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= [Mfllow) < awpllflliew) <= weA,  (1<p<oo)
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Some examples of quantitative estimates

Theorem

Let1 < p<ooandwec A, Then
1
Buckley 1993 [|Mf | tow) < colwli " I llo(w)-
Hytonen 2010 If T is a Calderén-Zygmund operator,
{15t}

I TEllo(w) < cTWly, 11l Lo (w)-

Ifwe A
Fefferman, Stein 1971 w ({x € R": Mf > t}) < cy[w]a, fR,, |—’;|W
Lerner, Ombrosi, Pérez 2009 If T is a Calderén-Zygmund operator,

w({x € R": |Tf| > t}) < cr[w]a, log(e + [W]Al)/Rn @W.

The preceding estimates are sharp, in the sense that if we consider W(t) such that

@‘:(t()t) — 0 t — oo the estimates don’t hold in general.
P
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Sparse domination

Standard dyadic grids

Do(Q) Di(Q) Da(Q)

Standard dyadic grid D(Q)
m We define D(Q) = U2, Di(Q).

m Given P, R € D(Q) we have that PN R = P,R, ()
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Dyadic Lattice

Let {Q;} a sequence of dyadic cubes expanding each time from a different vertex.
Then R" = U;Q;. We will call D = [J,{Q € D(Q)} a dyadic lattice.

Figure: Construction of a dyadic lattice



Sparse domination

Sparse families

Definition
Let S C D. We say that S is n-sparse (0 < 1 < 1) if for every Q € S there exists a
measurable subset Eg such that:

The sets Eq are pairwise disjoint.

1@l < |Eql

[

From the definition of
E sparse family it follows
that, for each cube, the
set of points for which
there exist infinite cubes

- in S containing that point
. has zero measure.

Figure: Example of Z-sparse family
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Sparse domination for Calderén-Zygmund operators

Let D a dyadic lattice S C D and f € L*°(R") with compact support

456 = 3 (1g7 [ 01 xat).
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Sparse domination

Sparse domination for Calderén-Zygmund operators

Let D a dyadic lattice S C D and f € L*°(R") with compact support

Asf(x) = Qes<|0| | v ) ) xale)

Remarks

m As is well defined a.e. (sparseness condition)

m Ag is positive and self-adjoint

Theorem (Lerner, Nazarov, Conde-Alonso, Rey, Lacey, Hytonen, Roncal, Tapiola)

Let T a Calderén-Zygmund operator. For every compactly supported f € L>°(R"),

there exist 3"-dyadic lattices DY) and > 9n -sparse families S; C DY) such that for a.e.
x € R"”

[TFO)I S ZAslfl
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A new philosophy

Calderén-Zygmund principle

For every operator G there exists a suitable maximal operator Mg such that for “good
weights” w

I GFll Lo(w) < €6,nwll MGl Lo(w)
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A new philosophy

Calderén-Zygmund principle

For every operator G there exists a suitable maximal operator Mg such that for “good
weights” w
I GFll Lo(w) < €6,nwll MGl Lo(w)

Sparse domination principle

For every operator G there exists a finite family of sparse operators Tg,, ... Ts; such
that
Gf = Z Ts;
J

in some sense.

Consequence

It suffices to obtain estimates for sparse operators. Usually easier.
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An example: The A, theorem in a nutshell

Theorem (Cruz—Uribe, Martell, Pérez 2010 )
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Usually b is assumed to be in BMO.

Definition

We say a locally integrable function b has bounded mean oscillation, b € BMO if

1 1
lb||BMo = sup —/ |b(x) — bg|dx < 00 where  bg = —/ b(x)dx
e 1QJq QI Jq

Theorem (John-Nirenberg)
For every b € BMO and every cube Q C R”",

A
{x € Q : |b(x) — bg| > A\}| < e|Qle 2"MPlemo A > 0.
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Some facts about commutators
Sparse domination for commutators

Theorem (Lerner, Ombrosi, R-R - 2016)

Let T a Calderén-Zygmund operator and b € LIOC(R”) For every compactly supported
f € L(R"), there exist 3"-dyadic lattices DY) and L--sparse families S; C DU) such
that for a.e. x € R"”

’
16, TG £ 37 (75, 6l10x) + T /1))

j=1

where

Ts, bl f1() = 3 b(x) erﬁ/vadym(x)

QES;

Ts. bl f1(x) \b — bollf(y)ldyxq(x)
IQ!
QES;
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Let T a Calderén-Zygmund operator and b € LIOC(R”) For every compactly supported
f € L(R"), there exist 3"-dyadic lattices DY) and L--sparse families S; C DU) such
that for a.e. x € R"”

3n

16, TG £ 37 (75, 6l10x) + T /1))

j=1

where

Ts, bl f1() = 3 b(x) erﬁ/vadym(x)

QES;

T3.61f100 = X o1 | 180 = boll () ldra)
QES;

Neither of the terms can be neglected
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Some facts about commutators

Consequences of sparse domination for commutators

Theorem (Lerner,Ombrosi,R-R 2016)

1
Let T a Calderon-Zygmund operator. If ;A € Ap, 1 <p <oo,v = (%)5 and
b € BMO,(R) where BMO, is the space of locally integrable functions b such that

1
b BMO,,:SUP—/ b — boldx < oo
| up Q) Q| al

then

max{l

b, Tl gy < enCr ([lay[Ma) bl svio | Fll oy
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For v = X the result is due to Chung, Pereyra, Pérez 2010.
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For v = X the result is due to Chung, Pereyra, Pérez 2010.

Theorem (Lerner,Ombrosi,R-R 2016)
Let T a Calderén-Zygmund operator and b € BMO then, if w € Ay

w(lx R (16, TI(6)| > 1) < clud,log(e-rTwla) [ @ (Islamo!” 2 ) wix)e

where t > 0 and ®(t) = tlog(e + t).
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