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Introduction

Muntz-Szdsz Theorem

Let {\,}nen be a sequence of real numbers such that
D< i< < <A<

Then, the collection of finite linear combinations of the functions
thth s e, the set

span{l, tM t* t% .. .}
is dense in C[0, 1] if and only if

<1
D=+

n=1""
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1. The Weierstrass Approximation Theorem ([CMOR])

Target: To provide a proof of the classical Weierstrass Approximation
Theorem (with the || - [|oo) on compact sets in the real line.



1. The Weierstrass Approximation Theorem ([CMOR])

Target: To provide a proof of the classical Weierstrass Approximation
Theorem (with the || - ||oo) on compact sets in the real line.

Theorem (Korovkin, 1953)
Let fo, f1, f>: [a, b] = C defined by

f(t)=1, A(t)=t, and £H(t)=1

for t € [a,b]. For n > 1, let P,: Cla, b] — C|a, b] a linear operator.
Suppose that:
@ Each P, is positive, i.e., P,f > 0if f > 0;
@ for m=0,1,2, it satisfies lim,_,c0 || Pnfm — fmllco = 0.
Then,
lim [|Pyf — fllec =0,
n—oo

where f € Cla, b].




Proof.
It is enough to prove the result for real-valued functions, otherwise, one
can write f = Rf + iSf.
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—2a < f(t) - f(s) < 2a. (1)
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Proof.

It is enough to prove the result for real-valued functions, otherwise, one
can write f = Rf + iSF.

Let f € C[a, b] a real-valued function and « > 0 such that ||f||c < a.
Let t,s € [a, b], then,

—2a < f(t) - f(s) < 2a. (1)

Fixed € > 0. Note that f is uniformly continuous on [a, b]. Hence there
exists () > 0 such that if t,s € [a, b] with |t — 5| < §, then

—e<f(t)—f(s)<e (2)

Fixed s € [a, b], define g5(t) = (t —s)?. If t,s € [a, b] and |t — 5| > §,
then gs(t) > 6. Now, combining (1) y (2),

S(t S(t
—6—204% < f(t) - f(s) < 6—1—204%,

for every t,s € [a, b].



Since P, is linear and positive,

PI7 S
Prs _ p £ f(s)Put < ePofi + 20 55 .

—eP,fy — 2« 2 =
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By hypothesis, P,fy(s) — 1 uniformly in s € [a, b]. Moreover,
P.gs(s) — 0 uniformly on [a, b].



Since P, is linear and positive,

Pn S Pn S
£ < Paf — F()Pafy < Py + 202",

—eP,fy — 2« 2 =

By hypothesis, P,fy(s) — 1 uniformly in s € [a, b]. Moreover,
P.gs(s) — 0 uniformly on [a, b]. Indeed,

gs = h — 2sf; + 5%
and
lim Prgo(s) = lim_Pafo(s) — 25Pfi(s) + s*Pafo(s)
=52 - 2s5s+5°1=0

uniformly.



Since P, is linear and positive,

Pn S Pn S
£ < Paf — F()Pafy < Py + 202",

—eP,fy — 2« 2 =

By hypothesis, P,fy(s) — 1 uniformly in s € [a, b]. Moreover,
P.gs(s) — 0 uniformly on [a, b]. Indeed,

gs = h — 2sf; + 5%
and
lim Prgo(s) = lim_Pafo(s) — 25Pfi(s) + s*Pafo(s)
=52 - 2s5s+5°1=0

uniformly. Therefore,
P.f(s) — f(s)

uniformly in s € [a, b], as we desired.
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The Korovkin Theorem is the key for the proof of Weierstrass Theorem.

Theorem (Weierstrass, 1885)
The set of all polynomials is dense in (Cla, b], || - ||oo)-

Proof.

Firstly, due to the change of variable t — a + t(b — a), one can suppose,
without loss of generality, that [a, b] = [0, 1]. Consider, for n > 1, the
operator

B,: C[0,1] — C[0,1]
R B,,f(t):Zf(k/n)(l)tk(l—t)n—k.
k=0

Such B, f is called the n—th Berstein's polynomial associated to f.
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The result is proved if the sequence {B,},>1 verifies the hypothesis of
the Korovkin Theorem.
It is clear that B, is linear and positive.
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The result is proved if the sequence {B,},>1 verifies the hypothesis of
the Korovkin Theorem.
It is clear that B, is linear and positive. Moreover, we have

Bnﬂ) = f67
an]. = fla

1 1
Bufy = (1—) ht
n n
for n > 1, that implies
lim ||Bafm — fmlloo = 0,
n—o0o

for m=0,1,2. Finally, we need to proof the truthfulness of (3).



If t €[0,1], then,



If t €[0,1], then,



If t €[0,1], then,

s A



If t € [0,1], then,

wa0-% (1) (oo =L ()00
Ll (D)o

(1= er Lo (1= e+ Lag.
( n) n ( n n

This finishes the proof.




2. Miintz-Szasz Theorem ([EMMS, R])

Let {An}nen be a strictly increasing sequence of positive numbers. Then,
the collection of finite linear combinations of functions 1, t*, t*2 t*s ..
that is span{1, t*, t*2 t*3 ..} is dense in C[0,1] if and only if

i)\i:Jroo.

n=1""




2. Miintz-Szasz Theorem ([EMMS, R])

Let {An}nen be a strictly increasing sequence of positive numbers. Then,
the collection of finite linear combinations of functions 1, t*, t*2 t*s ..

that is span{1, t*, t*2 t*3 ..} is dense in C[0,1] if and only if

n=1""

Theorem
Let 0 < A1 < Ay < A3 < ...and

X =span{l, tM, t*2 t% .}
a) If 3 1/A, = +o0, then X = C[0,1].
n=1

b) If ¥ "1/, < +o0 and A ¢ {A,}, A #0, then t* ¢ X.

n=1




Proposition

If Z 1/X\, = 0o, p is a Borel complex measure on [0,1] and T is the

n=1

bounded linear functional on C[0, 1]* = MJ0, 1] associated to y such that
1

T(t*) :/ thdu(t) =0, n=1,2,3,.. (4)
0

then )
T(tk):/ thdu(t) =0, k=1,2,3,... (5)
0

v




Proposition

If Z 1/X\, = 0o, p is a Borel complex measure on [0,1] and T is the

n=1

bounded linear functional on C[0, 1]* = MJ0, 1] associated to y such that

1
T(tA"):/ thdu(t) =0, n=1,23,.. (4)
0

then )
T(tk):/ thdu(t) =0, k=1,2,3,... (5)
0

v

Proof.
Since the integrand in (4) and (5) cancels on t = 0, we can assume that

4 concentrates on (0, 1].
Let’s consider the function

f(z) = /01 Fdu(t) = /01 o)



It is well defined on the right complex semiplane Hy:

1 1
()] S/O |e* '°gt|d|u\(l“):/0 %@ d|u|(t) < ||p|| < +oo.



It is well defined on the right complex semiplane Hy:
1 1
f(2)l < /0 &7 8% |d|u|(t) :/0 " d|pu|(t) < [|pl| < +o0.  (6)
In addition we have
1
()~ fla) = [ (= e*)u(t)
0

= |f(2) — F(20)| s/o 1% — t9]d|ul (1)

Then fixed € > 0, since t* is continuous on [0, 1] x Hy (uniformly on t,
because [0, 1] is compact) exists d(¢) > 0 such that if |z — z| < 4, then
[t7 — t*| < e,Vt € [0,1]. Thus,

#(2) — F(z0)| < ¢ /O dlpul(t) = <l lull

which proves the continuity of f.



Let v a C! closed path on Hy. Then, by Fubini Theorem and since
z — t? is holomorphic by Cauchy Theorem we have

?{f(z)dz = 7{/01 t*du(t)dz = /01 ?{ t*dz du(t) = 0.

Then, by Morera Theorem we conclude that f is holomorphic on Hy.
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Notice that g € H®®, this is,
e g€ H(D),
@ g is bounded on D, because f is bounded.



Let v a C! closed path on Hy. Then, by Fubini Theorem and since
z — t? is holomorphic by Cauchy Theorem we have

?{f(z)dz = 7{/01 t*du(t)dz = /01 ?{ t*dz du(t) = 0.

Then, by Morera Theorem we conclude that f is holomorphic on Hy.

On the other hand, on (6) we have proved that f is bounded on H.

Let's consider now the composition of f with a Mobius transformation of
the disc onto the right semiplane

g(z):f(1+z), zeD.

1—~z

Notice that g € H®®, this is,
e g€ H(D),
@ g is bounded on D, because f is bounded.
By hypothesis (4) we have f()\,) = T(t*) =0, n= 1,2, ..., therefore

A+ 17

g(an) =0, where a =



We claim that Y2 1/X\, = +o0 = > 2, 1 — || = +o0. In fact
= =1 S A+1-|\,—1]

1-— = .

SRS [ SR SE

n=1

There are two possible cases:



We claim that Y2 1/X\, = +o0 = > 2, 1 — || = +o0. In fact
= =1 S A+1-|\,—1]

1-— = .

SRS [ SR SE

n=1

There are two possible cases:
e If0< A\, <1, VneN, then A\, +1— |\, — 1] =2\,. Thus

(oo} (oo}

2X\n
;lf\an|:;)\n+1:+oo

since -+ 0, when n — 0.

2\,
Ao+ 1



We claim that Y2 1/X\, = +o0 = > 2, 1 — || = +o0. In fact
= =1 S A+1-|\,—1]

1-— = .

SRS [ SR SE

n=1

There are two possible cases:
e If0< A\, <1, VneN, then A\, +1— |\, — 1] =2\,. Thus

(oo} (oo}

2\,
;1*‘0‘”:;&“:*“

since -+ 0, when n — 0.

2An
Ap+1
o If dm € N such that A, > 1,V n> mthen A\, +1— |\, —1] =2.
Thus,

oo o0 2

nzz:ll—|a,,|2n§:;n)\n+1:+oo.




Theorem ([R, Theorem 15.23])
If f € H® and a, ap, ... are the zeros of f in D and if

oo

Z 1—|any =400
n=1

then f(z) =0 for all z € D.

We deduce that g(z) =0, Vz € D. In particular,

T(t5) = /01 du(t) = F(k) = g (’;—:LD —0, k=12 .



Proof.

Let's proof a):

By Weierstrass Approximation Theorem it is enough to see that X
contains all the functions tX, with k =1,2,3, ....

Suppose that 3 ky € N such that tk ¢ X. By Hahn-Banach Theorem
exists a bounded linear functional T : C[0,1] — R such that

T(t*) # 0 and Tlgpanir 22,3 =0



Proof.

Let's proof a):

By Weierstrass Approximation Theorem it is enough to see that X
contains all the functions tX, with k =1,2,3, ....

Suppose that 3 ky € N such that tk ¢ X. By Hahn-Banach Theorem
exists a bounded linear functional T : C[0,1] — R such that

T(t*) # 0 and Tlgpanir 22,3 =0

Riesz Representation Theorem

The space of Borel regular complex measures, M(/), is the dual space of
C(I) via

M(1) —s C(I)*

1
o> (90 =<, i >=/ s@du> = (-, ).
0




Since T verifies the hypothesis of Riesz Representation Theorem, exists a
Borel complex measure p such that

1
T(p) = / S(B)du(t), ¢ e o],



Since T verifies the hypothesis of Riesz Representation Theorem, exists a
Borel complex measure p such that

1
T(p) = / S(B)du(t), ¢ e o],

satisfying in addition

1
ko) — ko .
Q T(t )—/0 todu(t) #0;

1
=) T(t’\"):/ trdu(t) =0, n=1,2,...
0



Since T verifies the hypothesis of Riesz Representation Theorem, exists a
Borel complex measure p such that

1
T(e) = [ eltdn(e). e clo)
satisfying in addition
1
© T(t%) = [ thdu(t) #0
0

1
Q T(t*) = / thdu(t) =0, n=1,2,...
0
By the previous proposition we have that T(t) =0 and T(t*) # 0.
Thus tk € X for all k € N. This completes the proof of a).



Let's prove b). We assume
Z 1
)\,,
n=1

Our goal is to construct a functional T = (-, u) € C[0, 1]* such that
T(t*) =0 for all n € Ny (Ao = 0) that does not vanish on t* for each
positive A with A & {\,}nen, -



Let's prove b). We assume
Z 1
)\,,
n=1

Our goal is to construct a functional T = (-, u) € C[0, 1]* such that
T(t*) =0 for all n € Ny (Ao = 0) that does not vanish on t* for each
positive A with A & {\,}nen, -

We are looking for a Borel complex measure y in [0,1] such that

/ " du(t)

define a bounded holomorphic function f on
H_; :={zeD:R(z) > —1} with zeros at {\,}.



Let's prove b). We assume

<1
25, <

Our goal is to construct a functional T = (-, u) € C[0, 1]* such that
T(t*) =0 for all n € Ny (Ao = 0) that does not vanish on t* for each
positive A with A & {\,}nen, -

We are looking for a Borel complex measure y in [0,1] such that

/ " du(t)

define a bounded holomorphic function f on
H_; :={zeD:R(z) > —1} with zeros at {\,}.
We choose

z A\ — 2z
f(z) = [] —2 = Aplnen.
(Z) (2+Z)3":12+/\n+27 ZE(C\{ /\}EN




Now we prove that f is a meromorphic function on C with poles at
{—=2—A,}. It is enough to check that

oo

>

n=1

Ap— Z

T2 7
2+)\n+z ()

converges uniformly on every compact subset K on C\ {—2 — A\, } en-



Now we prove that f is a meromorphic function on C with poles at
{—=2—A,}. It is enough to check that

> Ap— Z
1- 2 7
HZ:; 2+)\n+z ()

converges uniformly on every compact subset K on C\ {—2 — A\, } en-

Fix K compact set. There exists @ > 0 such that

oo
1
KCH_o={zeC: R(z) > —a}. As Z " is a convergent series of
n=1""
positive terms, it is easy to see that there exists Cx > 0 and N € N such
that for all n > N
Ck

T 24N, —a

2z +2
24 A\, + 2z




Now we prove that f is a meromorphic function on C with poles at
{—=2—A,}. It is enough to check that

oo

>

n=1

Ap— Z

T2 7
2+)\n+z ()

converges uniformly on every compact subset K on C\ {—2 — A\, } en-

Fix K compact set. There exists @ > 0 such that

oo
1
KCH_o={zeC: R(z) > —a}. As Z " is a convergent series of
n=1""
positive terms, it is easy to see that there exists Cx > 0 and N € N such
that for all n > N
Ck

T 24N, —a

‘ 2z +2

24 A\, + 2z
Hence, using the Weierstrass criterion and the convergence of the series
o0
1. .
Z " it follows the uniform convergence of (7) on K.

n=1""




We claim that f is bounded on H_;. We observe all terms in the infinite
product and the factor ;% are on D, because they are a Mdbius
transform from H_; onto the disk. Moreover,

1

— <1, V¥ H_
‘2+Z|2_ ) ze 1,

what proves our claim.



We claim that f is bounded on H_;. We observe all terms in the infinite
product and the factor ;% are on ]D) because they are a Mabius
transform from H_; onto the disk. Moreover,

<1, VzeH_
Ry =7 VEEED

what proves our claim.

Using the previous bound we deduce that f € L}({z € C: R(z) = —1}),

since dt
/\f 1+lt)|dt</1+t2:ﬂ'



Our next step is to represent f using Cauchy Theorem. Given zg € H_1,
we will have P
f(ZO) = / (Z) d27
cZ— 2

where C is the semicircumference with center —1 and radium
R > 1+ |z|, with extreme points —1 — iR, —1 + R and closed by the
segment that links these points, as we can see in the figure.




If we parameterize the curve, we get

1 [Rf(—14+i 1 [™? f(—14+ Re® ,
F(z0) = /wamr (Z1+Re) peivgy.

T2 ) Rl—is+z 27 —xj2 —1+ Re® —z



If we parameterize the curve, we get

1 [Rf(—14+i 1 [™? f(—14+ Re® ,
F(z0) = /wdwr (Z1+Re) peivgy.

T2 ) Rl—is+z 27 —xj2 —1+ Re® —z

It is easy to see using |f(z)] < ’ﬁ that if R — oo, the second term

on the sum goes to 0. Therefore, we obtain the following expresion for f:

Flz) = = /R f=140s) 4

:E 1—i5+20

for all zp € H_;.



Due to the identity

1 1 ) 1 )
S s dr = tZe’s log tdt
z—is+1 0 0

and Fubini Theorem, we can write for each z € H_;

1 1 .
f(2) :/ t? {2/ f(-1+4 is)e_’5'°gtds} dt.
0 T JR



Due to the identity

1 1 ) 1 )
S s dr = tZe’s log tdt
z—is+1 0 0

and Fubini Theorem, we can write for each z € H_;

f(z) = /01 t? [;T/Rf(—wis)e—"“"gfds} dt. (8)

Now, if we define g(s) = f(—1+ is), it is clear that the inner integral at
(8) is g(log t), where g represents the Fourier transform of g.



Finally, since g is a Fourier transform of an integrable function, it follows
that is a bounded, continuous function on (0, 1]. Then, setting

1
dy = — g(log t)dt
1 27rg(og)

we obtain a Borel complex measure which represents f in the desired way:

1
f(z) = ./0 t?du(t).



Finally, since g is a Fourier transform of an integrable function, it follows
that is a bounded, continuous function on (0, 1]. Then, setting

1
dy = — g(log t)dt
1 27rg(og)

we obtain a Borel complex measure which represents f in the desired way:

1
f(z) = ./0 t?du(t).

Thus, we get a functional T = (-, u) that vanishes on

span{1,t* t* ...}, but does not vanish on t* (A ¢ {)\,}) due to our
election of f. Hence, we deduce that t* ¢ X =3span{l,t™, t* ...} and
it finishes the proof. O



3. The Full Miintz Theorem in L2[0,1], C[0,1] and L]0, 1]
([BE])

Full Miintz Theorem in L2[0, 1]

Let {\;};2, be a sequence of distinct real numbers greater than —%.
Then, the set

span {t" : i € N}
is dense in L2[0,1] if and only if

> 2)\+1

pare 2)\ +1)2

= +o00.




Proof.
Let m be a positive integer number different of any A;. We consider the
best approximation in L2[0, 1] of t™ by elements of

span{tt th .. M},



Proof.
Let m be a positive integer number different of any A;. We consider the
best approximation in L2[0, 1] of t™ by elements of

span{tt th .. M},

It is well known that [R]:

o0
tm — Z bith
i=0

min
beC

m—)\,- ‘

_ 1 H
CV2m+ I m A+

12[0,1]



Proof.
Let m be a positive integer number different of any A;. We consider the
best approximation in L2[0, 1] of t™ by elements of

span{tt th .. M},

It is well known that [R]:

o0 n
1 m—\;
H tm _ bit)\,- _ i )
me |2 el (st
i=0 12[0,1] i=0
Then
m P \: . . n m — )\,'
t espan{t':leN}<:>I|msupH v | (9)
n—oo . m i
i=0



So, condition (9) is equivalent to:

n 20 +1
lim su 1-— "~ | =o,
n—>oopl._0];I[_<m< m+ A\ + 1)

or



So, condition (9) is equivalent to:

limsup ﬁ (1—

n=00 i—oxi<m
or
n
limsup H (1—
n=00 _o\>m

And that holds if and only if:

oo

Z 2Ni+1) =400 or

i=0,\;i<m

22+ 1

m+ X +1

2m+1

m+ X +1

)-o
):




Therefore condition (9) is equivalent to:

i 2M +1 e
,:O N +1)2+1 '



Therefore condition (9) is equivalent to:

i 2M +1 e
,:O N +1)2+1 '

In summary, we have proved that

oo

22 +1

@ +1 +1*+oo<i>tm€span{t)“':i€N}, me N,

i=0

and by the Weierstrass Approximation Theorem the proof is finished.

O



The Full Miintz Theorem in CJ0, 1]

Let {\,}52, be a sequence of distinct, positive real numbers. Then

span{1,t™, %2 ...},
is dense in C[0,1] if and only if

=\
ngilzﬁo'

n=1




Proof.
We subdivide the proof in different cases, depending on how the
sequence {\,} behaves:



Proof.
We subdivide the proof in different cases, depending on how the

sequence {\,} behaves:

CASE I: inf\, >0



Proof.
We subdivide the proof in different cases, depending on how the
sequence {\,} behaves:

CASE I: inf\, >0

CASE II: lim )\, =0.

n——+4o00



Proof.
We subdivide the proof in different cases, depending on how the
sequence {\,} behaves:

CASE I: inf\, >0
CASE II: lim )\, =0.
n—+00

CASE IlI: {\,} = {a,} U {Ba}, with a,, — 0 and 8, — 0.



Proof.
We subdivide the proof in different cases, depending on how the
sequence {\,} behaves:

CASE I: inf\, >0
CASE II: |im X,=0.
n—+00

CASE IlI: {\,} = {a,} U {Ba}, with a,, — 0 and 8, — 0.

CASE IV: {)\,} has a cluster point in (0, c0).



Case | is proved.



Case | is proved.
Let's prove Il. It follows from lim A, =0, that
n—+o00

o0 o0 An B
;/\n:+oo¢> ;)\%+1—+oo.



Case | is proved.
Let's prove Il. It follows from lim A, =0, that
n—+o00

o0 o0 An B
;/\n:+oo¢> ;)\%+1—+oo.

Assume that >~ 7, A\, = +o0.



Case | is proved.
Let's prove Il. It follows from lim A, =0, that
n—+o00

o0 o0 An B
;/\n:+oo¢> ;)\%+1—+oo.

Assume that >~ 7, A\, = +o0.

Then, A, — 0 implies that

= Ap—1 '
Z(l—’>\l1Jr1’)——|—<>ov

n=1




Case | is proved.
Let's prove Il. It follows from lim A, =0, that
n—+o00

o0 o0 An B
;/\n:+oo¢> ;)\%+1—+oo.

Assume that >~ 7, A\, = +o0.

Then, A, — 0 implies that

= Ap—1 '
Z(l—’>\l1Jr1’)——|—<>ov

n=1

so we have that
span{1,t™ t* ..}

is dense in C[0,1] by the same argument of case inf A\, > 0.



Let's suppose now that >, A, < 400 and we show
span{l,t*, t*2 ...} is not dense in C[0,1].



Let's suppose now that >, A, < 400 and we show
span{l,t*, t*2 ...} is not dense in C[0,1].

We need the following inequality:

Newman's inequality
The inequality

[Itp'(t)]]oe < 11 (Z >w> [1plloc
i=1

holds for every p € span{l,t*, ... t*}.




Then, if n =372, Ay < +00, we have that

[[tp" ()]0 < 11nl|p||oo
for every p € span{1, tM, t*2 ...},

(10)



Then, if n =372, Ay < +00, we have that

[t (t)]loc < 11n]lplls

for every p € span{1, tM, t*2 ...},
But if (10) holds, span{1, t*, t*2,---} is not dense in C[0, 1].

(10)



Then, if n =372, Ay < +00, we have that

[[tp" ()]0 < 11nl|p||oo (10)
for every p € span{1, tM, t*2 ...},
But if (10) holds, span{1, t*,t*2 ...} is not dense in C[0,1].
Let us suppose that it is dense. If we set f(t) =+/1 —t, for every m € N
there exists p € span{1, t*, t*2 ...} such that ||p — f||oc < 1/m?



Then, if n =372, Ay < +00, we have that

[tp"(t)]]oo < 1177]|p][oo (10)
for every p € span{1, tM, t*2 ...},
But if (10) holds, span{1, t*,t*2 ...} is not dense in C[0,1].
Let us suppose that it is dense. If we set f(t) =+/1 —t, for every m € N
there exists p € span{1, t*, t*2 ...} such that ||p — f||oc < 1/m?
It follows from this fact and Mean Value Theorem that
m—2

t' ()| oo > ——
1t/ (B)lloe > =



Then, if n =372, Ay < +00, we have that

[1tp' (t)[loc < 11nlIplloc (10)

for every p € span{1, tM, t*2 ...},
But if (10) holds, span{1, t*,t*2 ...} is not dense in C[0,1].
Let us suppose that it is dense. If we set f(t) =+/1 —t, for every m € N
there exists p € span{1, t*, t*2 ...} such that ||p — f||oc < 1/m?
It follows from this fact and Mean Value Theorem that
m—2

t' ()| oo > ——
1t/ (B)lloe > =

and this clearly contradicts (10) (this counterexample is shown in [A]).



Theorem: Existence of Chebyshev Polynomials.

Let A be a compact subset of [0, 00) containing at least n+ 1 points.
Then there exists a unique (extended) Chebyshev polynomial

To = To{do, A1, ..oy Ans AL,
for span{t* ... t*} on A defined by

n—1
Tn(t) = C (t)\" — Za,-t”) 5
i=0

where the numbers ag, a1,...,a,_1 € R are chosen to minimize

n—1
=) gt
i=0

and where ¢ € R is a normalization constant chosen so that || Tp||oc = 1,
and the sign of ¢ is determined by T,(maxA) > 0.

)

o0




Theorem: Alternation Characterization.
The Chebyshev polynomial

Tni= To{Xos M, .o, An; A} € span{t?, ... tM},
is uniquely characterized by the existence of an alternation set
{to<ty<--- <t} CA
for which

To(t) = (-1)"7 = (=1)" || Tal|lse, j=0,1,...,n.




Theorem [BE, Theorem 3.4]

Suppose {A;}22; is a sequence of nonnegative real numbers satisfying
M=0X>1fori=1,2,..., and

21
2oy <t

Let £ € (0,1). Then there exists a constant ¢ depending only on {X;}%°;
and € so that

1P [lo,1- < cllpllo,y

for every p € span{t*o, tM ...}




CASE IlI: {);:i € N} = {a;:i € NFU{B; : i € N} with

lim a; =0 and lim §; = +c0.
i—00 i—o00



CASE IlI: {);:i € N} = {a;:i € NFU{B; : i € N} with

lim a; =0 and lim §; =+
i—00 i—o00

Note that > >~ oo is equivalent to

i=1 >\2+1 =

3 o + 3 l:—|—<>o. (11)
B:
i=1 i=1 !



CASE IlI: {);:i € N} = {a;:i € NFU{B; : i € N} with

lim a; =0 and lim §; =+
i—00 i—o00

Note that > >~ oo is equivalent to

i=1 >\2+1 =
Za,-—i-z%:—i-oo. (11)
i=1 i=1 !

If (11) holds, then the already examined cases yield the denseness
of span{1, t™ t* ...} in C[0,1].



If (11) does not hold, then

oo oo 1
a; < oo and — < 00.



If (11) does not hold, then

oo oo 1
a; < oo and — < 00.

Let
Tho = Tp{l,t™, ..., t% 1 [0,1]},

Top = To{l,t7, ... tP :[0,1]},
Tonap = To{l, t™, .t tA .t 1[0, 1]}



Newman'’s inequality and the Mean Value Theorem imply that for
each € > 0 exists a k1(¢) € N depending only on {«;}£2; and ¢ such that
Th,a has at most ki(e) zeros in [g,1) and at least n— ki (&) zeros in (0, £).



Newman'’s inequality and the Mean Value Theorem imply that for
each € > 0 exists a k1(¢) € N depending only on {«;}£2; and ¢ such that
Th,a has at most ki(e) zeros in [g,1) and at least n— ki (&) zeros in (0, £).

[BE, Theorem 3.4] and the Mean Value Theorem imply that for every
€ > 0 exists a k»(¢) € N depending only on {3:}$°; and ¢ such that T, g
has at most ky(¢) zeros in (0,1 — €] and at least n — ka(¢) zeros in
(1-¢,1).



Newman'’s inequality and the Mean Value Theorem imply that for
each € > 0 exists a k1(¢) € N depending only on {«;}£2; and ¢ such that
Th,a has at most ki(e) zeros in [g,1) and at least n— ki (&) zeros in (0, £).

[BE, Theorem 3.4] and the Mean Value Theorem imply that for every
€ > 0 exists a k»(¢) € N depending only on {3:}$°; and ¢ such that T, g
has at most ky(¢) zeros in (0,1 — €] and at least n — ka(¢) zeros in
(1-¢,1).

Now, counting the zeros of T, — Tona,g and T, 3 — Topa,3, We can
deduce that for every ¢ > 0 exists k(¢) € N depending only on {X;}%°;
and ¢, such that T, 4 3 has at most k(e) zeros in [e,1 —¢].



Let e := 1 and k := k(3).



Let € := I and k := k(3). Pick k + 4 points

1 3
- <m<o-< < -,
4<770 m Nk+3 7



Let € := I and k := k(3). Pick k + 4 points

1 3
7 S0 << <3 < g
and a function f € C[0,1] so that f(t) =0 forall t € [0,1] U |
while ) '
f(n)=2(-1), i=0,1,...,k+3.



Let € := I and k := k(3). Pick k + 4 points

1 3
<< m< < < 2,
2 o <™ Nk+3 Z

and a function f € C[0,1] so that f(t) =0 forall t € [0,1] U |
while ) '
f(n)=2(-1), i=0,1,...,k+3.

Assume that there exists a p € span{1,t*,t*2 ...} so that

1f = plloy <1.



Let € := I and k := k(3). Pick k + 4 points

1 3
<< << < =,
2 Mo <M Nk+3 4

and a function f € C[0,1] so that f(t) =0 forall t € [0,1] U |
while ) '
f(ni):=2(-1), i=0,1,...,k+3.

Assume that there exists a p € span{1,t*,t*2 ...} so that
1f = pllpy < 1.

Then p — T2, 4,5 has at least 2n + 1 zeros in (0, 1).



However for sufficiently large n,

p— Tonap € span{l, L, tAZ"},



However for sufficiently large n,
p— Tonap € span{l, L, tAZ"},

which can have at most 2n zeros in [0, 1].



However for sufficiently large n,
p— Tonap € span{l, L, tAZ"},

which can have at most 2n zeros in [0, 1].



However for sufficiently large n,
p— Tonap € span{l, L tAZ"},
which can have at most 2n zeros in [0, 1]. This contradiction shows that
span{1, t™, 1% ...},

is not dense in C[0, 1].



CASE IV: Assume that {\,} has a cluster point in (0, 00).



CASE IV: Assume that {\,} has a cluster point in (0, 00).

Then there exists a subsequence {\,, } such that Iim;I Ane >0, and it
€

follows from case Il.



Full Miintz Theorem in L]0, 1]
Suppose {A;}7°, is a sequence of distinct real numbers greater than —1.
Then

span {t¥ : i e NU{0}},
is dense in L1[0,1] if and only if

> i +1
Z(/\ +1)2 = oo




Proof.

Assume that
span {tV : i € NU{0}},

is dense in L]0, 1].



Proof.

Assume that
span {t¥ : i e NU{0}},

is dense in L]0, 1].

Let m € Z* be fixed. Let € > 0.



Proof.

Assume that
span {t¥ : i e NU{0}},

is dense in L]0, 1].
Let m € ZT be fixed. Let € > 0. Choose a

p € span{th t* ...},



Proof.

Assume that
span {t¥ : i e NU{0}},

is dense in L]0, 1].
Let m € ZT be fixed. Let € > 0. Choose a
p € span{th t* ...},

such that
[t = plloc < e.



Now let define

t
q(t) .= / p(s)ds € span{trott Ml Y
0



Now let define

t
q(t) .= / p(s)ds € span{trott Ml Y
0

Then
tm+1

~q| <

oo

m+1



Now let define

t
q(t) .= / p(s)ds € span{trott Ml Y
0

So the Weierstrass Approximation Theorem yields that

Then
tm+1

<E.

m+1_q’

oo

span{1, trotl Rl

is dense in C[0,1].



Now let define

t
q(t) .= / p(s)ds € span{trott Ml Y
0

So the Weierstrass Approximation Theorem yields that

Then
tm+1

< €.
m+1 ‘

_q’

oo

span{1, trotl Rl

is dense in C[0,1]. Using the Full Miintz Theorem in C|0, 1],

o0

)\+1

)\+1 —+oo.



" " Assume that

>\+1
)\+1



" " Assume that

>\+1
)\+1

i=
By the Hahn-Banach Theorem and the Riesz Representation Theorem
span{tt M ...}

is not dense in L1[0,1] if and only if exists a 0 # h € L>°[0, 1] satisfying

1
/ tNh(t)dt=0; i=0,1,...
0



Suppose there exists such function. Let

f(z) := /01 t*h(t)dt.



Suppose there exists such function. Let

1
/)fMﬂm.
0
1

f(z) =
g&%_f<1+z_ )

1—=z

Then




Suppose there exists such function. Let

f(z) := /01 t*h(t)dt.

ee) = (15 1)

1—=z

Then

is a bounded analytic function on the open unit disk satisfying

g ()\,,/\J: ) = f(\,) = 0.




Suppose there exists such function. Let

f(z) := /01 t*h(t)dt.

ee) = (15 1)

1—=z

Then

is a bounded analytic function on the open unit disk satisfying

g ()\,,/\J: ) = f(\,) = 0.

= +00. implies

00 Ai+1
Note that 7, G

%) An
Z(l_’AnHD -

n=1




Hence Blaschke's Theorem ([R, Theorem 15.23]) yields that g = 0 on the
open unit disk.



Hence Blaschke's Theorem ([R, Theorem 15.23]) yields that g = 0 on the
open unit disk. Therefore f(z) = 0 whenever R(z) > —1, so

1
f(n):/ t"h(t)dt =0; n=0,1,...
0



Hence Blaschke's Theorem ([R, Theorem 15.23]) yields that g = 0 on the
open unit disk. Therefore f(z) = 0 whenever R(z) > —1, so

1
f(n) = / t"h(t)dt =0; n=0,1,...
0
Now the Weierstrass Approximation Theorem yields

/1 u(£)h(t)dt = 0,

for every u € C[0, 1].



Hence Blaschke's Theorem ([R, Theorem 15.23]) yields that g = 0 on the
open unit disk. Therefore f(z) = 0 whenever R(z) > —1, so

1
f(n):/ t"h(t)dt =0; n=0,1,...
0

Now the Weierstrass Approximation Theorem yields

/1 u(£)h(t)dt = 0,

for every u € CJ[0,1]. which contradicts the fact that h # 0.



Hence Blaschke's Theorem ([R, Theorem 15.23]) yields that g = 0 on the
open unit disk. Therefore f(z) = 0 whenever R(z) > —1, so

1
f(n) = / t"h(t)dt =0; n=0,1,...
0
Now the Weierstrass Approximation Theorem yields
1
/ u(£)h(t)dt = 0,
0
for every u € CJ[0,1]. which contradicts the fact that h # 0.

So span{t*, t* ...} is dense in L]0, 1]. O



4. The Full Miintz Theorem in LP[0, 1] ([0])

The Full Miintz Theorem in LP[0, 1]

Let 1 < p < oo and {\;}$2, be a sequence of distinct real numbers
greater than —1/p. Then, the collection of finite linear combinations of
functions {t*, t™, t*2 ...} is dense in LP[0,1] if and only if

= Ai + 1/p

v+ 1/ +1 = +o00. (12)

n:O




4. The Full Miintz Theorem in LP[0, 1] ([0])

The Full Miintz Theorem in LP[0, 1]

Let 1 < p < oo and {\;}$2, be a sequence of distinct real numbers
greater than —1/p. Then, the collection of finite linear combinations of
functions {t*, t™, t*2 ...} is dense in LP[0,1] if and only if

= Ai + 1/p

v+ 1/ +1 = +o00. (12)

n:O

v

To prove this theorem we will use the following lemma:

Lemma

Suppose {p;}7°, is a sequence of distinct positive real numbers such that
span{t"i~1/7} is dense in L'[0,1]. Then, span{t*i~1/5}2° is dense in
L]0, 1] for every s > r and span{1, t#o, t#1 ...} is dense in C[0,1].




Proof. e
Let X = L"[0,1], Y = L°[0,1], A =span{tH~—1/r}x,.



Proof.
Let X = L'[0,1], Y = L°[0,1], A = span{t*~1/r}2,.
For the first part, we consider the operator J : L"[0, 1] — L]0, 1] defined

(Jp)(t) = W) | (s)ds, (£ [0,1], ¢ € L]0, 1])



Proof.

Let X = L'[0,1], Y = L°[0,1], A = span{t*~1/r}2,.

For the first part, we consider the operator J : L"[0, 1] — L]0, 1] defined
by:

o0 = -0 [ Co(s)ds, (te (0.1, p e L0,1])

where%—i—% =1.

We have for every n € N that:

(Jn)(8) = £, (1) = (04 1/r + 1))t H/>27,



Proof.

Let X = L'[0,1], Y = L°[0,1], A = span{t*~1/r}2,.

For the first part, we consider the operator J : L"[0, 1] — L]0, 1] defined
by:

o0 = -0 [ Co(s)ds, (te (0.1, p e L0,1])

where%—&—% =1.

We have for every n € N that:
(an)(t) =", wn(t) _ (n+ 1/[’/ + 1/S)tn+1/s—1/r,

then, by the Weierstrass Approximation Theorem, J(X) is dense in Y
and consequently, J(A) = span{t*~1/s}°  is dense in L[0,1].



For the second part, we consider the operator J : L"[0,1] — L]0, 1]
defined by:

(o)1) = £/ / p(s)ds, Ve (0.1, (Jg)(0) =0,

Where%+l =1.

r



For the second part, we consider the operator J : L"[0,1] — L]0, 1]
defined by:

(o)1) = £/ / p(s)ds, Ve (0.1, (Jg)(0) =0,

where % + L = 1. A similar argument implies that span{1, t#o, t* ...

r

is dense in C[0,1].



Proof of the Theorem.
Firstly, let {\;}£2, be a sequence of distinct real numbers greater than
—1/p satisfying (12).



Proof of the Theorem.

Firstly, let {\;}£2, be a sequence of distinct real numbers greater than
—1/p satisfying (12).

We consider {v; = A\j — 1/p'}32,, where % + % =1, is a sequence of real
numbers greater than —1 and satisfying:

[ee]

1
2 RS

i=



Proof of the Theorem.

Firstly, let {\;}£2, be a sequence of distinct real numbers greater than
—1/p satisfying (12).

We consider {v; = A\j — 1/p'}32,, where % + % =1, is a sequence of real
numbers greater than —1 and satisfying:

[ee]

1
2 RS

i=

By the Full Miintz Theorem in L]0, 1], the set
span{t"}72, = span{th~1/P" 10

is dense in L1[0,1]. Choosing j; = A; + 1/p and applying the lemma we
will have that
span{t~1/P}2g = span{tV} %,

is dense in LP[0,1] for p > 1.



For the reciprocal, suppose that span{t*}22, is dense in LP[0, 1].



For the reciprocal, suppose that span{t*}22, is dense in LP[0, 1].
Defining u; = A; +1/p, the set

span{t“"_l/”}f-ﬁo

is dense in LP[0,1], and by the lemma span{1, t#/}>°, is dense in C[0,1].



For the reciprocal, suppose that span{t*}22, is dense in LP[0, 1].
Defining u; = A; +1/p, the set

span{t“"_l/”}f-ﬁo

is dense in LP[0,1], and by the lemma span{1, t#/}>°, is dense in C[0,1].
It is enough to apply The Full Miintz Theorem in C[0, 1] to obtain:

)\+1/p o~ W
Z )\ = 2 = 4-00.



5. An application of the Miintz-Szasz Theorem ([LLPZ])

Definition
We define the finite continuous Cesaro operator C; on the complex
Banach space LP[0,1] for 1 < p < oo by the expression:

(GF)(8) = %/tf(s) ds  (te0,1], feLPlo,1]).




5. An application of the Miintz-Szasz Theorem ([LLPZ])

Definition
We define the finite continuous Cesaro operator C; on the complex
Banach space LP[0,1] for 1 < p < oo by the expression:

(GF)(8) = 1/tf(s) ds  (te0,1], feLPlo,1]).

Definition
Let T be an operator on a complex Banach space X.

@ The point spectrum of T is the set of those A € C for which there
exists a nonzero vector x € X such that Tx = Ax.

e We say that T has rich point spectrum provided that int o,(T) # 0,
and that for every open disc D C o,(T), the family of eigenvectors

U ker(T — z)

zeD

is a total set.




Lemma

Let T be a bounded linear operator on a complex Banach space X and
let us suppose that there is an analytic mapping h:int o,(T) — X
verifying:

(1) h(z) € ker(T — z)\{0} for all z € int o,(T),

(if) {h(z) : z €int o,(T)} is a total subset of X.

Then T has rich point spectrum.




Lemma

Let T be a bounded linear operator on a complex Banach space X and
let us suppose that there is an analytic mapping h:int o,(T) — X
verifying:

(1) h(z) € ker(T — z)\{0} for all z € int o,(T),

(if) {h(z) : z €int o,(T)} is a total subset of X.

Then T has rich point spectrum.

Using this we will prove the following result:

Theorem

The finite continuous Cesaro operator C; on LP[0, 1] has rich point
spectrum.




Proof.

It is known that o,(Ci) = D(p'/2,p'/2), where % + % = 1. Moreover,
each z € D(p'/2,p’/2) is a simple eigenvalue of C; and a corresponding
eigenfunction is given by h,(t) = t(1=2)/7 vt € [0,1].



Proof.

It is known that o,(Ci) = D(p'/2,p'/2), where % + ﬁ = 1. Moreover,
each z € D(p'/2,p’/2) is a simple eigenvalue of C; and a corresponding
eigenfunction is given by h,(t) = t(1=2)/7 vt € [0,1].

So h(y : 0p(Cr) — LP[0, 1] is analytic and h, € ker(Cy — z)\{0}.



Proof.
It is known that o,(Ci) = D(p'/2,p'/2), where % + % = 1. Moreover,
each z € D(p'/2,p’/2) is a simple eigenvalue of C; and a corresponding
eigenfunction is given by h,(t) = t(1=2)/7 vt € [0,1].
So h(y : op(Ci) — LP[0, 1] is analytic and h, € ker(Cy — z)\{0}. It
suffices to consider the sequence {z;} defined by:

i+1,

z = Vie NuU{0}.

We have that the sequence \; = (1 — z)/z is greater than —1/p and
satisfies condition (12) and therefore span{t*'}2, is dense in LP[0, 1]
and, consequently,

{h. : ze D(p'/2,p'/2)}

is total in LP[0, 1].



Proof.
It is known that o,(Ci) = D(p'/2,p'/2), where % + % = 1. Moreover,
each z € D(p'/2,p’/2) is a simple eigenvalue of C; and a corresponding
eigenfunction is given by h,(t) = t(1=2)/7 vt € [0,1].
So h(y : op(Ci) — LP[0, 1] is analytic and h, € ker(Cy — z)\{0}. It
suffices to consider the sequence {z;} defined by:

i+1,

z = Vie NuU{0}.

We have that the sequence \; = (1 — z)/z is greater than —1/p and
satisfies condition (12) and therefore span{t*'}2, is dense in LP[0, 1]
and, consequently,

{h. : ze D(p'/2,p'/2)}

is total in LP[0,1]. The result now follows from the previous lemma.
O
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