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N-TERM APPROXIMATION AND GREEDY ALGORITHM

X = Banach space, {e,,e}}°°,; = seminormalized, complete, biorthogonal

system, x =", er(x)e,

e N-term approximation: Given x € X — want good approximant

within

z,\,:{zqeA : y/\|g/v}

AEA
@ A natural choice are greedy operators:
x € X— Gux =Y jenx) €7 (X)ej € Ty

where minjen(x) [€7(x)| > maxagn(x) l€5(x)| and [A(x)| =
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N-TERM APPROXIMATION AND GREEDY ALGORITHM

e Q: How good is ||x — Gnx|| vs on(x) = infyex, [[x —xn] ?

e Goal: find smallest Ly = Ly(X, {e,}) s.t.

Ix - Gux|| < Lyon(x), ¥xex

e Examples
o {e,}J=0ONB = Ly=1
o {R)2 =T = Ly(L",T)~ N2l [Temog]
o {hix}=H = Ly(LP,H)=0(1), 1< p< oo, [Tem'98]

EuGENIO HERNANDEZ (UAM) GREEDY ALGORITHM AND EMBEDDINGS MARCH 2018 3 /17



(GGREEDY BASES

Given X and B = {e,}°°; (basis), when is Gyx “essentially” optimal?

e Theorem [Konyagin-Temlyakov'99]:
Ly = O(1) iff B is unconditional and democratic.
Moreover, Ly < K + 4K3A, provided

[Pax|| < Kllxll, — l1all < All1s]], ¥ A/ =B < o0

where 14 =" 1 en.

o Examples:

o {e,}infP, WinF; ... are greedy bases
o ... but {e,} in P9, or Win B, are not democratic if p # q...
e 7 is not unconditional in L', BV...

@ To handle such examples need more general bounds for Ly...
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(QUASI-GREEDY BASES

o Definition: {e,, e’} is a quasi-greedy system in X if
|Gnx|| < qlx]|, ¥ N, x (equivalently, Gyx — x, Vx € X [Wo'00])

e Examples:
o Every greedy basis is quasi-greedy.

o H qg-greedy and democratic in BV([0,1]9), d > 2, [Cohen’99],[Wo'03]

o Lindenstrauss basis: £ = {e, — 3(e2n + €2541)} in £* is g-greedy and
democratic [Dilworth-Mitra’01]
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(QUASI-GREEDY BASES

o Consider the parameters

1,
K= sup [Pal. Bw = 4l
IAI<N a=B<n 18]l

@ A nice remark [DKK'03]: B = quasi-greedy = Ky < log N !!

If B is quasi-greedy then

Ly ~ max{KN, AN}

Moreover, Ly < Koy +8q*Any  — actually g°... [DKO'15]

e Q: Bound Ly for non g-greedy bases?
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MAIN RESULT: NOTATION

Let {en, e}}2°, complete, biorthogonal in X x X* (seminormalized)

o Notation: 1cqa =D cacn€n, 1i4=>,cacne,, ACN, [g[=1.

@ Suppose one knows upper bounds for:

H]-EAHXSWI(N)a HI:A‘X* <m(N), VIA=N, [e[=1,

with 11, 2 increasing concave sequences, that is
A%n(n) = An(n) — An(n+1) >0 and An(n) = n(n) —n(n—1)

e Define Sy(m,m2) = Z,,yzl Any(n) Anz(n)
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MAIN RESULT

[BBGHO'17]

o Ky <Sn(m,m) and Ly <1+3Sy(n1,m2).
Also, Ky < Sy(m,m2) and Ly <1+ 3Sy(n1,m2) (symmetry)

@ These estimates are best possible, i. e. there exists X and {e,,e};}7°;
for which all the equalities hold.

v

© The best 71,72 we can take in Theorem 1 are

D(N)=sup  |[1all, and D*(N)= sup [[14].
|Al=N,[e|=1 |A|=N,|e|=1

...if they are concave...
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SHARP EMBEDDINGS INTO X  [BBGHO'17]

o A sequence space S embeds into X via B (with norm c¢), denoted

s 25 X, if for every s = {s,}7°; € S, there exists a unique x € X
such that e(x) = s, and it holds:

IXI < cllslls = cl{ej(x)}Z4lls-

o Discrete weighted Lorentz spaces: n € W,

K}] = {s €0 : Hs||g1 = Zs*n(J }

The following are equivalent:
i) |1 L1eall < n(|A]) for all finite AC N and all || =1,.

i) 1> anenllx < [all2, for all a = {a,} € coo.

If B* is total, then each of the above is equivalent to iii) /% < X.

B,1
n

EuGENIO HERNANDEZ (UAM) GREEDY ALGORITHM AND EMBEDDINGS MARCH 2018 9 /17



SHARP EMBEDDINGS OF X  [BBGHO'17]

B? .
e The space X embeds into S via B (with norm c¢), denoted X <3S, if
for every x € X it holds: |[{e}(x)}72|ls < cl|x]|.

o Discrete weighted Marcinkiewicz spaces: 1 > 0,

m(n) = {s €co i [8llm(y) := SuPken @Zf 15 < oo} .

e Remark: When 1/ = {j/n()) 21, is the “dual”weight, then
(3) = m(') (... if n€ Wy and inf, @ =0.)

The following are equivalent:
i) |1k AH < n(]A|) for all finite AC N and all || =1.

i) X i m(n'), with 0" = {j/n(j)}72;-
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SKETCH OF PROOF: THM 1 (Ky < Sy(m1,72))

We follow the strategy developed in [DKO'15]

@ Thm 2 gives N N
1Paxll < " a2 (Pax) A (i) < 3 3 (x) Am (i) == An(x)
j=1 j=1
o Let Sy(x) := ZJJ 127 (x). By Abel summation
Z[S x)] Ani()) ZA m () Si(x) + Ani(N) Sn(x) .
e From Thm 3, (J) (x) = nﬁjj) Zaﬁ(x) < lIxI-
n=1

o By Abel summation again

N—1

[Pax]| < {Z A2 () () + B (N) na(N) |11 = Sn(n, ma)|[x]-
j=1

e Thus Ky < Sn(m1,m2)
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EXAMPLE 1: THE DIFFERENCE AND THE SUMMING BASES

Let {e,}°°, be the canonical basis in ¢*.

o Difference basis: x; = e;,x, =e, —e,_1,n> 2.
e 9]
X =3span” {x,}°%,.

. H o] * __ o8] *
e Dual system: vectors in £>° of the form x}, =" e} and
o n
k
H g Xyl = sup‘ E cj‘ , {cn} € oo -
* n>1"'"%
n=1 = j=1
(Summing basis, [LT'1977])
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EXAMPLE 1: THE DIFFERENCE AND THE SUMMING BASES

e Lemma 4: {x,,x}}°°, as above: D(N)=2N and D*(N) = N.

e Since Sy(D, D*) = ZJ’-VZIZ x1=2N, Thm 1 gives Ky, Ky, < 2N and
Ly, Lk < 146N

e Equality can be proved by testing with particular elements .... this
gives the announced sharpness of Thm 1.... ... (the values of K}, and
& were known, [BBG'17].)
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EXAMPLE 2: THE LINDENSTRAUSS BASIS AND ITS DUAL

Let {€,}2; be the canonical basis in ¢*.

o (Lindenstrauss, 1964):
L: x,=e,— %e2n+1 — %e2n+2, n=12,3,...
L is a basis for D = span {L} in (L.

@ Dual system (Holub-Retherford, 1970):
Viyni=3"027e,p) €c, n=1,2,3... where yo(n) = n and
Yj+1(n) = L%J (j > 0), with the convention e, =0 if v < 0.
()/ is a Shauder basis for co)

e Lemma 5: D(N) = 2N and D*(N) ~ In(N + 1) := n2(N).

e Since Sy(D,m2) = ZJN:1 2An(j) =2In(N +1), Thm 1 gives
K, Kiy < In(N+1) and Ly, L5, < In(N + 1)

e Equivalence can be proved by testing with particular elements ....
(the values of Ky and Ly were known.)
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EXAMPLE 3: THE TRIGONOMETRIC SYSTEM

T = {e¥*}, cpa in LP(T?), 1 < p < oo, with L2(T9) = C(T¢).
e For 1 < p <2, D(N)< NY2:=ny(N) and D*(N) < NY/P := n,(N).

N
1.1 l 1
Sn(mme) < j72j7 < NP2, p#£2

j=1
@ For 2 < p < oo, D(N) < NVP" .= n;(N) and D*(N) < NY/2 := 1p(N).

1

_1
2 — 2
=cpN

N
L1.1

Sn(n,m) <> j7 2 < ¢pN#
j=1

1
7

‘OM—‘

s P#2

e By Theorem 1, Kn(T, LP), Ln(T, LP) < cpN‘%f%‘ , p# 2. ([T98])
The lower bound also holds: Remark 2 in [T'98]

@ Drawback: we cannot recover the trivial case p = 2.
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MORE EXAMPLES

o For the Haar system H = {hj x} in L%,
D(N) = D*(N) = N.

Theorem 1 gives Ly < 1+ 3N ([Oswald'2001] with equality)
o For the Haar system H = {h;} in BMOyq,

D(N) = /In(N +1), D*(N)=N.

Theorem 1 gives Ly = +/In(N + 1) ([Oswald’2001] with equality)

e Drawback: For greedy bases, Sy = In(N + 1), and Theorem 1 gives
Ly = In(N + 1), while Ly ~ 1.
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THANKS FOR YOUR ATTENTION!!
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