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Notations and well known facts on υX and βX

X is a completely regular (Hausdorff) space.
Cb (X ), and C(X ) for X pseudocompact, have the ‖·‖∞.
f 7→ f β is a linear isometry from Cb (X ) onto C (βX ).
We identify X and βX with {δx : x ∈ X} and {δx : x ∈ X}weak*

in
BCb(X)∗ (weak*).
Let x ∈ βX . Then x ∈ υX , the Hewitt realcompactification of X ,

iff each f ∈ C(X ) admits a continuous extension to X ∪{x},
hence f 7→ f ν is a biyection from C(X ) onto C(νX ),
iff V ∩ X 6= ∅ for each βX -zero V containing x , whence X
is Gδ-dense in υX .

X pseudocompact means
C (X ) = Cb (X )⇐⇒ υX = βX ⇐⇒ X is Gδ-dense in βX .
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A sequentially continuous map

If Y ⊂ Cb (X )∗ separates functions in Cb (X ), then σY is the
pointwise convergence topology on Cb (X ) (on C (X )).
Cp(X ) := (C(X ), σX ).

Claim
Let Y be Gδ-dense in Z . (C(Z ), σY ) and Cp(Z ) have the same
convergent sequences ((rel) sequentially compact subsets).
If f0 is σY adherent to (fn) then f0 is also adherent in Cp(Z ).
If moreover Z ⊂ βY , i.e., Z ⊂ υY, then f 7→ f ν |Z is a linear
isomorphism from C(Y ) onto C(Z ).

Proof.
If Zn := {z ∈ Z : fn (z) = fn (x)} then ∃ zx ∈ Y ∩

⋂∞
n=0 Zn.

C(Y ) is embedds in C(υY ).
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Rainwater subsets in the dual unit ball of a Banach
space E

Definition
A subset X of BE∗ is a Rainwater set if in BE the topologies σX
and σBE∗ have the same convergent sequences.

This means that each bounded sequence of E that converges
pointwise on X converges weakly∗.

From Choquet’s integral representation it theorem follows
that the set of extreme points of the closed dual unit ball is
a Rainwater set for E (Rainwater’s theorem).
From Simons lemma it follows that each James boundary
is a Rainwater set for E (a subset J of BE∗ is a James
boundary if each element of E attains its maximum in BE∗

in J).
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Rainwater theorem for C (X )

Theorem (Rainwater’s theorem for C (X ))

Each compact X is a Rainwater set for C (X ).

Proof.
By Arens-Kelly theorem, Ext BC(X)∗ = {± δx : x ∈ X}.
Hence {± δx : x ∈ X}, and also X , is a C (X )-Rainwater set

Other proof.

By Riesz representation theorem, C(X )∗ = rca(B(X )).
If {fn}∞n=1 is C (X ) bounded and fn (x)→ f (x), ∀x ∈ X ,
then, by Lebesgue dominated convergence theorem,
〈fn, µ〉 → 〈f , µ〉 for every µ ∈ C (X )∗, i.e., fn → f weakly.
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Pseudocompact⇐⇒ Rainwater set (=⇒)

Proposition

X is a Rainwater set for Cb (X )⇐⇒ X is pseudocompact.

Proof.
(Known) If X is pseudocompact, {fn}∞n=1 is bounded in C(X )
and (fn)n → f in Cp(X ) then for each y ∈ υX = βX

f βn (y) = f υn (y)→ (by Claim) f υ (y) = f β (y) .

By Rainwater theorem for C (βX )〈
f βn , µ

〉
→
〈

f β, µ
〉

for each µ ∈ C (βX )∗ = Cb (X )∗ .

Thus X is a Rainwater set for Cb (X ).
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Pseudocompact⇐⇒ Rainwater set (6=⇒)

Proof, conversely.

Suppose that X is not pseudocompact. For each y ∈ βX \ υX
there exists hy ∈ C(βX ), hy (y) = 0, hy (υX ) ⊂]0,1]. Now define

1 gy ∈ C (βX ) by gy (z) = (1 + hy (z))−1, z ∈ βX .
2 fn := (gy )n.

Clearly gy (υX ) ⊂]0,1[ and gy (y) = 1, hence from

‖fn|X‖∞ ≤ 1,
limn fn (x) = limn gy (x)n = 0, ∀x ∈ X ,
〈 fn|X , δy 〉 = fn (y) = gy (y)n = 1, (fn)n 6→ 0 (weak∗),

we conclude that X is not a Rainwater set for Cb (X ).
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Pseudocompact subsets Y of BCb(X )∗ with X ⊂ Y

Proposition

(Y ,weak∗|Y ) pseudocompact=⇒ Y is a Cb (X )-Rainwater set.

Proof.
Let T the product of the isometry-inmersions

Cb (X ) −→ C(BCb(X)∗) −→ C(Y ).

T ∗(C (Y )∗) = Cb (X )∗.
Let {un}∞n=0 be Cb (X )-bounded and limn un = u0 in σY .
Then {Tun}∞n=0 is C (Y )-bounded and limn Tun = Tu0 in Cp(Y ).
By pseudocompactness, for each T ∗µ ∈ Cb (X )∗ (µ ∈ C (Y )∗)

lim
n
〈un,T ∗µ〉 = lim

n
〈Tun, µ〉 = 〈Tu0, µ〉 = 〈u0,T ∗µ〉
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Example

An infinite discrete space I is not Rainwater for Cb (I) = `∞ (I).

Example

If D is a dense subset of βN \ N of cardinality |D| ≤ c, then
N ∪ D is a Rainwater set for `∞. (N ∪ D is pseudocompact).

Example (Kalenda)
A Valdivia compact X which is not Corson’s compact contains a
non compact Y which is a Rainwater set for C (X ).

Exists a countably compact Y  X with νY = βY = X
Y -homeomorphic to a bounded closed subset of some Σ (Γ)- is
non compact and Rainwater set of Cb (Y ) = C(βY ) = C(X ).
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Rainwater subsets of a pseudocompact
(Rw=⇒ Gδ-dense)

Proposition
Let Y be a subset of a pseudocompact X . Y is a Rainwater set
for C (X ) if and only if Y is Gδ-dense in X.

Proof.
If Y is not Gδ-dense in X there exists x0 ∈

⋂∞
n=1 Un ↓, non void

Gδ subset of X which that does not meet Y .
Let gn ∈ C (X ) with 0 ≤ gn ≤ 1, gn (X \ Un) = {0} and
gn (x0) = 1, ∀n ∈ N. From

lim
n

gn = 0, in σY , and lim
n
δx0(gn) = 1

we get that Y is not a Rainwater set for C (X ).
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Rainwater subsets of a pseudocompact
(Gδ-dense=⇒Rw)

Proposition

Let X ′ be a Rainwater set for Cb (X ) and let Y be a Gδ-dense in
(X ′,weak∗|X ′). Then Y is a Rainwater set for Cb (X ).
Hence if υZ is homeomorphic to a Rainwater set for Cb (X ),
then Z is also homeomorphic to a Rainwater set for Cb (X ).

Proof.

If (f )∞nn=0 is bounded in Cb (X ) and limn fn = f0 in σY , then:

By Gδ-density limn fn = f0 in σX ′ ,
By Rainwater condition limn fn = f0 (Cb (X ) ,weak).

Hence Y is a Rainwater set for Cb (X ).
Particular case: Z is Gδ-dense in υZ .
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Rainwater subset of a pseudocompact6=⇒pseudoc.

Example
There exists pseudocompact X that contains a non
pseudocompact subset Y that it is Rainwater set for Cb (X ).

Proof.
Let G pseudocompact such that G ×G not pseudocompact.
G ×G is Gδ-dense in G × βG.
G × βG is pseudocompact (pseudocompact × compact).
Hence G ×G is a Rainwater set for C (G × βG).

Remark
Let X = Y ∪ {∞} be the Alexandroff compactification of a
discrete space Y of nonmeasurable infinite cardinality. Clearly
Y is not pseudocompact Gδ-dense in Eberlein compact X .
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Two lemmas

X = T (NN) is K -analytic if T is u.s.c.c. valued (ordered).

Lemma

Cb(X ) weakly K -analytic =⇒ X pseudocompact.

Proof.

Cb(X ) = C (βX ) =⇒ βX Talagrand compact =⇒ βX F.-U.
(yn ∈ υX )n → y0 6∈ υX =⇒ |βN| 6 |N|!!!!. Hence βX = υX .

Lemma

Y Rainwater for Cb(X ) =⇒ Y separates functions of Cb(X ).

Proof.
f (y) = g(y) =⇒ {f ,g, f ,g, . . .} weak converges.
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Weak K -analyticity in C(X )

Theorem
Let X be completely regular. The following are equivalent:

1 X is pseudocompact and Cp (X ) is K -analytic.
2 There exists a Rainwater set Y for Cb (X ) such that(

Cb (X ) , σY
)

is K -analytic and Cp (Y ) is angelic.
3 There exists a Rainwater set Y for Cb (X ) such that(

Cb (X ) , σY
)

is both K -analytic and angelic.
4 Cb (X ) is weakly K -analytic.

Proof of 1⇒ 2 and 2 =⇒ 3.
1⇒ 2 Take Y := X (pseudocompact) =⇒ Cp (Y ) angelic.
2 =⇒ 3 Y ⊂ BCb(X)∗ =⇒

(
Cb (X ) , σY

)
embeds in Cp (Y ).

S. López Alfonso and M. López Pellicer Talagrand pseudocompacts and Rainwater sets



Preliminaries
Some topological properties of Rainwater sets for Cb (X)

Rainwater sets and weak K -analyticity in Cb (X)

Some equivalences
Applications

Weak K -analyticity in Cb(X )

Proof: 3(∃Rw Y :
(
Cb (X ) , σY

)
K -analytic angelic) =⇒

4(Cb (X ) weak K -analytic)=⇒ 1(X psdcom, Cp (X ) K -analytic).

3⇒ 4. By 3, W :=
(

BCb(X), σY |BCb(X)

)
is angelic and has an an

ordered K -analytic representation
{

Kα : α ∈ NN
}

.

W and Z :=
(

BCb(X),weak|BCb(X)

)
has the same convergent

sequences (Y is Rainwater).
Hence

{
Kα : α ∈ NN

}
is a compact resolution of the angelic

space Z .
Then

{
Kα : α ∈ NN

}
is a K -analytic representation of Z .

Whence Cb (X ) =
⋃∞

n=1 nBCb(X) is weakly K -analytic.
4⇒ 1. (Cb (X ) ,weak) K -analytic =⇒ X pseudocompact
(Lemma) and Cp (X ) K -analytic.
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Another characterization of Talagrand compact sets

Theorem
Let Y be a Gδ-dense subset of a pseudocompact X . Cp (X ) is
K -analytic⇐⇒ (C (X ) , σY ) is K -analytic.

Proof.
=⇒ obvious. (⇐=) By the Claim if M is σY -r.c.c. then M is r.c.c.
in the angelic space Cp (X ).

M
Cp(X)

is compact and F-U=⇒ M
σ(Y )

compact and F-U
=⇒ (C (X ) , σY ) angelic.
Y Rainwater C (X ). Hence we may apply Th 3 =⇒ 1.

Corollary
Let Y be a Gδ-dense subset of a compact X . X is Talagrand
compact if and only if (C (X ) , σY ) is K -analytic.
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The last example

Remark
If x0 is a non-isolated point of a pseudocompact X ,
Y := X\{x0} and if {x0} is not a Gδ-subset of X , then each
nonempty Gδ-subset G of X intersects Y (otherwise G = {x0})
hence Cp (X ) is K -analytic⇐⇒ (C (X ) , σY ) is K -analytic.

Example

{ω1} is not Gδ-subset of [0, ω1] and Cp ([0, ω1]) is not
K -analytic, because [0, ω1] is not Fréchet-Urysohn.
Hence the pseudocompact space Y := [0, ω1) verifies that
Cp([0, ω1)) is not K -analytic.

Ferrando, Ka̧kol and L-P study the case "x0 Gδ-subset of X " in
On spaces Cb(X ) weakly K -analytic.
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