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Super-reflexivity

Super-reflexivity was introduced by James as a way to isolate the
isomorphic properties shared by uniformly convex or uniformly
smooth Banach spaces. It turned out that the spaces that can be
renormed to be uniformly convex or uniformly smooth are exactly the
super-reflexive spaces (Enflo).
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Super-reflexivity

Super-reflexivity was introduced by James as a way to isolate the
isomorphic properties shared by uniformly convex or uniformly
smooth Banach spaces. It turned out that the spaces that can be
renormed to be uniformly convex or uniformly smooth are exactly the
super-reflexive spaces (Enflo). The uniformly convex renorming
implies that the ball (and any convex bounded set) can be pealed off
in finitely many steps by successive removing of slices of small
diameter.
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Super weakly compact operators

Beauzamy (1976) extended the notion of superreflexivity to
operators, firstly under the name of “operateurs uniformément
convexifiants”.
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Super weakly compact operators

Beauzamy (1976) extended the notion of superreflexivity to
operators, firstly under the name of “operateurs uniformément
convexifiants”. An operator T : Z — X is uniformly convex if given
e > 0 there is § > 0 such that || T(x) — T(y)|| < & whenever

Ixl = llyl = 1 and x+y] >2 0.
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Super weakly compact operators

Beauzamy (1976) extended the notion of superreflexivity to
operators, firstly under the name of “operateurs uniformément
convexifiants”. An operator T : Z — X is uniformly convex if given
e > 0 there is § > 0 such that || T(x) — T(y)|| < & whenever

x| = |lyll = 1 and |[x + y|| > 2—4. An operator T : Z — X is said
uniformly convexifying if it becomes uniformly convex after a suitable
renorming of Z.
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Super weakly compact operators

Beauzamy (1976) extended the notion of superreflexivity to
operators, firstly under the name of “operateurs uniformément
convexifiants”. An operator T : Z — X is uniformly convex if given
e > 0 there is § > 0 such that || T(x) — T(y)|| < & whenever

x| = |lyll = 1 and |[x + y|| > 2—4. An operator T : Z — X is said
uniformly convexifying if it becomes uniformly convex after a suitable
renorming of Z.

As in the Banach space case, this property can be formulated as a
“super-property”, so nowadays we speak of the class of super weakly
compact operators, denoted 2J°VP¢",
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Super weakly compact operators

Beauzamy (1976) extended the notion of superreflexivity to
operators, firstly under the name of “operateurs uniformément
convexifiants”. An operator T : Z — X is uniformly convex if given
e > 0 there is § > 0 such that || T(x) — T(y)|| < & whenever

x| = |lyll = 1 and |[x + y|| > 2—4. An operator T : Z — X is said
uniformly convexifying if it becomes uniformly convex after a suitable
renorming of Z.

As in the Banach space case, this property can be formulated as a
“super-property”, so nowadays we speak of the class of super weakly
compact operators, denoted 2J°VP¢",

It turns out that 20°“P¢" is a symmetric closed ideal such that

ﬁ ; Qnsuper g m}
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Super weakly compact operators

Beauzamy (1976) extended the notion of superreflexivity to
operators, firstly under the name of “operateurs uniformément
convexifiants”. An operator T : Z — X is uniformly convex if given
e > 0 there is § > 0 such that || T(x) — T(y)|| < & whenever

x| = |lyll = 1 and |[x + y|| > 2—4. An operator T : Z — X is said
uniformly convexifying if it becomes uniformly convex after a suitable
renorming of Z.

As in the Banach space case, this property can be formulated as a
“super-property”, so nowadays we speak of the class of super weakly
compact operators, denoted 2J°VP¢",

It turns out that 20°“P¢" is a symmetric closed ideal such that
ﬁ ; Qnsuper g m}

Besides, the ideal 2J°“P¢" lacks the factorisation property.
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Super weakly compact sets

The slicing property of sets in super-reflexive spaces motivates us to
introduce in 2008 the notion of finitely dentable set.
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Super weakly compact sets

The slicing property of sets in super-reflexive spaces motivates us to
introduce in 2008 the notion of finitely dentable set. Independently,

Cheng et al. introduced in 2010 the notion of super weakly compact
set that is equivalent to the previous one for closed convex bounded
sets.
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Super weakly compact sets

The slicing property of sets in super-reflexive spaces motivates us to
introduce in 2008 the notion of finitely dentable set. Independently,

Cheng et al. introduced in 2010 the notion of super weakly compact
set that is equivalent to the previous one for closed convex bounded
sets. Let us give the definition in the most simple way:

Definition
A subset K C X is said super weakly compact if K“ is a weakly
compact subset of XY for any free ultrafilter U.

M. Raja (Universidad de Murcia) Conjuntos super-débilmente compactos Céceres 10/03/2017 4 /15



Super weakly compact sets

The slicing property of sets in super-reflexive spaces motivates us to
introduce in 2008 the notion of finitely dentable set. Independently,

Cheng et al. introduced in 2010 the notion of super weakly compact
set that is equivalent to the previous one for closed convex bounded
sets. Let us give the definition in the most simple way:

Definition
A subset K C X is said super weakly compact if K“ is a weakly
compact subset of XY for any free ultrafilter U.

The relation of equivalence in the ultrapower is (x;)ic; ~ (¥i)ies if
and only if lim;cq ||x; — yi|| = 0. Note that it is enough to consider
free ultrafilters on N since weakly compactness is separably
determined after the Eberlein-Smulyan theorem.
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Convex super weakly compact sets

Our results combined with those from Cheng et al. give the following.
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Convex super weakly compact sets

Our results combined with those from Cheng et al. give the following.

Proposition. Let X be a Banach space and K C X a bounded
closed convex subset. The following conditions are equivalent:

(i) K is super weakly compact;
(ii) K is finitely dentable;
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Convex super weakly compact sets

Our results combined with those from Cheng et al. give the following.

Proposition. Let X be a Banach space and K C X a bounded
closed convex subset. The following conditions are equivalent:

(i) K is super weakly compact;
(ii) K is finitely dentable;
(iii) K does not have the finite tree property;
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Convex super weakly compact sets

Our results combined with those from Cheng et al. give the following.

Proposition. Let X be a Banach space and K C X a bounded
closed convex subset. The following conditions are equivalent:

(i) K is super weakly compact;

(ii) K is finitely dentable;

(iif) K does not have the finite tree property;
)

(iv) there is a reflexive Banach space Z and a super weakly compact
operator T : Z — X such that K C T(Bz);
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Convex super weakly compact sets

Our results combined with those from Cheng et al. give the following.

Proposition. Let X be a Banach space and K C X a bounded
closed convex subset. The following conditions are equivalent:

(i) K is super weakly compact;

(ii) K is finitely dentable;

(iif) K does not have the finite tree property;
)

(iv) there is a reflexive Banach space Z and a super weakly compact
operator T : Z — X such that K C T(Bz);

(v) there is a bounded uniformly convex function f : K — R;
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Convex super weakly compact sets

Our results combined with those from Cheng et al. give the following.

Proposition. Let X be a Banach space and K C X a bounded
closed convex subset. The following conditions are equivalent:

(i) K is super weakly compact;

(ii) K is finitely dentable;

(iif) K does not have the finite tree property;
)

(iv) there is a reflexive Banach space Z and a super weakly compact
operator T : Z — X such that K C T(Bz);

(v) there is a bounded uniformly convex function f : K — R;

(vi) there is an equivalent norm || - || on X which is uniformly convex
on K.
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Some properties of super weakly compact sets

Among the interesting properties enjoyed by the class of super weakly
compact convex sets we have:

© the class behave quite well by usual operations: convex closed
subsets, finite products, algebraic sums, linear continuous
images. . . of sets from the class remain in the class;
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Some properties of super weakly compact sets

Among the interesting properties enjoyed by the class of super weakly
compact convex sets we have:

© the class behave quite well by usual operations: convex closed
subsets, finite products, algebraic sums, linear continuous
images. . . of sets from the class remain in the class;

@ they are uniformly Eberlein compacts, that is, homeomorphic in
the weak topology to weakly compact subsets of Hilbert spaces;
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@ they are uniformly Eberlein compacts, that is, homeomorphic in
the weak topology to weakly compact subsets of Hilbert spaces;

© they have the Banach-Saks property;
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Some properties of super weakly compact sets

Among the interesting properties enjoyed by the class of super weakly
compact convex sets we have:

© the class behave quite well by usual operations: convex closed
subsets, finite products, algebraic sums, linear continuous
images. . . of sets from the class remain in the class;

@ they are uniformly Eberlein compacts, that is, homeomorphic in
the weak topology to weakly compact subsets of Hilbert spaces;

© they have the Banach-Saks property,

© they have normal structure (and so the fixed point property for
non-expansive maps) after a renorming of the ambient space;
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Some properties of super weakly compact sets

Among the interesting properties enjoyed by the class of super weakly
compact convex sets we have:

@ the class behave quite well by usual operations: convex closed
subsets, finite products, algebraic sums, linear continuous
images. . . of sets from the class remain in the class;

@ they are uniformly Eberlein compacts, that is, homeomorphic in
the weak topology to weakly compact subsets of Hilbert spaces;

© they have the Banach-Saks property,

© they have normal structure (and so the fixed point property for
non-expansive maps) after a renorming of the ambient space;

© of course, a Banach space is super-reflexive if and only if its unit

ball is super weakly compact, and a operator T : Z — X is super
weakly compact if and only if T(Bz) is super weakly compact.
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Spaces generated by ideals, sets or. .. other spaces

Now we will consider several sorts of generation of spaces related to
super-reflexivity and super weakly compactness. Let us recall the
following consequence of the celebrated result of Dauvis, Figiel,

Johnson and Petfczynski.
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Spaces generated by ideals, sets or. .. other spaces

Now we will consider several sorts of generation of spaces related to
super-reflexivity and super weakly compactness. Let us recall the
following consequence of the celebrated result of Davis, Figiel,
Johnson and Petfczynski.

Theorem. For a Banach space X the following are equivalent:

(a) There is K C X weakly compact with span(K) = X;
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Spaces generated by ideals, sets or. .. other spaces

Now we will consider several sorts of generation of spaces related to
super-reflexivity and super weakly compactness. Let us recall the
following consequence of the celebrated result of Davis, Figiel,
Johnson and Petfczynski.

Theorem. For a Banach space X the following are equivalent:

(a) There is K C X weakly compact with span(K) = X;

(b) there are Z and T € 23(Z, X) such that T(Z) = X;
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Spaces generated by ideals, sets or. .. other spaces

Now we will consider several sorts of generation of spaces related to

super-reflexivity and super weakly compactness. Let us recall the

following consequence of the celebrated result of Davis, Figiel,

Johnson and Petfczynski.

Theorem. For a Banach space X the following are equivalent:

(a) There is K C X weakly compact with span(K) = X;

(b) there are Z and T € 23(Z, X) such that T(Z) = X;

(c) there are a reflexive space Z and T € L£(Z, X) such that
T(Z) = X.
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Spaces generated by ideals, sets or. .. other spaces

Now we will consider several sorts of generation of spaces related to

super-reflexivity and super weakly compactness. Let us recall the

following consequence of the celebrated result of Davis, Figiel,

Johnson and Petfczynski.

Theorem. For a Banach space X the following are equivalent:

(a) There is K C X weakly compact with span(K) = X;

(b) there are Z and T € 23(Z, X) such that T(Z) = X;

(c) there are a reflexive space Z and T € £(Z, X) such that
T(Z) = X.

The spaces enjoying those properties are calle weakly compactly

generated and the class is denoted WCG.
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Super weakly compactly generated Banach spaces

Let us consider a special sort of WCG spaces.
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Super weakly compactly generated Banach spaces

Let us consider a special sort of WCG spaces.

Definition

We say that a Banach space X is super weakly compactly generated
(super WCG for short) if there are Z and T € 0°P¢'(Z, X) such
that X = T(2).
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Super weakly compactly generated Banach spaces

Let us consider a special sort of WCG spaces.

Definition

We say that a Banach space X is super weakly compactly generated
(super WCG for short) if there are Z and T € 20°P¢(Z, X) such
that X = T(Z).

Thanks to the interpolation result shown before, X is super WCG if
and only if it contains a convex super weakly compact subset with
dense linear span.
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Super weakly compactly generated Banach spaces

Let us consider a special sort of WCG spaces.

Definition

We say that a Banach space X is super weakly compactly generated
(super WCG for short) if there are Z and T € 25°“P*"(Z, X) such
that X = T(Z).

Thanks to the interpolation result shown before, X is super WCG if
and only if it contains a convex super weakly compact subset with
dense linear span. That means, “ideal-generation” and
“subset-generation” notions coincide for super weak compactness.
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Super weakly compactly generated Banach spaces

Let us consider a special sort of WCG spaces.

Definition

We say that a Banach space X is super weakly compactly generated
(super WCG for short) if there are Z and T € 25°“P*"(Z, X) such
that X = T(Z).

Thanks to the interpolation result shown before, X is super WCG if
and only if it contains a convex super weakly compact subset with
dense linear span. That means, “ideal-generation” and
“subset-generation” notions coincide for super weak compactness.

However, “space-generation” is more restrictive here as we will see.
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Some geometric properties of norms

The following definitions are needed...
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Some geometric properties of norms

The following definitions are needed...
Given a Banach space (X, || - ||):
@ The norm is uniformly Gateaux (UG) smooth if for every h € X

sup{||x + th|| + ||[x — th]] — 2 : x € Sx} = o(t) when t — 0.
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Some geometric properties of norms

The following definitions are needed...
Given a Banach space (X, || - ||):
@ The norm is uniformly Gateaux (UG) smooth if for every h € X

sup{||x + th|| + ||x — th|]] — 2 : x € Sx} = o(t) when t — 0.

@ Given a bounded set H C X, the norm is H-UG smooth if

sup{||x + th|| + ||[x — th]| — 2 : x € Sx, h € H} = o(t) when t — 0.
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Some geometric properties of norms

The following definitions are needed...
Given a Banach space (X, || - ||):
@ The norm is uniformly Gateaux (UG) smooth if for every h € X

sup{||x + th|| + ||[x — th]] — 2 : x € Sx} = o(t) when t — 0.

@ Given a bounded set H C X, the norm is H-UG smooth if

sup{||x + th|| + ||[x — th]| — 2 : x € Sx, h € H} = o(t) when t — 0.

© The norm is uniformly Fréchet smooth if it is Bx-UG.
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Some geometric properties of norms

The following definitions are needed...
Given a Banach space (X, || - ||):
@ The norm is uniformly Gateaux (UG) smooth if for every h € X

sup{||x + th|| + ||x — th|]] — 2 : x € Sx} = o(t) when t — 0.

@ Given a bounded set H C X, the norm is H-UG smooth if

sup{||x + th|| + ||[x — th]| — 2 : x € Sx, h € H} = o(t) when t — 0.

© The norm is uniformly Fréchet smooth if it is Bx-UG.

© The norm is strongly UG smooth if it is H-UG smooth for some bounded
and linearly dense subset H C X.
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Generation by several kind of spaces

The relationships among different kinds of generated Banach spaces
were clearly exposed by Fabian, Godefroy, Hajek and Zizler in the
following result of 2003.

Theorem. For a Banach space X consider the assertions:
(i) X is Hilbert-generated.
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Generation by several kind of spaces

The relationships among different kinds of generated Banach spaces
were clearly exposed by Fabian, Godefroy, Hajek and Zizler in the
following result of 2003.

Theorem. For a Banach space X consider the assertions:
(i) X is Hilbert-generated.
(ii) X is superreflexive-generated.
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Generation by several kind of spaces

The relationships among different kinds of generated Banach spaces

were clearly exposed by Fabian, Godefroy, Hajek and Zizler in the
following result of 2003.

Theorem. For a Banach space X consider the assertions:
(i) X is Hilbert-generated.
(ii) X is superreflexive-generated.

(iif) X is generated by the /;-sum of superreflexive spaces.
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Generation by several kind of spaces

The relationships among different kinds of generated Banach spaces

were clearly exposed by Fabian, Godefroy, Hajek and Zizler in the
following result of 2003.

Theorem. For a Banach space X consider the assertions:
(i) X is Hilbert-generated.

(ii) X is superreflexive-generated.

(iii) X is generated by the ¢;-sum of superreflexive spaces.

(iv) X admits an equivalent strongly UG smooth norm.
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Generation by several kind of spaces

The relationships among different kinds of generated Banach spaces

were clearly exposed by Fabian, Godefroy, Hajek and Zizler in the
following result of 2003.

Theorem. For a Banach space X consider the assertions:
(i) X is Hilbert-generated.

(ii) X is superreflexive-generated.

(iii) X is generated by the ¢;-sum of superreflexive spaces.

(iv) X admits an equivalent strongly UG smooth norm.

(v) X is WCG and admits an equivalent UG smooth norm.
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Generation by several kind of spaces

The relationships among different kinds of generated Banach spaces

were clearly exposed by Fabian, Godefroy, Hajek and Zizler in the
following result of 2003.

Theorem. For a Banach space X consider the assertions:
(i) X is Hilbert-generated.

(ii) X is superreflexive-generated.

(iii) X is generated by the ¢;-sum of superreflexive spaces.

(iv) X admits an equivalent strongly UG smooth norm.

(v) X is WCG and admits an equivalent UG smooth norm.

)

(vi) X is a subspace of a Hilbert-generated space.
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Generation by several kind of spaces

The relationships among different kinds of generated Banach spaces
were clearly exposed by Fabian, Godefroy, Hajek and Zizler in the

following result of 2003.

Theorem. For a Banach space X consider the assertions:
(i) X is Hilbert-generated.

(ii) X is superreflexive-generated.

(iii) X is generated by the ¢;-sum of superreflexive spaces.

(iv) X admits an equivalent strongly UG smooth norm.

(v) X is WCG and admits an equivalent UG smooth norm.

(vi) X is a subspace of a Hilbert-generated space.

Then (i) = (i) = (iii) = (iv) = (v) = (vi).
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Generation by several kind of spaces

The relationships among different kinds of generated Banach spaces
were clearly exposed by Fabian, Godefroy, Hajek and Zizler in the
following result of 2003.
Theorem. For a Banach space X consider the assertions:
(i) X is Hilbert-generated.
(ii) X is superreflexive-generated.
(iii) X is generated by the ¢;-sum of superreflexive spaces.
(iv) X admits an equivalent strongly UG smooth norm.
(v) X is WCG and admits an equivalent UG smooth norm.
(vi) X is a subspace of a Hilbert-generated space.
Then (i) = (ii) = (iii) = (iv) = (v) = (vi). Moreover, no one of
these implications can be reversed in general.
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Renorming characterisation of super WCG

Since 20°“P¢" does not have the factorisation property, the class of
spaces generated by this ideal could be larger than the class of
super-reflexive generated Banach spaces.

M. Raja (Universidad de Murcia) Conjuntos super-débilmente compactos

Céceres 10/03/2017 11 /15



Renorming characterisation of super WCG

Since 20°“P¢" does not have the factorisation property, the class of
spaces generated by this ideal could be larger than the class of
super-reflexive generated Banach spaces. It is a natural question to

know whether this class be placed among the six categories of the
previous theorem?
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Renorming characterisation of super WCG

Since 20°“P¢" does not have the factorisation property, the class of
spaces generated by this ideal could be larger than the class of
super-reflexive generated Banach spaces. It is a natural question to

know whether this class be placed among the six categories of the
previous theorem?

The answer is that they are the spaces fulfilling statement “(iv)”
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Renorming characterisation of super WCG

Since 20°“P¢" does not have the factorisation property, the class of
spaces generated by this ideal could be larger than the class of
super-reflexive generated Banach spaces. It is a natural question to
know whether this class be placed among the six categories of the
previous theorem?

The answer is that they are the spaces fulfilling statement “(iv)”

Theorem

A Banach space X is super WCG if and only if it admits an
equivalent strongly UG smooth norm.
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Renorming characterisation of super WCG

Since 20°“P¢" does not have the factorisation property, the class of
spaces generated by this ideal could be larger than the class of
super-reflexive generated Banach spaces. It is a natural question to
know whether this class be placed among the six categories of the
previous theorem?

The answer is that they are the spaces fulfilling statement “(iv)”

Theorem

A Banach space X is super WCG if and only if it admits an
equivalent strongly UG smooth norm.

Our proof strongly depends on the symmetry of the ideal 2J°P¢".
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Strong generation

Sometimes the linear density of a nice generating set is not enough to
transfer good properties to the space. We requiere one more
definition:
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Strong generation

Sometimes the linear density of a nice generating set is not enough to
transfer good properties to the space. We requiere one more
definition:

A Banach space X is said to be strongly generated by a subset
K C X if for any weakly compact H C X and € > 0 thereis n € N
such that H C nK + ¢Bx.
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transfer good properties to the space. We requiere one more
definition:

A Banach space X is said to be strongly generated by a subset
K C X if for any weakly compact H C X and € > 0 thereis n € N
such that H C nK + ¢Bx.

Obviously, the definition admits variations for “space-generation” and
“ideal-generation”.
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Strong generation

Sometimes the linear density of a nice generating set is not enough to
transfer good properties to the space. We requiere one more
definition:

A Banach space X is said to be strongly generated by a subset
K C X if for any weakly compact H C X and € > 0 thereis n € N
such that H C nK + ¢Bx.

Obviously, the definition admits variations for “space-generation” and
“ideal-generation”.

Let us mention here that several good properties of the space L;(u)
for p finite can be understood from the fact that it is strongly Hilbert
generated.
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Strong generation and renorming

The class of Banach spaces which are strongly generated by super
weakly compact convex sets (denoted S?WCG) have a remarkable
renorming property.

M. Raja (Universidad de Murcia) Conjuntos super-débilmente compactos Céceres 10/03/2017 13 /15



Strong generation and renorming

The class of Banach spaces which are strongly generated by super
weakly compact convex sets (denoted S?WCG) have a remarkable
renorming property.

Theorem

Let X be a S?WCG Banach space. Then there is an equivalent norm
on X such that its restriction to any reflexive subspace is both
uniformly convex and uniformly Fréchet smooth.
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weakly compact convex sets (denoted S?WCG) have a remarkable
renorming property.

Theorem

Let X be a S?WCG Banach space. Then there is an equivalent norm
on X such that its restriction to any reflexive subspace is both
uniformly convex and uniformly Fréchet smooth.

This result generalises the known result for some super-reflexive
generated Banach spaces like Lebesgue-Bochner spaces L;(p, X) with
X super-reflexive (Fabian-Lajara).
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Strong generation and renorming

The class of Banach spaces which are strongly generated by super
weakly compact convex sets (denoted S?WCG) have a remarkable
renorming property.

Theorem

Let X be a S?WCG Banach space. Then there is an equivalent norm
on X such that its restriction to any reflexive subspace is both
uniformly convex and uniformly Fréchet smooth.

This result generalises the known result for some super-reflexive
generated Banach spaces like Lebesgue-Bochner spaces L;(p, X) with
X super-reflexive (Fabian-Lajara).

On the other hand, there are S?WCG spaces which are not
super-reflexively generated.
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CONFERENCE TN NON LINEAR FUNCTIONAL ANALYSIS

The Conference on Non-Linear Functional Analysis, will be held at the Universitat Politécnica de Valencia (Spain) on 17-20
October 2017. This is a joint project of the Universitat de Valéncia, Universidad de Murcia and Universitat Politécnia de Valéncia
that includes the 5th Workshop on Functional Analysis and the Workshop on Infinite Dimensional Analysis Valencia 2017. You can
find information about previous editions at

hitp:/fwww.um.es/beca/workshop2016/

and

http://mate dm uba.ar/~widabal4/

(the first edition of this one was held in Buenos Aires).

Each day we will have two or three plenary lectures in the morning and after them the two workshops will run in parallel sessions.
We intend to have a wide audience with interest in any field in Functional Analysis. Main topics of the Meeting will be Banach space
theory, polynomials and multilinear mappings, vector measures and complex analysis in finite or infinite dimensional spaces, but of
course contributions in any other area of Functional Analysis will be very much welcome.

You can contact us by sending an e-mail to banach@um.es

More information soon at http://www.um.es/beca/NoLiFA/

M. Raja (Universidad de Murcia)
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