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We consider an integral operator A formally defined

Af) = [ Klxn)f()ay
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We consider an integral operator A formally defined
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with kernel

K(x,y) = /Rd ¢(u)ef27ri(5(|U\)u-y7u-x)du’ (1)

for some ® : RY — R and some 3 : (0, 4+00) — R, the phase.
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We consider an integral operator A formally defined

Af() = [ Kexpf(»)dy.
R

with kernel

K(X,y) _ / ¢(u)ef27ri(,6’(|u\)u-y7u-x)du’ (1)

Rd
for some ® : RY — R and some 3 : (0, 4+00) — R, the phase.
This integral operator can be seen as a Fourier integral operator, FIO, of
type Il,
Tiaf(x) = [ 200020y, u)f(y)y o
Rd

with o(y, u) = B(|ul)u -y and o(y, u) = ®(u).
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This operator is used in physics studies, because of that it is interesting to
find estimates of the type

sup / |K(x,y)|dx < 0.
yeRd Rd
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This operator is used in physics studies, because of that it is interesting to
find estimates of the type

sup / |K(x,y)|dx < 0.
yERd Rd

This estimate would imply the corresponding operator A is bounded on
LY(RY).
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Usually, the function ®(u) has a good decay at infinity but could be not
smooth at the origin u = 0. A typical example is given by radial functions

|l

Y= ar e

with large real m.
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Usually, the function ®(u) has a good decay at infinity but could be not
smooth at the origin u = 0. A typical example is given by radial functions

with large real m. In particular, this ®(u) belongs to W/(FL, L)(RY),
when m > (d +1)/2.

Definition

The Wiener amalgam space W (FL!, [1)(RY) with local component
FLY(RY) and global component L*(R9) is defined as the space of all
functions f such that

I llwEeey = IfTxgll 7ol < oo,

where g € C§°(RY).

Eva Primo (UV) Bilbao 9 de marzo de 2018 6 /25



The phase §(r) is real-valued and smooth on (0, +00) but could have a
Holder type singularity at the origin.
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The phase §(r) is real-valued and smooth on (0, +00) but could have a
Holder type singularity at the origin.
As an oversimplified model we can consider the case

B(ry=a+br", 0<r<1,

for some a,b € R, v € (0,1), and we assume that (3(r) approaches a
constant when r — +o00.
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B(ry=a+br", 0<r<1,

for some a,b € R, v € (0,1), and we assume that (3(r) approaches a
constant when r — +o00.
As a basic case suppose 3(r) = a, r > 0, is a constant function, then,

K(x,y) = Fo(ay — x)
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The phase §(r) is real-valued and smooth on (0, +00) but could have a
Holder type singularity at the origin.
As an oversimplified model we can consider the case

B(ry=a+br", 0<r<1,

for some a,b € R, v € (0,1), and we assume that (3(r) approaches a
constant when r — +o00.
As a basic case suppose 3(r) = a, r > 0, is a constant function, then,

K(x,y) = Fo(ay — x)

and the estimate

sup/ |K(x,y)|dx < o0
y€eRd JRY

holds if, and only if, ® € FL(RY), i.e., ® has Fourier transform in L}(R9).
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In the model case above (3(r) approaches a constant both as r — 0" and
r — +o00 and is smooth in between, so that one could conjecture that the
same estimate holds in that case.
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In the model case above (3(r) approaches a constant both as r — 0" and
r — +o00 and is smooth in between, so that one could conjecture that the
same estimate holds in that case.

Now, this is not the case, even for smooth phases. This can be regarded as a
manifestation of the Beurling-Helson phenomenon,
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In the model case above (3(r) approaches a constant both as r — 0" and
r — +o00 and is smooth in between, so that one could conjecture that the
same estimate holds in that case.

Now, this is not the case, even for smooth phases. This can be regarded as a
manifestation of the Beurling-Helson phenomenon, given that our operator
A with kernel K(x, y) can be written as

Af = F 1o« FH(Ffo@), with @(u):= f(|ul)u.
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In the model case above (3(r) approaches a constant both as r — 0" and
r — +o00 and is smooth in between, so that one could conjecture that the
same estimate holds in that case.

Now, this is not the case, even for smooth phases. This can be regarded as a
manifestation of the Beurling-Helson phenomenon, given that our operator
A with kernel K(x, y) can be written as

Af =F o« F N Ffo@), with @(u):= B(|ul)u.

The Beurling-Helson phenomenon, roughly speaking, states that the change-
of-variable operator f ++ f o1 is not bounded on FL!(RY) except in the
case that 7 : RY — RY is an affine mapping.
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Continuity in !
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We consider our integral operator A with kernel K(x, y). We assume

& e W(FL, LYRY), B:(0,00) = R.
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We consider our integral operator A with kernel K(x, y). We assume

& e W(FL, LYRY), B:(0,00) = R.

Then, the kernel K is well-defined for every x,y € R?. Indeed, since
W(FLL, LY)(RY) — LY(RY), the integral in the kernel is absolutely con-

vergent.
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We consider our integral operator A with kernel K(x, y). We assume

& e W(FL, LYRY), B:(0,00) = R.
Then, the kernel K is well-defined for every x,y € R?. Indeed, since
W(FLL, LY)(RY) — LY(RY), the integral in the kernel is absolutely con-
vergent. Inserting the kernel expression in the operator A and using the

absolute convergence of the integrals we can apply Fubini’'s Theorem and

infer

Af(x) = /de e 2riBluuy=xu) (1) (y) dy du.
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Theorem

Consider functions & € W(FLY, [1)(RY) and 3 : (0, +00) — R. Moreover,
assume that for some exponent v € (—1,1], with | = [d/2] + 1,

0°B(|ul)u] < Calu 1 for 0 [u] <1, |of <1,

where C, > 0,
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Theorem

Consider functions & € W(FLY, [1)(RY) and 3 : (0, +00) — R. Moreover,
assume that for some exponent v € (—1,1], with | = [d/2] + 1,

0°B(|ul)u] < Calu 1 for 0 [u] <1, |of <1,
where C, > 0, and
10°B(lul)ul < &, for |ul > 1, 2 <ol <2,

with C!, > 0.
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Theorem

Consider functions & € W(FLY, [1)(RY) and 3 : (0, +00) — R. Moreover,
assume that for some exponent v € (—1,1], with | = [d/2] + 1,

10%B(Jul)u| < Colu] ™1 for 04 |u| <1, |a] <,
where C, > 0, and
0°8(lul)ul < Coy  for Jul 21, 2< o] < 21,

with C/ > 0. Then, the integral kernel in (1) satisfies

/ |K(x,y)|dx < C(1 + [y])4/O0+D),
Rd

for a suitable constant C > 0 independent of y.
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In our oversimplified model,
B(ry=a+br", 0<r<1,

for some a,b € R, with v € (—1,1]. And assume [ has at most linear
growth as r — +oc.
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In our oversimplified model,
B(ry=a+br", 0<r<1,

for some a,b € R, with v € (—1,1]. And assume [ has at most linear
growth as r — 4-00. Let

|ul

P Ty

with m > (d +1)/2.
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In our oversimplified model,
B(r)y=a+br", 0<r<1,

for some a,b € R, with v € (—1,1]. And assume [ has at most linear
growth as r — 4-00. Let

|ul

P Ty

with m > (d +1)/2. Then,
/ IK(x, y)|dx < C(1+ [y)#/O+D),
Rd

for a suitable constant C > 0 independent of y.
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Corollary

Consider functions ® € W(FLL, LY)(RY) and B : (0, +00) — R.
Moreover, setting | = |d/2| + 1, assume that the function 3(|u|) extends
to a C? function on RY and satisfies

10°B(Ju))u| < C,, forueR? and 2 < |af <2I.
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Corollary

Consider functions ® € W(FLL, LY)(RY) and B : (0, +00) — R.
Moreover, setting | = |d/2| + 1, assume that the function 3(|u|) extends
to a C? function on RY and satisfies

10°B(Ju))u| < C,, forueR? and 2 < |af <2I.
Then, the integral kernel in (1) satisfies

d
2 .

|, IKteylie < ca+ by
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Suppose that $(u) := B(|u|)u extends to a smooth function in RY, with an
at most quadratic growth at infinity. Let

|ul

ST

with m > (d +1)/2.
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Suppose that $(u) := B(|u|)u extends to a smooth function in RY, with an
at most quadratic growth at infinity. Let

|ul

ST

with m > (d +1)/2.  Then
[ IKepiae < cas v,
R

for a suitable constant C > 0 independent of y.
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Corollary

Consider functions ® € W(FL, L)(RY) and 3 : (0, +00) — R. Assume
that for some v € (—1,1] and a € R, 8 := 3 — a satisfies, with
I=1d/2] +1,
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Corollary

Consider functions ® € W(FL, L)(RY) and 3 : (0, +00) — R. Assume
that for some v € (—1,1] and a € R, 8 := 3 — a satisfies, with
I=1d/2] +1,

8a5(’“’)u‘ < Colu el for u| <1, |al <,

for C,, > 0, and

FBlludu| < Ch for W21, 2< o] <2,
with C!, > 0. Then the integral kernel in (1) satisfies
[ IKGplae < ca+ /o,

R4

for a suitable constant C > 0, independent of the variable y.
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Corollary

Consider functions ® €¢ W(FL', Ll)(]RNd) and 3 : (0,400) — R. Assume
that for some v € (—1,1] and a € R, 8 := (3 — a satisfies, with
I=1d/2| +1,

0 Blul)e] < CaluP ™, for Ju <1, ol < 1,

for C, > 0, and

Rl < G for a1, 2< e <2,

with C! > 0.

v
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Corollary

Consider functions ® €¢ W(FL', Ll)(]RNd) and 3 : (0,400) — R. Assume
that for some v € (—1,1] and a € R, 8 := (3 — a satisfies, with
I=1d/2| +1,

0 Blul)e] < CaluP ™, for Ju <1, ol < 1,

for C, > 0, and

Rl < G for a1, 2< e <2,

with C, > 0. And consider the weight function

v(y) = (1 +|y[)@/0+D.

v
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Corollary

Consider functions ® €¢ W(FL', Ll)(]RNd) and 3 : (0,400) — R. Assume
that for some v € (—1,1] and a € R, 8 := (3 — a satisfies, with
I=1d/2| +1,

0 Blul)e] < CaluP ™, for Ju <1, ol < 1,

for C, > 0, and

O B(uu| < oy for Jul 21, 2<al <2,
with C, > 0. And consider the weight function
v(y) = (14 ly))¥/OF.
Then the integral operator A with kernel K is bounded,

A: LRI — [Y(RY).
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Continuity in [?
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Consider a function h(r) € C§°(R) such that h(0) # 0, and ®(u) = h(|ul).
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Consider a function h(r) € C§°(R) such that h(0) # 0, and ®(u) = h(|ul).

For v € (0,1), set B(|ul|) = |u|".
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Consider a function h(r) € C§°(R) such that h(0) # 0, and ®(u) = h(|ul).
For v € (0,1), set B(|ul|) = |u|".

Finally, take x € C§°(R) such that x(Ju|) = 1 when u € supp(®),
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Consider a function h(r) € C§°(R) such that h(0) # 0, and ®(u) = h(|ul).
For v € (0,1), set B(|ul|) = |u|".

Finally, take x € C§°(R) such that x(|u|) = 1 when u € supp(®), and
consider the function 3(|ul) = x(|u])B(|ul).

Consider the operator A with integral kernel
K(x,y) = / h(|u|)e™ 2mi(B(lul)u-y— ux) iy
R

_ / (|l )e~ 2 ubuy—ux) gy,
R



Consider a function h(r) € C§°(R) such that h(0) # 0, and ®(u) = h(|ul).
For v € (0,1), set B(|ul|) = |u|".

Finally, take x € C§°(R) such that x(|u|) = 1 when u € supp(®), and
consider the function B(|u|) = x(|u])B(|u]).

Consider the operator A with integral kernel
K(X, )/) = / h(‘u|)e_QWi(5(|U|)U'y—u~x)du
R

_ / (|l )e~ 2 ubuy—ux) gy,
R
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We now show that A is not bounded on L%(R9).
For f € S(R),

AF(x) = / K(x, y)f(y)dy = / / h(|ul)e 2 DoY) £ () dudy
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We now show that A is not bounded on L%(R9).
For f € S(R),

AF(x) = / K(x, y)f(y)dy = / / h(|ul)e 2 DoY) £ () dudy

= [ e ([ e iyay ) au =
R R

:/Re"””'”'xh(|U|)J”f(5(\UI)U)du=Jrl [A([ul)FF(B(ul)u)] (x).
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We now show that A is not bounded on L%(R9).
For f € S(R),

AF(x) = / K(x, y)f(y)dy = / / h(|ul)e 2 DoY) £ () dudy

= [ e ([ e iyay ) au =
R R

:/Re"””'”'xh(|U|)J”f(5(\UI)U)du=Jrl [A([ul)FF(B(ul)u)] (x).

Then, by Parseval’'s Theorem,

IAF 115 = [[A(u)FF(B(|ul)u);
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AF(x) = / K(x, y)f(y)dy = / / h(|ul)e 2 DoY) £ () dudy

= [ e ([ e iyay ) au =
R R

:/Re"””'”'xh(|U|)J”f(5(\UI)U)du=Jrl [A([ul)FF(B(ul)u)] (x).

Then, by Parseval’'s Theorem,

IAF 115 = [[A(u)FF(B(|ul)u); —/R!h(!UI)Iz\ff(ﬁ(IUI)U)FdU-
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We perform the change of variable

urtt u>0,

)

o >
T e R
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We perform the change of variable

u= 1

so that )
TRazs ig>0
0

N
and du—1+7
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We perform the change of variable

~ 't u>
a=allua=laro={ ¥ 0 420
so that )
e i
o { o), d<o
and du = \ \lﬂ di. In this way, we obtain

IIAf||§=/RIh(|U|)|2|ff(ﬁ(IUI)U)I2du

et AR GRS RO

Eva Primo (UV) Bilbao 9 de marzo de 2018 20 /25



IIAf||§=/RIh(lUI)|2|ff(ﬁ(IUI)U)|2du

1 JUr ~ oy 12 N2 o~
— = [ a7 k(a5 ) R F ()2
1Jrny/]R\Ul A a]=) | F (@) d

Now, the last expression is controlled by C||f||2,, for a suitable constant
C > 0 and for every f € S(R), if and only if

[T [h(|i] 7)) 2 € LO(R).
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IIAf||§=/RIh(lUI)|2|ff(ﬁ(IUI)U)|2du

1 JUr ~ oy 12 N2 o~
— = [ a7 k(a5 ) R F ()2
1Jrny/]R\Ul A a]=) | F (@) d

Now, the last expression is controlled by C||f||2,, for a suitable constant
C > 0 and for every f € S(R), if and only if

[T [h(|i] 7)) 2 € LO(R).

h(|ﬁ|ﬁ) has compact support, and this fails because — v / (1 ++v) < 0
and |h(|u])| > 0 > 0 in a neighbourhood of 0.

Eva Primo (UV) Bilbao 9 de marzo de 2018 21 /25



Theorem

Consider ® € L>®(RY) N LY(RY). Let 3 :(0,00) — R satisfy the following
assumptions:

(i) B € C*((0,00)).
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Theorem

Consider ® € L>®(RY) N LY(RY). Let 3 :(0,00) — R satisfy the following
assumptions:

(i) B € €*((0,00)).

(ii) There exists 6 > 0 such that 5(r) > 0, for all r > 0.

(iii) There exist By, Bo > 0, such that

d
Bi< —(B(r)r) < B2, Vr>0.

Then the integral operator A with kernel K in (1) is bounded on L?(R9).

v
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In our simplified model,
B(ry=a+br", 0<r<1,

for some a,b € R, v > 0.
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In our simplified model,
B(ry=a+br", 0<r<1
for some a,b € R, v > 0.

Let ® € C*°(RY) supported in |u| < 1.
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In our simplified model,

B(ry=a+br", 0<r<1,
for some a,b € R, v > 0.
Let ® € C*°(RY) supported in |u| < 1.

Then, if a(a + (7 + 1)b) > 0, the operator A is bounded in L2(RY).
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Consider ® € L®(RY) N L}(RY). Let §: (0,00) — R satisfy the following
assumptions:

(i) B € C*((0,00)).
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Consider ® € L®(RY) N L}(RY). Let §: (0,00) — R satisfy the following
assumptions:

(i) B € C1((0,00)).

(ii)" There exists 6 < 0 such that 3(r) <9, for all r > 0.
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Consider ® € L>®(RY) N LY(RY). Let 3: (0,00) — R satisfy the following
assumptions:

(i) B € C1((0,00)).

(ii)" There exists 6 < 0 such that 3(r) <9, for all r > 0.

(iii)" There exist By, B < 0, such that

d
B < E(ﬂ(r)r) <B,, Vr>0.

The integral operator A with kernel K in (1) is bounded on L%(R9).
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