Proposition 6.1. If X or Y are solid S-admissible Banach spaces, then so are
(X,)Y) and X QY.

Proof. Let (f(j)); € €>° and A € (X,Y). To show that f+ A € (X,Y) take g € X
and observe that (f*A)xg = Ax(f*g) = f*(A*g). This shows that (f*\)xg €Y
whenever X or Y are solid.
The case X ® Y follows from Remark 6.1 together with the trivial inclusion
X C (Y, X ®Y) and Theorem 2.3. If X is solid then
(X, X)X, XY)= (XY, X®Y).
O

Proposition 6.2. (see [2]) If X C S is an S-admissible Banach space, then there
is a largest solid S-admissible Banach space s(X) C X. Furthermore s(X) is the
largest solid subset of X and we have

s(X) = (£, X).
Proof. Denote s(X) = (¢, X). It is an S-admissible Banach space, by Theorem
2.1. From Proposition 6.1 one has that s(X) is a solid subspace of X. Now let

Y C X be any other solid subset. If f € Y and g € £*°, then g* f € Y C X. Hence
fe@® X)andsoY C (£, X). O

Proposition 6.3. [2,7] If X C S, then there is a smallest solid superset S(X) D X.
Furthermore,
S(X)=0°*X, and

S(X)={g€8:3f € A such that |f(j)| > |§(j)| for all j}. (1)

Proof. Clearly, S(X) is the intersection of all solid sets containing X. Since the set
0% % X is solid, we have S(X) C £ % X. On the other hand,

0% X Cl®*S(X) (because X C S(X))
and £°° % S(X) = S(X), whence £ x X C S(X), and so > x X = S(X).
For (1), let
B={geS8:3f € X such that |f(j)| > |§(4)| for all 5}.

It is trivial to check that B is a solid superset of X. Le:c D be any solid superspace
of A, and let g € B. Then there is f € X such that |f(j)| > |g(j)| for all j. Then
f € D, and since D is solid we have g € D. Thus B C D, whence B = 5(X). O

Denote Sp(X) = £ @ X. Of course S(X) C Sp(X).

Theorem 6.1. Let X be an S-admissible Banach space. Then Sy(X) is the smallest
solid Banach space containing X. More precisely, if Y is a solid Banach space
containing X, then Sp(X) CY with continuity.
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Proof. Let h € £*° ® X. Then

h=Y by*f,, where b, €l® f,€X, and

n=1

[bnllese =1, >~ |l fullx < oe.
n=1

The series Y | by, * f, converges in Y because

S bn# fully < 3 Clifally <D COIfullx < 0.
n=1

n=1 n=1

The sum in Y of this series is equal to h because X and Y are continuously em-
bedded in S. Thus h € Y, which was to be proved. (Il

Corollary 6.1. If S(X) is an S-admissible Banach space then S(X) = {*° ® X,
with equivalent norms.

Proof. Since S(X) C £*° ® X, by definition, and > ® X C S(X), by Theorem 6.1,
we see that S(X) and £*° ® X are equal as sets. The norms are equivalent because
these spaces are complete and ¢ ® X C S(X), by Theorem 6.1. O

Theorem 6.2. If X and Y are S-admissible Banach spaces, then
(Sh(X),Y) = (X,s(Y)) = s((X,Y)).
Proof. We have, by Theorem 2.3,
(U X,Y)=({*(X,Y)) = s((X, Y)),

and
(X @ £,Y) = (X, ((%,Y)) = (X, 5(Y)).
O

It is not hard to see that if X is solid, then X = XX but, in the general case,
we always have XX C X,

Theorem 6.3. If X is an S-admissible Banach space, then
(Sh(X))* = (Sp(X)" = s(X?) = X
Proof. By Theorem 2.3, we have
(L@ X,A) =" X =s(X),
and
(X @07, A) = (X, (£, A) = X*,

where we have used the easily verified relation (£>°)® = ¢*. ]
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7. COMPUTING H! ® X IN SOME CASES.

The aim of this section is to identify H' ® X for some homogeneous Banach
spaces X. According to Theorem 5.3 one can state the following general result.

Proposition 7.1. If X has (F'P) then we have that
H'® X = (H', X*)* = (X, BMOA)*.

However this is not a direct description of the space, but relies upon the knowl-
edge of the multiplier space. The following lemma is relevant for our purposes.

Lemma 7.1. Let X be a homogeneous Banach space. Then there exist Ay, As >0
such that
A fllx < Mx(r, f) < Aor®||fllx, 0<r<1

whenever f(z) = ZT:k ajz? where 0 < k < m.
Proof. Tt is well known (see Lemma 3.1 [21]) that
[ flloe € Moo(r, f) < rk”fHoo, 0<r<l

Using Proposition 4.6 one has

™ fllx & ™ fllxe
~ sup{r"||f * gl : lgllx- =1}
< Csup{Muo(r, f*g) : |lg]lx- =1}
~ | frllxe = Mx(r, f)
< Cr'sup{||f * gl : llgllx- = 1}
< O fllxee < A fllx-

O
Lemma 7.2. Let X C H(D) be homogeneous and P(z) = Zij;n_l P(k)ey,. Then

there exist constants By and By such that

Bi2"||Px fllx < ||[P*Dfllx <B2"|[Px fllx,f € X (7.1)
Proof. We apply Lemma 7.1 to obtain
Ar? || Pllx < Mx(r, P) < Agr®" || P|x. (7.2)
To show (7.1) apply (7.2) for r, =1 —27" and (3.1) to get first
|[P+Dfllx = [DP=*[f)lx
< AMx(rn, D(P * f))
< A2"Mx(rp, P = f)ds
< A2Y[Px flx.
Also applying (3.2) one gets
1P * fllx =~ Mx(rp,Px*f)
< A/Orn Mx (s, P+ Df)ds
< A/T" 2" ||P+ Df|xds
< A2B”HP*Df||x-
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d

Theorem 7.1. Let X be an homogeneous Banach space. Then
BXCcH @ X C Xp.

Proof. From Proposition 2.2 it suffices to show that if f € H' and g € X then
f*g¢€ Xp. From Lemma 3.1
Mx (r?, f * g) < Ma(r, f)Mx(r,9) < K||fll1]lgllx-

Using Proposition 2.1 the polynomials are dense in H! ® X and H' @ X C X, is
shown.

Let us now show that BX1 ¢ H' ® X.

Let {W,}&° be a sequence of polynomials such that

supp(W,) C [2"71,2"] (n>1),  supp(Wo) C [0,1],  sup W[l < oo

F=Y Wuxf,  feHD).
n=0

Such a sequence exists (see, e.g., [4, 23, 17, 25] for possible constructions). Note
that
[(We s frllx < K[Walallfrllx < Cllflx,
Hence, since W,, * f is a polynomial, [|W,, x f||x < C| f]lx-
Denoting @, = W,,—1 + W,, + W,,4+1 we can write

F= Qu+Wyxf,

n=0

for all f € H(D).
Note now that Lemma 7.2 allow us to conclude

DAQuli W fllx < K Y [Wa s fllx
n=0 n

1—o—(n+1)

=0
Kz/1 22" ||W,, * f || xdr
n=0

IN

—2—n

r2" lW,, * Df]||xdr

AN INA
= =
1[e L[]
—
5

=

T

>

5

IA
e

1 [™]

—
£
S
=
=

1
= K/O Mx (r,Df)dr

= Kl[fllwx
]

A property that turns out to be crucial for our purposes is the following one
already mentioned in the introduction.
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Definition 7.1. Let X C H(D) be an homogeneous Banach space. We say that X
satisfies (HLP) if X C BX2 i.e. there exits a constant A > 0 such that

1
/O (1— P)M(r, DF)dr < Allf |1 x (7.3)

Theorem 7.2. Let X be an homogeneous Banach space satisfying (HLP). Then
H'®@ X =851,

Proof. Due to Theorem 7.1 we only need to show that H' ® X ¢ BX!. It suffices
to see that f* g € BX! for each f € H' and g € X. Now using Lemma 3.1 we
have,

1 1 r
/ Mx(r,D(f % g))rdr < A/ (/ Mx (s, D*(f  g))ds)rdr
0 o Jo
1
< A/ (1 —8)Mx (s, D*(f % g))ds
0
1
< 24([ (1= )0 D) M (. Dg)rar
0
Now from Cauchy-Schwarz (7.3) for C-valued functions and (HLP) one obtains

/(1—r2)M1(r,Df)MX(r7Df)rdr < (/ (1—r2)M12(T,Df)rdr)1/2
0 0

1
( / (1 — #?)M3%(r, Dg)rdr) /2
0
K|l llgllx

IN

8. APPLICATIONS

Our techniques allow us to describe X ® Y in several cases. We only exhibit
some applications, although many others can be achieved in a similar fashion.

As a consequence of Theorem 7.2 and Proposition 3.6 one obtains the following
result.

Corollary 8.1. Let 1 <p < 2. Then
(i) H' @ HP = 8P,
(i) H' @ r =t
Let 1 < p,g < oo and let HP9* denote the mixed norm spaces of analytic
functions in the unit disc given by the condition

1
T / (1= 1) M, (r, f)dr) 7 < 0o, q < oo

and
|| fllmpooe = sup (1 —1)*My(r, f) < oo, ¢= .
o<r<1

Recall that p © ¢ stands for the value co whenever ¢ > p and pﬁ;q = %
1o 1,1
whenever ¢ < p, and that g = min{1, 5+ E}'
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Corollary 8.2. Let 1 < q,u,v < 0co. Then BHI @ BWY = B,

Proof. This follows from Theorem 5.3, applying that the spaces B?:¢ have (FP)
together with the facts that

(B9, H>) =870, pg>1,
(see [1] for p=1, 1 < g < o0; see [13] for the remaining cases) and
(BL B = BV gy > 1. (8.1)

Relation (8.1) is only a reformulation the following result on multipliers (see [17,
Theorem 3.5]):

(H(1,q,1),H(u/;0",1)) ={A e H(D): DA € H(u',qov',1)}.
O

We can now use our techniques to characterize the space of multipliers from H'!
in some cases.

Theorem 8.1. Let X be a homogeneous Banach space with (HLP). Then
(H', X*) =85>
(H', XK) = pX" e,
Proof. Apply Theorem 2.3 together with Theorem 7.2 and Proposition 4.4 to obtain
(H', X*) = (H'® X,H®) = (B! H>) = 8%,
The other case is analogous. O

In particular the previous theorem yields the following results on multipliers from
H' due, among others, to Hardy and Littlewood, Stein and Zygmund, Sledd (the
cases H?), to Mateljevi¢ and Pavlovi¢ (the case BMOA) and to Duren (the case
09).

Corollary 8.3. Let 2 < g < oco. Then
(H', H?) = B> (see [16],[28], [27]),
(H', BMOA) =B (see [22]),
(H', %) = U(g, 00).

Also we can use our results to obtain spaces of multipliers into BMOA in some

cases.

Theorem 8.2. Let X be a homogeneous Banach space with (HLP). Then

(X,BMOA) = BX">,
Proof. Combining again Theorem 2.3 together with Theorem 7.2 and Proposition
4.4 one gets

(X,BMOA) = (X,(H',H®)) = (X @ H', H®) = (B! H®) = 8% ">,
O
Corollary 8.4. Let 1 <p < 2. Then
(H?, BMOA) = B”"> (see [24] and [17]),
(P, BMOA) = {(p', ).
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The results allow also to recapture some of the multiplier results for Hardy-

Lorentz spaces appearing in [19] using similar approaches.
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