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Introduction

Introduction - Definitions

Let A= (a;J),-J, B = (b,',j),"j be two infinite matrices.

The Schur product of A and B is defined as
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Introduction

Introduction - Definitions

Let A= (a;J),-J, B = (b,',j),"j be two infinite matrices.

The Schur product of A and B is defined as

A*B:(a,-ﬂj-b,-d-),-ﬁj. J
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Introduction

Introduction - Definitions

Let A= (a;J),-J, B = (b,',j),"j be two infinite matrices.

The Schur product of A and B is defined as

A*BZ(a,'J-b;J),'J. J

Some spaces of matrices we will use:

B(¢?) = {A: (% — 2 linear and bounded. } J
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Introduction
Introduction - Definitions

Let A= (a;J),-J, B = (b,',j),"j be two infinite matrices.

The Schur product of A and B is defined as

A*BZ(a,'J-b;J),'J. J

Some spaces of matrices we will use:

B(¢?) = {A: (% — 2 linear and bounded. } J

M(2) = {A [ Ax B e B(f?) VB € B(?)} J
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Introduction

Introduction - Definitions

Recall that a matrix A is said to be Toeplitz if there exists a
sequence of complex numbers (a,)pez such that
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Introduction

Introduction - Definitions

Recall that a matrix A is said to be Toeplitz if there exists a
sequence of complex numbers (a,)pez such that

do al an cee an

a1 ao ap o ap-1
A=

d_p d-nyl1 d—piy2 - a0
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Introduction

Introduction - Definitions

Recall that a matrix A is said to be Toeplitz if there exists a
sequence of complex numbers (a,)pez such that

=l) al an v an

a-1 a0 ai Tt dn-1
A=

d-p d-nyl d—piy2 - a0
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Introduction

Introduction - Definitions

Note the following important fact:

Let f ~ > axe’ g ~ > bre', and define:

ag a ap c ap e bo by by e bn
a1 ag a1 ap—1 b_1 bo by bp—1
Ar=| : : : : JAg=| : : : :
g
a_p  a—py1 A—pt2 ot ag B b_p  b_py1 b_pyo - bo

Then,
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Introduction

Introduction - Definitions

Note the following important fact:

Let f ~ > axe’ g ~ > bre', and define:

a0 a1 a s an s bg by by . bp
a1 ag a1 s ap—1 e b_1 bo by s by
Ar=| : : : : | Ag =] : : ; :
a_n  Aa—np1 A—py2 o £ e b_pn  b_pt1  bopio - bo
Then,
Af  Ag = Arig J
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Introduction

Introduction - Previous results

> (Toeplitz) If A is a Toeplitz matrix given by the sequence (ax)kez,
then

A€ B(?) & f5 € L(T) where fa(k) = ax, Vk € Z
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Introduction

Introduction - Previous results

> (Toeplitz) If A is a Toeplitz matrix given by the sequence (ax)kez,
then

A€ B(?) & f5 € L(T) where fa(k) = ax, Vk € Z

> (Bennet) If A is a Toeplitz matrix given by the sequence (ax)kez,
then

A€ M(£?) & fa € M(T) where fa(k) = ax, Yk € Z
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The operator setting

The space B(¢*(H))

We will work with the following space:

Given a matrix A = (Tj;) with entries T;; € B(H) and x € cgo(H)
we write A(x) for the sequence (3°72; Tk j(x;))«-
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The operator setting

The space B(¢*(H))

We will work with the following space:

Given a matrix A = (Tj;) with entries T;; € B(H) and x € cgo(H)
we write A(x) for the sequence (3°72; Tk j(x;))«-

We say that A € B(¢?(H)) if the map x — A(x) extends to a
bounded linear operator in ¢?(H), that is

(13 TutolR) < (S iiR)
k=1 j=1 st

|. Garcia-Bayona A class of matrices with operator entries - XIV Encuentro de la Red



The space B(¢*(H))

We will work with the following space:

Given a matrix A = (Tj;) with entries T;; € B(H) and x € cgo(H)
we write A(x) for the sequence (3°72; Tk j(x;))«-

We say that A € B(¢?(H)) if the map x — A(x) extends to a
bounded linear operator in ¢?(H), that is

(13 TutolR) < (S iiR)
k=1 j=1 st

We shall write

|All (2 (Hy) = inf{C > 0 : [[Ax|l2(hyy < Clixl 2y}
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The space B(¢*(H))

We will work with the following space:

Given a matrix A = (Tj;) with entries T;; € B(H) and x € cgo(H)
we write A(x) for the sequence (3°72; Tk j(x;))«-

We say that A € B(¢?(H)) if the map x — A(x) extends to a
bounded linear operator in ¢?(H), that is

(13 TutolR) < (S iiR)
k=1 j=1 st

We shall write

|All (2 (Hy) = inf{C > 0 : [[Ax|l2(hyy < Clixl 2y}

o Recall that 2(H) = {x = (x1,x2,--+) / (3222, ||X,H2)% < o0}
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The operator setting

The space B(¢*(H))

Given x* = (x7) € (?(H) and y = (y;) € ¢?(H), we define (x* @)
as

(x* @y) (x) = (x,x")y, yeF(H)
Then,

(x* @y) € B(*(H))
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The space B(¢*(H))

Example
Given x* = (x) € (?(H) and y = (y;) € ¢?(H), we define (x* @)

(x* ®y) (x) = (x,x")y, ye(H)

(x* @y) € B(*(H))

Proposition

Let A= (ax;) € B(¢?) and T € B(H). Then

A = (ar;T) € B(?(H)) and ||Allgaemy = Al sl Tllsem)
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The operator setting

Other spaces of matrices

A~ >, Dy, where D is a diagonal matrix.
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The operator setting

Other spaces of matrices

A~ >, Dy, where D is a diagonal matrix.

“Polynomial” matrices

We say that A = (T ;) belongs to P(¢2(H)) whenever
supj || Tkjll < oo and there exists N € N such that D; = 0 for

|| > N.
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The operator setting

Other spaces of matrices

A~ >, Dy, where D is a diagonal matrix.

“Polynomial” matrices

We say that A = (T ;) belongs to P(¢2(H)) whenever

supj || Tkjll < oo and there exists N € N such that D; = 0 for
|| > N.

Recall that || Dyl g2(ty) = [IDill meee(my) = sup | T jll-
iy
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The operator setting

Other spaces of matrices

A~ >, Dy, where D is a diagonal matrix.

“Polynomial” matrices

We say that A = (T ;) belongs to P(¢2(H)) whenever

supj || Tkjll < oo and there exists N € N such that D; = 0 for
|| > N.

Recall that || Dyl g2(ty) = [IDill meee(my) = sup | T jll-
iy

“Continuous” matrices
We define C(£2(H)) as the closure of P(¢2(H)) in B(£2(H)).
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The operator setting
Other spaces of matrices

A~ >, Dy, where D is a diagonal matrix.

“Polynomial” matrices

We say that A = (T ;) belongs to P(¢2(H)) whenever

supj || Tkjll < oo and there exists N € N such that D; = 0 for
|| > N.

Recall that || Dyl g2(ty) = [IDill meee(my) = sup | T jll-
iy

“Continuous” matrices
We define C(£2(H)) as the closure of P(¢2(H)) in B(£2(H)).

“Integrable” matrices
We define L1(¢2(H)) as the closure of P(¢2(H)) in M(£?(H)).
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The operator setting

Schur product

Schur product for matrices with operator entries
Let A= (Tk,j)k,j and B = (Sk,j)k,jv then:
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The operator setting

Schur product

Schur product for matrices with operator entries
Let A= (Tk,j)k,j and B = (Sk,j)k,jv then:

Ax B .= (Tk,j ¢} Sk,j)k,j-
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The operator setting

Schur multipliers

Given a matrix A = (T ). We say that A is a left Schur
multiplier, to be denoted by A € M;(¢2(H)) whenever
Ax B € B(?(H)) for any B € B(¢2(H)). We shall write
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The operator setting
Schur multipliers

Given a matrix A = (Tjj). We say that A is a left Schur
multiplier, to be denoted by A € M;(¢2(H)) whenever
Ax B € B(?(H)) for any B € B(¢2(H)). We shall write

Al p,e2(Hyy = Inf{C >0 : [[Ax Bllge(ty) < ClIBllgee(my)}-
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The operator setting
Schur multipliers

Multipliers

Given a matrix A = (Tjj). We say that A is a left Schur
multiplier, to be denoted by A € M;(¢2(H)) whenever
Ax B € B(?(H)) for any B € B(¢2(H)). We shall write

Al p,e2(Hyy = Inf{C >0 : [[Ax Bllge(ty) < ClIBllgee(my)}-

| \

Proposition
Let A = (ayj) € M(¢?) and T € B(H). Then

A = (au;T) € M(EP(H)) and ||All sy = 1Al ame)ll Tl
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The operator setting

The function f,

Given p € M(T) we denote

M, = (A0 — k)Id)- ]
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The operator setting

The function f,

Given p € M(T) we denote

M, = (A0 — k)Id)- ]

In particular M,, € M(¢?(H)). The case 1 = §_; will be denoted
M, = (e'U=Rt|d).
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The operator setting
The function f,

Given p € M(T) we denote

M, = (A0 — k)Id)- )

In particular M,, € M(¢?(H)). The case 1 = §_; will be denoted
M, = (e'U=Kt[d).

Definition
Given A = (Tkj)k,jr

fa(t) =My x A, te[-m,n)

If A€ P({2(H)) one has that f4(t) € P(T, B((?(H)).

|. Garcia-Bayona A class of matrices with operator entries - XIV Encuentro de la Red



The operator setting

The function f,

Some properties of f4

> fa(®)llsemy) = Al B2(Hy), VYt € [-m,m)
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The operator setting

The function f,

Some properties of f4

> fa(®)llsemy) = Al B2(Hy), VYt € [-m,m)

> [fa(®)lme(Hy) = 1Al meeHy), Yt € [=m, )
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The operator setting
The function f,

Some properties of f4

> fa(®)llsemy) = Al B2(Hy), VYt € [-m,m)

> [fa(®)lme(Hy) = 1Al meeHy), Yt € [=m, )
» Let A€ B(¢2(H)) and x € £2(H). Then

fa(t)(x) = (E’fkti Tij(x)e" )k € C(T, 3(H))
j=1
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The operator setting
The function f,

Some properties of f4

> fa(®)llsemy) = Al B2(Hy), VYt € [-m,m)
> [fa(®)lme(Hy) = 1Al meeHy), Yt € [=m, )
» Let A€ B(¢2(H)) and x € £2(H). Then
fa(t)(x) = (e " Tii(x))e™)x € C(T, A(H))
j=1

> let A M/(€2(H)) (respect. A € M,(£2(H))) and x* € 62(H) and
y € 2(H). Then the map

()« (¢ ©y) = (U795 @ Tiy(n)), € C(T, BE(H)

respect. (x* ®y) * fa(t) = (eU=Rt(x* o T, }) ® vi
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The operator setting
The function f,

Example: A matrix A such that t — fa(t) is not continuous

Consider a matrix A such that A(k,2k + 1) = Id and
A(k,s) = 0Vs # 2k + 1. It is clear that A € B(¢?(H)). However,
taking x = (x;); € £?(H) , we observe that

(a(5) = (@) = (4D~ 1) xua),

And taking supremums, we have

1/2
1(fa(t) — fa(0))[| = _ sup <Z!e’(k_1)t—1\2\l><2k1H2>

S lxlP<1 \ 7

= sup|et — 1| > V2.
keN

Therefore, t — fa(t) is not a continuous function.
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The operator setting

The function f,

Proof of [|fa(t)lls(2(ry) = Al Be2(ry), Vt € [-7,7) .

1a(t)lB2qmy) = 1A * (€U0 - Id) il gaqmy) <
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The operator setting
The function f,

Proof of [|fa(t)lls(2(ry) = Al Be2(ry), Vt € [-7,7) .

1a(t)lB2qmy) = 1A * (€U0 - Id) il gaqmy) <

< (Y9 i)l sqezcryy - 1Al By <
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The operator setting
The function f,

Proof of [|fa(t)lls(2(ry) = Al Be2(ry), Vt € [-7,7) .

1a(t)lB2qmy) = 1A * (€U0 - Id) il gaqmy) <

< (Y9 i)l sqezcryy - 1Al By <

=11(€97%), ey - I1Alleeqy =
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The operator setting
The function f,

Proof of [|fa(t)lls(2(ry) = Al Be2(ry), Vt € [-7,7) .

1a(t)lB2qmy) = 1A * (€U0 - Id) il gaqmy) <

< (Y9 i)l sqezcryy - 1Al By <
i(j—k
=11(€97%), ey - I1Alleeqy =

= [[6—ellmem) 1Al B2 Yy = [ All B2 (1))
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Some results

The space C((*(H))

Let A be a matrix with entries in B(H). The following are
equivalent:
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Some results

The space C((*(H))

Theorem

Let A be a matrix with entries in B(H). The following are
equivalent:

1) A € C(2(H)).
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Some results

The space C((*(H))

Theorem

Let A be a matrix with entries in B(H). The following are
equivalent:

1) A € C(2(H)).

2) llon(A) = Allse(Hy) —= 0
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Some results

The space C((*(H))

Theorem

Let A be a matrix with entries in B(H). The following are
equivalent:

1) A € C(2(H)).
2) llon(A) = Allse(Hy) —= 0

3) If {f,} C L(T) is a summability kernel, and we define the
matrix M, := (f,(j — k) - Id)k j, then [[My* A— Al g(2(hy) — 0
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Some results

The space C((*(H))

Theorem

Let A be a matrix with entries in B(H). The following are
equivalent:

1) A e C(E2(H)).
2) [lon(A) — Allsz(Hyy —— 0

n—o00

3) If {f,} C L(T) is a summability kernel, and we define the
matrix M, := (f,(j — k) - Id)k j, then [[My* A— Al g(2(hy) — 0

4) t — fa(t) is a B(¢?(H))-valued continuous function.
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Some results

The space C((*(H))

Theorem

Let A be a matrix with entries in B(H). The following are
equivalent:

1) A € C(2(H)).
2) llon(A) = Allse(Hy) —= 0

3) If {f,} C L(T) is a summability kernel, and we define the
matrix M, := (f,(j — k) - Id)k j, then [[My* A— Al g(2(hy) — 0

4) t — fa(t) is a B(¢?(H))-valued continuous function.

Matrices of the type (x* ®y) are in C(£2(H)). x* € 2(H),y € 2(H)
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Some results

The space C((*(H))

PrOO ”Mn*A A“B(l’Z(H)) — 0.

Let E > 0, and & > 0 such that e < 5357, where [|fo]l,1 < M Vn €N

Select P = (Sg j)k,j = o1 _n Dy € P(£2(H)) such that [|A — Pllge2(xy < €/3- Then,
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Some results

The space C((*(H))

PrOO ”Mn*A A“B(l’Z(H)) — 0.

Let E > 0, and & > 0 such that e < 5357, where [|fo]l,1 < M Vn €N

Select P = (Sg j)k,j = o1 _n Dy € P(£2(H)) such that [|A — Pllge2(xy < €/3- Then,

[[Mp % P — PHB(

£2(H))
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Some results

The space C((*(H))

PrOO ”Mn*A A“B(l’Z(H)) — 0.

Let E > 0, and & > 0 such that e < 5357, where [|fo]l,1 < M Vn €N

Select P = (Sg j)k,j = o1 _n Dy € P(£2(H)) such that [|A — Pllge2(xy < €/3- Then,

N
Mo * P = Pllg g2y = |l ST () — DDl g2 1y
=N
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Some results

The space C((*(H))

PrOO ”Mn*A A“B(l’Z(H)) — 0.

Let E > 0, and & > 0 such that e < 5357, where [|fo]l,1 < M Vn €N

Select P = (Sg j)k,j = o1 _n Dy € P(£2(H)) such that [|A — Pllge2(xy < €/3- Then,

N
1Mn = P = Pllgggagyy = I 32 (1) = DDIlggr2qsy < SR 1Sijll - @N+1) - max (1) — 1
I=—N ) =

<
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Some results

The space C((*(H))

PrOO ”Mn*A A“B(l’Z(H)) — 0.

Let E > 0, and & > 0 such that e < 5357, where [|fo]l,1 < M Vn €N

Select P = (Sg j)k,j = o1 _n Dy € P(£2(H)) such that [|A — Pllge2(xy < €/3- Then,

N
1Mn = P = Pllgggagyy = I 32 (1) = DDIlggr2qsy < SR 1Sijll - @N+1) - max (1) — 1
I=—N ) =

<

Since {f,} is a summability Kernel, we know that lim, f, x g = g Vg € L'(T), therefore lim, #,(/) = 1 VI € Z.
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Some results

The space C((*(H))

Proof ) |Mn + A — Allg(ez(ny) = 0

Let E > 0, and & > 0 such that e < 5357, where [|fo]l,1 < M Vn €N

Select P = (Sg j)k,j = o1 _n Dy € P(£2(H)) such that [|A — Pllge2(xy < €/3- Then,

max |f(1) — 1
e 1) ~ 1

N
Mo * P = Pllg g2y = |l ST () — DDl gee2(my) < P ISk ;ll - (2N +1) -
I=—N 2]
Since {f,} is a summability Kernel, we know that lim, f, x g = g Vg € L'(T), therefore lim, #,(/) = 1 VI € Z.

So, we can choose ny € N such that |# (/) — 1| < 3

- & > < N.
AT sup TS Vn > ng and V|/| < N. Hence,

|Mp x P — ’D”B(ZQ(H)) < £/3. Finally,
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Some results

The space C((*(H))

PrOO ”Mn*A A“B(l’Z(H)) — 0.

Let E > 0, and & > 0 such that e < 5357, where [|fo]l,1 < M Vn €N

Select P = (Sg j)k,j = o1 _n Dy € P(£2(H)) such that [|A — Pllge2(xy < €/3- Then,

N
1Mn = P = Pllgggagyy = I 32 (1) = DDIlggr2qsy < SR 1Sijll - @N+1) - max (1) — 1
I=—N ) =

<

Since {f,} is a summability Kernel, we know that lim, f, x g = g Vg € L'(T), therefore lim, #,(/) = 1 VI € Z.
So, we can choose ny € N such that |# (/) — 1| < Wk_”w Vn > ng and V|/| < N. Hence,
o 12k,

|Mn 5 P — Pllg g2(p)y < /3. Finally,
[[Mp + A — A”B(ZZ(H)) <
< |IMp % (A= 'D)HB(ZZ(H)) + ||Mp x P — PHB(ZZ(H)) + P - A”B(ZQ(H)) <

< “Mn”M(gZ(H)) A= PHB(ZZ(X” +e/3+¢e/3=

< |Ifall;1 -e/3+e/3+¢/3=¢((2+ M)/3) < E
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Some results

The space C((*(H))

Proof: llon(A) — Al — O fa(t) € C(T, B(£2(H)).

Let us assume 2).
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Some results

The space C((*(H))

Proof: llon(A) — Al — O fa(t) € C(T, B(£2(H)).

Let us assume 2). Then,

SL:p”ffrn(A)(t) — fa(t)lge2(ry) = Sllj_p”fon(A)—A(t)HB(Zz(H)) =

= llon(A) = All g(ez(ty) —=7 O-
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Some results

The space C((*(H))

Proof: llon(A) — Al — O fa(t) € C(T, B(£2(H)).

Let us assume 2). Then,

SL:p”ffrn(A)(t) — fa(t)lge2(ry) = Sllj_p”fon(A)—A(t)HB(Zz(H)) =

= llon(A) = All g(ez(ty) —=7 O-

Therefore f4 is a continuous function.
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Some results

The space C((*(H))

Proof: llon(A) — Al — O fa(t) € C(T, B(£2(H)).

Let us assume 2). Then,

SL:p”fcrn(A)(t) — fa(t)lge2(ry) = Sllj_p”fO'n(A)—A(t)HB(ZZ(H)) =

= llon(A) — Allge2(tyy ——> 0

n—o00o

Therefore f4 is a continuous function.

Suppose now that f4 € C(T, B(¢2(H)). This implies that ||on(fa) — fallae2(ry) = 0.

which gives 2), since:
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Some results

The space C((*(H))

Proof: llon(A) — Al — O fa(t) € C(T, B(£2(H)).

Let us assume 2). Then,

SL:p”fcrn(A)(t) — fa(t)lge2(ry) = Sllj_p”fO'n(A)—A(t)HB(ZZ(H)) =

= llon(A) — Allge2(tyy ——> 0

n—o00o

Therefore f4 is a continuous function.

Suppose now that f4 € C(T, B(¢2(H)). This implies that ||on(fa) — fallae2(ry) = 0.

which gives 2), since:

llon(A) = Allg(ez(ty) = llon(fa) = fallgezy =2 0
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Some results

The space C((*(H))

M(E2(H)) = (B(¢*(H)), B(£*(H))) J

A e M(2(H)) & A e (C(F2(H)), C(FA(H))

Proof.

=) Let us assume that A € M(£2(H)). If B € P(¢?(H)), it is obvious that A * B is
also in P(¢2(H)), which in particular implies A% B € C(¢?(H)). That is,
A € (P(€2(H)), C(£2(H)). For the general case, use approximation.
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Some results

The space C((*(H))

M(E2(H)) = (B(¢*(H)), B(£*(H))) J

A e M(2(H)) & A e (C(F2(H)), C(FA(H))

Proof.

=) Let us assume that A € M(£2(H)). If B € P(¢?(H)), it is obvious that A * B is
also in P(¢2(H)), which in particular implies A% B € C(¢?(H)). That is,
A € (P(€2(H)), C(£2(H)). For the general case, use approximation.

< ) Suppose now that A € (C(¢2(H)), C(¢?(H)), and let B € B(¢?(H)). Note that

on(B) € P(f2(H)) C C(£?(H)). Therefore, by hypothesis, we have that for all n € N,
[]

|. Garcia-Bayona A class of matrices with operator entries - XIV Encuentro de la Red



Some results

The space C((*(H))

llon(A * B)”B(EZ(H)) = [|Ax U"(B)HB(ZZ(H)) < ||A||(C,C) : ”UH(B)HB(ZZ(H)) =
= |Allc,c) - I(RnG = k) - 1) j * Bllgeaqmyy < IAll(c,)l| Bll ageaqry)
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Some results

The space C((*(H))

llon(A * B)”B(EZ(H)) = [|Ax U"(B)HB(ZZ(H)) < ||A||(C,C) : ”UH(B)HB(ZZ(H)) =
= |Allc,c) - I(RnG = k) - 1) j * Bllgeaqmyy < IAll(c,)l| Bll ageaqry)

This, in particular, means that for all x € £2(H) and x* € 2(H) unitary,

(on(A* B)(x),x*) < |All(c,c) - 1Bllgez(ryy Yn €N.
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Some results

The space C((*(H))

llon(A * B)”B(EZ(H)) = [|Ax U"(B)HB(ZZ(H)) < ||A||(C,C) : ”UH(B)HB(ZZ(H)) =
= |Allc,c) - I(RnG = k) - 1) j * Bllgeaqmyy < IAll(c,)l| Bll ageaqry)
This, in particular, means that for all x € £2(H) and x* € 2(H) unitary,
(on(A* B)(x),x*) < |All(c,c) - 1Bllgez(ryy Yn €N.
This gives that, for all x € £2(H) and x* € £2(H) unitary,

(A% B)(x),x*) < [l All(c,c) - 1Bllge2(myy
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Some results

The space C((*(H))

llon(A * B)”B(EZ(H)) = [|Ax U"(B)HB(ZZ(H)) < ||A||(C,C) : ”UH(B)HB(ZZ(H)) =
= |Allc,c) - I(RnG = k) - 1) j * Bllgeaqmyy < IAll(c,)l| Bll ageaqry)
This, in particular, means that for all x € £2(H) and x* € 2(H) unitary,
(on(A* B)(x),x*) < |All(c,c) - 1Bllgez(ryy Yn €N.
This gives that, for all x € £2(H) and x* € £2(H) unitary,

(A% B)(x),x*) < [l All(c,c) - 1Bllge2(myy

and taking supremums, we get

1A * Bllgeery < All(c,c) - 1Bllgez(ny),

so A € M,(£2(H)). L]
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Some results

The space C((?(H))

Lemma

Let f € C(T,B(H)), and consider Ar = (T )k with
Txj = f(j — k). Then, Ar € B(£2(H)), with

Al B2 (Hyy = If [loo

Theorem
Let A be an infinite Toeplitz matrix whose entries are in B(H),
A= (Tl‘*k)kJ' Then,

A € C((*(H)) < 3fs € C(T, B(H)) such that £(I) = T.

Furthermore, [|falloo = [ AllBe2(H))-

|. Garcia-Bayona A class of matrices with operator entries - XIV Encuentro de la Red



Some results

Adjoint measure

m Given p € M(T,L(E,F)) = L(C(T),L(E, F)), mapping ¢ € C(T)
to T,(p), we can define its adjoint measure,
w* : M(T, L(F*, E*)) = L(C(T), L(F*, E*)), as the measure
mapping ¢ € C(T) to (T.(¢))".
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Some results

Adjoint measure

m Given p € M(T,L(E,F)) = L(C(T),L(E, F)), mapping ¢ € C(T)
to T,(p), we can define its adjoint measure,
w* : M(T, L(F*, E*)) = L(C(T), L(F*, E*)), as the measure
mapping ¢ € C(T) to (T.(¢))".

Lemma

The fact that W : C(T, X) — Y is continuous is equivalent to the
associate measure T, : C(T) — L(X, Y) having its adjoint measure in
Msor (T, L(Y*, X*)), that is supy,. =1 [(T};,)y+| < oo. Also,

Wil = sup [(T},)y~| < oo

lly*lI=1]
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Some results

A description of M. ((*(H))

Let A be an infinite Toeplitz matrix whose entries are elements in
B(H), and we denote by fa ~ >y Tke'™® the distribution
associated to A. Then:

Ac M (FA(H) < (fa)" € Msor (T, B(H))
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Some results

A description of M. ({*(H))

Proof. (f)* e Msor (T, H) = A€ M, (E2(H))

(C(E?(H), C(£*(H)) = M(£2(H)) = (B(£2(H)), B(£2(H))) )
= M. (£(H)) = (C(T, B(H)), C(T, B(H)))
C(¢2(H)) N T = C(T, B(H))
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Some results

A description of M. ({*(H))

Proof.  (f)* € Msor (T, H) A€ M. (£2(H))

(C(E?(H), C(£*(H)) = M(£2(H)) = (B(£2(H)), B(£2(H))) )
= M. (£(H)) = (C(T, B(H)), C(T, B(H)))
C(¢2(H)) N T = C(T, B(H))

Let T : C(T) — B(H) be the operator whose associated adjoint measure is ;. Since f; € MsoT, previous
lemma gives that the associated operator W : C(T, H) — H (defined as follows) is continuous.

v <Z xke"kt> = Z T(eikt)(xk), where T(eikt) = f;(k),
k

k

where [|W]| = [[(£4)" | mgpy (1, 5(H))- Taking £(£) = 2, F(k)e™ € C(T, B(H)) we have,
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Some results

A description of M. ({*(H))

Proo (fa)™ € Msor (
(C(E?(H), C(£*(H)) = M(£2(H)) = (B(£2(H)), B(£2(H)))

} = M7 (€2(H)) = (C(T, B(H)), C(T, B(H)))
C(A(H) N T = C(T, B(H))

Let T : C(T) — B(H) be the operator whose associated adjoint measure is ;. Since f; € MsoT, previous
lemma gives that the associated operator W : C(T, H) — H (defined as follows) is continuous.

v <Z xke"kt> Z T(eikt)(xk), where T(elkt (k),
k k

where [|W]| = [[(£4)" | mgpy (1, 5(H))- Taking £(£) = 2, F(k)e™ € C(T, B(H)) we have,
ik ik ik
supHZfA K" N gy = s 17 fak) o Fk) ()™l = sup 1D Flk)xe™ )| <
k i1 k
=1 llxll=1
< sup II\UHsupHZf(k)xe () <
fixfi=1
< s ||wu fixl - supuzf<k M) =

VI I lloo = 1) g (r.550x)) * 1 lloo
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Some results

A description of M. ({*(H))

Proof. aAcam, (@H)nT = (f)* € Msor (T, H)

Let B € B(¢2(H)) N T. We know that A x B € B(£2(H)). Which is equivalent to:
sup /P[N Mg (s (/ PVMIE (o) (x(=1) ® y(2) dt) ds| < c. Q)
y =
[x||=1
N,M
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Some results

A description of M. ({*(H))

Proof Mo (PH)NT = (fa)* € Msor (T, H)

Let B € B(¢2(H)) N T. We know that A x B € B(£2(H)). Which is equivalent to:

g /P[N’M]fA(s) (/ PIV-Mle(r o) (x(— 1)) ® y(2) dt) ds| < c. Q)
llyll=1
lIxlI=1
N,M
We select x(t) = xFp(t), y(t) = yFn(t), where Fn(t) = ﬁDn(t)eT"i("Jrl)t, and D (t) is the Dirichlet
kernel.
Recall that 2
277 ij i 2n+1)t j 277 i in(n+1)mt
o Dy(t) = T, 7t = EERI o k() = B, (- e =y ()"

Thus, Fa(t) - Fa(—t) = 557 Da(t)? = Kan(t).
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Some results

A description of M. ({*(H))

Proof Mo (PH)NT = (fa)* € Msor (T, H)

Let B € B(¢2(H)) N T. We know that A x B € B(£2(H)). Which is equivalent to:

g /P[N’M]fA(s) (/ PIV-Mle(r o) (x(— 1)) ® y(2) dt) ds| < c. Q)
llyll=1
lIxlI=1
N,M
We select x(t) = xFp(t), y(t) = yFn(t), where Fn(t) = ﬁDn(t)eT"i("Jrl)t, and D (t) is the Dirichlet
kernel.
Recall that 2
277 ij i 2n+1)t j 277 i in(n+1)mt
o Dy(t) = T, 7t = EERI o k() = B, (- e =y ()"

Thus, Fa(t) - Fa(—t) = 557 Da(t)? = Kan(t).

And we are able to rewrite (1) as:

‘/P[N’M]fA(s) (/ Ki(OPNM (e — 5)(x) ® v dt) ds
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Some results

A description of M. ({*(H))

Proof. aAcam, (@H)nT = (f)* € Msor (T, H)

Let B € B(¢2(H)) N T. We know that A x B € B(£2(H)). Which is equivalent to:

sup /P[N Mgy (s (/ PINMI e (¢ o)(x(=t)) @ y(2) dt) &l < c. @
y °
x]i=1
N,M
We select x(t) = xFp(t), y(t) = yFn(t), where Fn(t) = ﬁDn(t)eT"i("Jrl)t, and D (t) is the Dirichlet
kernel.
Recall that 2
2 2n+1)t j 277 iji +1) 7t
o Dy(t) = S, & = InZOHe g ) = 31— Ubyermit = 1 (snlplne)®,

Thus, Fa(t) - Fa(—t) = 557 Da(t)? = Kan(t).

And we are able to rewrite (1) as:

‘/P[N Mg (s) (/ K (PN Mgt — 5)x) ® y dt) ds

_ ‘/P[N‘les(t) [x® (K= (PN Me)r) (—0)] ot

= (o, x® (ki + (P M3 (—1)| -
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Some results

A description of M. ({*(H))

(PH)NT = (fa)* € Msor (T, H)
So we have:

e |(fo,x @ (Ki« (P Mes) (—0)| < ¢ Vfg € VO(T, B(H)) @)
s

[Ix[l=1
N,M
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A description of M. ({*(H))

MEPH)NT = (fa)

So we have:

sup KfB,X ® (K/ A (P[N’M]fA);) (*t)>‘ <cC

lyll=1

[Ix[l=1
N,M

= e ke (K (P M=) (=0l r gy < €
2B

Ix[[=1
N,M

Some results

€ Msor (T, H)

Vfg € V(T, B(H)) 2

= el (P M e ) (=)l 1 gy < C-
N
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A description of M. ((*(H))

=

M(L2(H)) N T (fa)

So we have:

sup

lyll=1

IIx[l=1
N,M

= sup [1x® (K * (P ME0)") (=0l 3 p wgmy <

Ily||=1
Ix[[=1
N,M

<C =

> e | (P Mes) (=6)llyap, iy
e

s

[(fe.x® (Kix (PMMe)s) (—0)| < €

€ Msor (T, H)

Vfg € V°O(T, B(H))

<c = sw oy (PMe)s) (=0l ap

llyll=1
N,M

e (P M) (=0llcqr.my < C-
o

»

Some results

2

<C.
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A description of M. ((*(H))

Some results

MsoT (T, H)

So we have:
it ’<vaX ® (K/ & (P[N’M]fA);) (*f)>‘
ol
[Ix[l=1
N,M
= st)l Ix® (K, « (PIN-M g A)y ) EOll1er, nemy < €
yil=
Ix[[=1
N,M
Ay (P*M5);) <Ollagp <€ =
yl=

s

By Banach-Alaoglu (PIV:Ml )"

(fa); € M(T,H) Vy € H.

*
AN KAy for certain KAy € M(T

<c Vig € V(T, B(H)) @
= el (P M e ) (=)l 1 gy < C-
Nom
sup | (P M) ) (=Dl ccqr,my» < €
[lyll=1
, H). Therefore
O
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Thanks for your attention!
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